SEMI-CLASSICAL ANALYSIS AND BLOCH-FLOQUET THEORY

CLOTILDE FERMANIAN KAMMERER

ABSTRACT. The aim of these lectures is to discuss different PDEs technics related with a Schrodinger
equation describing the dynamics of an electron in a crystal in presence of impurities. Because the size of the
cells of the crystal are supposed to be very small comparatively with the macroscopic scale, it is a multi-scale
problem with periodic aspects. We shall use semi-classical measures (also called Wigner measures) to take
care of the multi-scale features, and Bloch theory to deal with the periodicity. These notions will be explained
and used for calculating the density of probability of presence of the electron in the limit where the size of
the cells is much smaller than the macroscopic one.
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2 