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Our aim in this lecture is to explain the proof of a recent Theorem obtained in
collaboration with R. Carles (see [?]). It is the opportunity to explain the context,
to stress the important results of the theory and give references to the students.

We are concerned with the solutions of a semi-classical nonlinear Schrodinger
equation

2
i£0° + 5 AYF =V (@)y" + A" |vF 2797, (t,2) € Ry x R,
¢ft:0 =15

(0.1)

with initial data which are wave packets

T — X0
e

Pi(x) = e~ ( ) gll@=mo)fo/e ¢ S(RY).

More precisely, we are interested in finding asymptotics for the solution ¢* when ¢
2

goes to 0. We suppose A € R*, 0 < -2 for d > 3 so that, by the results of [?],
there exists a unique global solution in L2(R%) N F(L*(R%)) under the condition
that the potential V' is at most of quadratic growth (see assumption ?? for precise
statement). Note that the reading of reference [?] is a good way to learn technics
about existence results for nonlinear Schrodinger equation. We will also explain
the relevances of the hypothesis about o (see Remark ??) and precise choices of

a € R will be made (see Section 2.1).

In Section 1, we describe the class of wave packets that we will consider and
study their basic properties. Section 2 is devoted to derive and analyze an ansatz
that we will prove in Section 3 to be an approximated solution to (??). There
appears a critical index a.:

e for a > a., the ansatz is the same than in the linear regime A = 0,
e for a = a,, there appears nonlinear effects.

We focus in Section 3 on the critical regime o = a. and prove the main Theorem
of this talk thanks to Strichartz estimates.

Notation. For two positive numbers a° and b°, the notation a® < b* means that
there exists C' > 0 independent of € such that for all € €]0,1], a® < C'b°.
1
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1. WAVE PACKETS
1.1. Definition. Let (x¢,&) € R?? and consider the operator
T: o0 LP(RY) — L*(RY)
S (95\/;0> oL0-(z—20)
The operator Ty . is a unitary operator of L?(RY), its adjoint satisfies
Vi e LXRY), VX € RY, (T%, o))" f(X) = e f(ag + eX)e Vet X

Note also that we have

_d/Qf-( e ) (i) — e_d/4.7:(a) (f\_/;0> e—éxof.

We consider the functions T . afora € S (R%) that we call wave packets. These
wave packets have similar features in configuration space variables (the variable x)
and in momenta variables (the Fourier variable £/e). There exists more refined
version of these wave packets introduced by G. Hagedorn in [?].

With p € Cg°(R2?), we associate the pseudodifferential semiclassical operator
p(x,eD) which is defined with classical quantization by

p(a.eD)f(a) = (2n) [ Il )dyds, VF € SR,
The main interest of these wave packets relies on the following proposition.
Proposition 1.1. If a € S(R?) and p € C°(R??), then
(LT3, ,¢,) P2, D) Ty g0 = (wo7€o)a+ Ve da p(20,€0)(X, D)a
+5 dx £P(0,80)(X, D) - (X, D)a + O(e%/?)
in L?>(RY).
Proof. The proof relies on Taylor formula. We have

(T5o.60)"P(,eD)T3 ¢, a(X)

20,80

:(27T€)_defﬁ '50/ (z0 4+ VEX, )eté @otVEX—y)o2bo(y=r0)g (y —\[530)

zo,60%

dydg.
The change of variables £ = &y + /¢ and y = zp + €Y gives
(Toe0)"P(2,2D)T5, g, a(X) = (2m) ™" / plro+VEX, &+ VeQ)e's X a(Y)dYdC.

We perform a Taylor expansion of p(zg + /X, & + v/&()

p(xo + VeX, & + VeC) = p(xo, &o) + Ve dpe e(w0,£0) (X, C)
+ed p(x0,%0) (X, C) - (X, ¢) + DT3(wo, 0, VEX, VEC)

where
3 /2 1

DT (0, &0, VX, VEC) = d3 ep(zo + 5vVEeX, & + sv/EQ) (1 — )X, (]’ ds
0



NONLINEAR PROPAGATION OF WAVE PACKETS 3

In view of
(2m)~¢ / Xa(Y)e'SEY)ayd¢ = Xa(X),
(2m)~4 / Ca(Y)e XY dyd¢ = Da(X),

we obtain the three first terms of (??). It remains to check that the remainder is
small in L2(R%). We write

/ DTy (o, §o, VX, VEQa(Y)e! H1dY dC = / DT (o, o, VEX, VEC)A(()e™ X d
Z Caﬁ/ aﬂ X S

o] +18]=3

where ¢, 3 are real numbers and

Iap(Xes) = [ 3200p(a0 + VESX. 6 + VESO) X GG N dCX.
By integration by parts, we obtain for v € N¢,
/ a7 gﬁagafp(xo +VesX, & + \/gsg)a(g)) e’ X¢ dg‘

< sup [07a(Q)] e
[&|<]v]

(X o p(X)] =

O

1.2. Wave packets and P.D.E.s. As a consequence, if we consider a semiclassical
evolution equation of pseudodifferential type

ie@th = p(x eD)ye,
(1.2) { wu 0= 10 Soa a € S(Rd),

one can look for solutions of the form

Ut a) = To e ()
where z(t),£(t) € R? and a®(t,.) have to be determined with 2(0) = z¢, £(0) = &
and a®(0,-) = a(-).

A simple computation gives
(Toy,e)” €0y — p(@,eD)) T4y ey = &(1) - (t) — p(x(t), (1))
+VE (#(t) - D = €(t) - X — dyep(a(t). £() - (X, D))
+e (10, — dp(x(t), (1) (X, D) - (X, D)) + O(e¥/?)
in £(L2(R%)). As a consequence, it is natural to choose the trajectories (z(t),£(t))

such that
{ i(t) = Vep(x(t), (1))
£(t) = —Vap(z(t), &(t

and the function a®(t, ) of the form

as(t, X) = esSEDp(¢ X)) with S(t) = /0 (€(s) - ©(s) — p(x(s),£(s))) ds

, z(0) = xo,
), £€(0) = &,
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and b solution to
{ i0b = dp(x(t),£(1))(X, D) - (X, D)b,
b\t:O = a.

The curves (z(t),£(t)) are called the classical trajectories or Hamiltonain
curves of the function p(z, ) and the function S(¢) is the classical action.

Then, the function
(13) pr = eéS(t)T;(t),g(t)b(ﬂ

is a natural ansatz. Of course, there is something to prove according to the as-
sumptions than one makes on the symbol p. In the next subsection, we justify
such an asymptotic in the case of the linear semi-classical Schrédinger equation
(equation (??) with A = 0). This equation is particularly relevant in quantum
mechanics and the fact that € is small implies that its solutions ¢ oscillate rapidly.
For this reason, it is difficult to perform numerics on the semi-classical equation.
However, the computation of ¢, given by (??) is made by solving e-independent
ode’s or pde’s, which is much more easy from a numerical point of view. Therefore,
these wave packets allow to construct approximated solutions of the semi-classical
Schrodinger equation. Note that there exists more sophisticated families of wave
packets, such as Hagedorn’s wave packets; the interested reader can refer to [?].

1.3. Application to the linear Schrédinger equation. The equation

2
ied + %Aw = V(x)y*
is of the form studied in the previous section with

_ €
p(x, &) = - T V(z).
Assumption 1.2. From now on, we suppose that V is smooth and at most qua-
dratic:

Yy e N |y] =2, 3C, >0, Vz € R, |07V (2)| < C,,.
The classical trajectories satisfy
{ &(t) = (1),
£(t) = —VV(x(t)).
Because of the assumption on the potential V', these trajectories grow at most
exponentially (see the book [?]) .

Lemma 1.3. There exist Cy, Cy > 0 such that
vt e RY, |a(t)| + |€(t)] < Coert.
Proof. We observe that
Z(t) + VV (z(t)) = 0.
Multiply this equation by &(¢),

(@2 +v ) =0

and notice that in view of Assumption ??, V(z) < (1 + |z[?)!/%:

#(t) S (1)),
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and the estimate follows. O

The classical action is

e
5= [ (1P - Vit ) .
The profile equation becomes

{ b+ LAb=1V"(2(t)X - Xb
b\t=0 = Q.

We refer to [?] for a proof of the existence of solutions to the profile equation.
Besides, by multiplying the equation by z and by differentiating it, one obtains
a closed system on Xb and Vxb and by a recursive argument, one can prove the
following result

Lemma 1.4. For all k € N, there exists constants ¢ and Cy, such that
va, B e N, Jal 18] =k, || X050t )| | < Crett.

The estimates of these two Lemma are sharp: the special case V" (z(t)) = —1d
shows it. For references on the properties of classical trajectories, the reader can
refer to the book [?] and for the existence of solution of the profile equation to [?].

We can now state the result in the linear case. Note that many authors have
worked on this subject and we will note refer to any special one.

Theorem 1.5. There exists two constants ¢ and C such that

Vt€R, Hll)a(t) — e OTE ) et ')‘ L) S VeCe.

The approximation of ¥¢ by
is
(1.4) Giin = €= ST cyb(E, )
holds until times of order Log (%) which is called the Ehrenfest time.

Proof. The proof of the Theorem relies on an energy estimate. The function
w® = 1/)8 - ¢lazn
satisfies w®(0) = 0 and

2
iedyw® + %Aws - V(z)w*

. 1
= —EB/QGiS(t)Ti(t),a(w/ V) (a(t) + VesX)[X, X, XIb(t, X) (1 — s)*ds.
0

This implies

d
v @llze < VEIXPb(t, ) e S Vee .
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2. NONLINEAR SCHRODINGER EQUATION

2.1. The ansatz and the critical exponant. We now consider the nonlinear
Schrodinger equation (??) (A > 0) and we argue similarly than in the linear case.
We observe that for a € S(R?),

20
—do /2 20
Tof(t),é(t)a‘ Tj(t),é(t)a =g 4o/ T;(t),g(t) (|a| a)-
Therefore, if we look for a solution of (?7?) of the form
V() = eSS OTE ) cryus(ts),
the function u® (¢, X) must satisfy
{ 100 + S A0 = V" (@(t)X - Xu® + 0 F - 2w,

€ —
Ujy_g = Q.

There appears a critical exponant

c:1 5
« +2

and one can prove the following:

o If & > ., the function ¥°(¢) is asymptotic to the function ¢f defined
n (??). The function ¢°(¢) is said to be linearizable since it is asymptotic
to the solution of the associated linear equation with the same initial data.

o If o = «, the function 9°(¢) is asymptotic to

(2.1) ¢° = es5WTE ) ult,-),
where u solves
(2.2) { du+ 3Au= V" (x(t))X - Xu
' Ujp=0 = .

The first question which arises is the existence of solutions to (??) and the control
of its momenta (the quantities X a@iu(t, X) for multiindices a, 3 € N¢). The proof
of the linearizable case is similar to the one performed in the critical case, thus we
will focus on the situation where o = .. Before stating the main theorem and
proving it, we begin by stating results about the profile equation (??).

2.2. The envelope equation in the critical case. Equations of the form of (?7)
have been studied by R. Carles in [?]. Before stating his result, let us introduce a
notation. We define the assumption (Exp)g.

Definition 2.1. Let k € N. We say that the function u satisfies (Exp)y if there
exist constants ¢ and Cy such that

va, B €N, ol + |8 <k, ||X°0%u(t )| | < Crett.

We also introduce the energy space
S={feLl*R), Xf Vxfel?}
We have the following result.

Theorem 2.2 (Carles 2009, [?]).

o Ifo< ﬁ for d > 3 and a € X3, then there exists a unique global solution
to (7?), u € C(R,X).
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e Ifo=d=1 and a € S(R), then for all k € N, (Exp) is satisfied.

We point out that, according to [?], the second part of the Theorem is also true
if V"(x(t)) is diagonal with negative eigenvalues or if ¢ — V”(z(t)) is compactly
supported. For the moment, the question whether it is true or not in other cases is
an open problem. Such assumptions are not pertinent in our context. Since in the
linear case, we have used (Exp)s, we infer that we will need such an assumption in
the nonlinear case. Therefore, our results will be more pertinent when 0 = d =1
(the one dimensional cubic case); in higher dimension, we will work under the
assumption that we have (Exp); for k large enough.

3. ANALYSIS OF THE CRITICAL CASE
We consider the scaled energy space
i={f e L’RY), |afllzz + eV fle < +oo}
equipped with the norm
[l = 11f1lL2 + [[Ae () fll L2 + [ B(8) f1] 2

where
x —x(t)

A(t) = ZM and B(t) = 7

NG

Our aim is to prove the following Theorem

Theorem 3.1 (Carles - Fermanian 2010, [?]). Let d > 1, 0 € N with 0 < 25 if
d>3.
o If (Exp)y is satisfied, there exists C > 0 such that

sup 15 (t) = ¢* (@)l —— 0-
0<t<CLogLog (L) e

o Ifd=0c=1,
sup  |[|[9°(t) = 7 (1)l ——; 0-
0<t<CLog(1) e
In the case d = o = 1, one can prove the approximation on time of order

LogLog (1) only by use of energy estimates. In order to gain the result for Ehrenfest
time and to treat the other cases, we use Strichartz estimates. Note that the
situation d = o = 1 is the only situation which is L? subcritical (¢ < 2/d) in the
nonlinear terminology; this explains why the result is better in that case.

Note also that a nonlinear superposition principle is proved in [?] for initial data
which are the sum of wave packets. This is again a manifestation of the fact that
the critical regime o = . is weakly nonlinear: the nonlinear effects only modify
the profile of the wave packets and not its trajectory.

3.1. Strichartz estimates. We denote by H¢ the semi-classical Schrédinger op-
erator and by U¢(t) its associated propagator:

2
Hf = —%A +V(z), U(t) =e ",
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Theorem 3.2 (Fujiwara 1979 and 1980, [?] and [?]). There exists 69 > 0 indepen-
dent of € and C such that

V[t] < S0, [IU=()|l £t mey, o= ray) < C (]t]) 742

This dispersive estimate implies Strichartz estimates. One says that an exponant
(g,7) is admissible if it satisfies

(3.1) 3 —d (; - i) — 5(r)

for2<r<ooifd=22<r<ooifd=1and2<r < 2% if d > 2, where p is
the conjugated exponant to p

1 1
-+-=1
p p

Corollary 3.3. Consider I an interval of RT, one has the following scaled Strichartz
estimates

(3.2

where (q,7), (q1,71) and (q2,7r2) are pairs of admissible exponants.

_1
HUE(t)fHLq(]’Lr(Rd)) < C(T‘, I)E q”fHLQ(Rd)

)
/ Us(t—s)f(s)ds
0

1 _ 1
< C(ri,re, I)e m ||f||Lﬁ(I,LW(Rd)
La(1,L™ (R4))

Proof. These Strichartz estimates are derived from the dispersive estimates by the
so-called ‘T'T* argument’ (see [?]). We shortly explain this argument. By the
dispersive estimate and by the fact that U®(t) is a unitary group, we are left with
two estimates

[US(t = 9|1 meymLomey < Cleft —s[) 7,
(Ut = s)lL2re)romay = 1
for |t — 7| < 9. Complex interpolation for 2 < r < 400 gives for |t — s| < dy
U=t — s)||l Lrray—pamay < Clelt — s|) 0.

We now consider f € L?(R%) and g € L?(—]dy, do[xR?) and we have

] / <U€<t>f,g<t>>Lz(Rd>dt\<||f||m<m> [ vt
R R

L2(RY)
We observe that

H/Us(—t)g(t)dt

2

= [ W90V (-99(5)) e s
L2(RY) RxR

_ / (9(t), U*(t = )g(5)) 12 mo) dtds
RXxR

N

C (elt — s[) 7" lg(1)]
RxR

rr(®a)|l9(s)|| Lrraydt ds

N

Ce™ > gll3 (50 501, L7(R))

since 0(r) = 2/q and where we have used Hardy-Littlewood inequality (for ¢ > 2).
In the critical case (¢ = 2), the above analysis breaks down and we refer to [?].
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Therefore, we have obtained

/R(Us(t)f,g(t))y(m) dt| < Ce™ | fll 2wy 9l L7150 ,50), L7 (R4))

whence

U= Il (50,500, 27 Ry < CE™ VN L2 (ma)-
In order to conclude to the proof of (??), we decompose I into small intervals of
length 2J. O

3.2. Schedule of the proof of Theorem ??7. Set w® = ¢° — ¢*, then w® satisfies
2
ieOyw® + %Aws —V(z)w® = L*(t,x) + NL°(t, z)

where L¢ is the linear contribution to the remainder (the same one than in the
linear case):
1L ()22 S ¥z u(t)]| 2
and NL® contains the nonlinear terms
NL(tw) = e (j¢° + w7 (6" + w®) — |¢°[*7¢7) ,
(3.3) INL*(t,2)] < e (|o°]*7 + |[we[*7) w®.

Using Duhamel formula, we have on step time intervals of length 7

wa(t+7):U5(T)wE(t)+2/0T UE(T—S)LE(Hs)dHZ/OT U (7 — s)N L (t+ 5)ds.

First step: Choosing a Strichartz admissible pair. In order to use a Strichartz

estimate, we choose the pair (g, r)
4o +4
. do

This pair has the advantage that it will fit with the use of Holder estimate in the
nonlinear contribution (?7): there exists 6 such that

and r =20+ 2

1 20 1 1 20 -~
—=—+—-and —=—+17
q 0 q T r
with
20(20 +2)
0= ——— .
2—(d-2)o

Remark 3.4. Note that 68 > 0 because o < ﬁ.

The advantage of this pair is that all the Lebesgue norm on R? will be associated
with the same exponant r. Using Strichartz estimate, we obtain for I = [t,t + 7]

P [ O] P [ 2 PV
e 250 (11681135 ooy + 10135 1,1 ) W0,

One sees that it will be important to know something about the L" norm of ¢(t)
(and we(t)).
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Second step: Estimation of ||¢°(¢)||.-. We observe that scaled Gagliardo-
Nirenberg inequality

(3.4) 1£ller < C)e 2| 115271 A ) 71155
L L

gives

(3.5) 65 () || - S e /20,

Third step: A bootstrap argument. It is reasonable to suppose that w® is not
worse than ¢°. For this reason, we suppose that we(t) satisfies the same type of
inequality than ¢° and we prove a priori estimates under this assumption.

Lemma 3.5. As long as ||w®(t)| - < Coe™0)/2eC1t we have for some constant
c,

(3.6) HwE”Lq([O,t],LT) 5 8_1/quE||L1(L2)eCt+51/2_1/qect,
S el oy + VEES

We refer to Sections 3.2 and Section 4 of [?] for the proof of these estimates.

(3.7) [[w®[[ o= (10,6170

Fourth step: concluding the proof. Equation (??) and the Gronwall Lemma
gives the result as long as the bootstrap assumption is satisfied:

||w€HL°°([O7t]7H) N ﬁeemﬂ
To verify this point, one uses again Gagliardo-Nirenberg inequality (??) which gives
in view of (?7?)
lwf (#)| o S €702 /BT S e 2
for t < LogLog (é)

The case d = 0 = 1 : In this situation, we have ¢ =8, r =4 and § = 8/3 < 8
and it is possible to find bounds on the L8(L*) norm of the profile u. WE infer the
estimate

16 ()] o S €70
and Lemma 77 becomes

HwE”LS([O,t],L‘l) 5 5_1/8||wEHL1(L2)+€1/2_1/8eCt,
<

w2 o..20) + VE.
Therefore, Gronwall lemma gives [|w®]| o (j0,,7) S €“F. We emphasize that if o €

N, the only case where o < 2/d is when d = 0 = 1 and one can check that 6 < ¢ if
and only if o < 2/d.

[[w® [ Lo (j0,61,71)
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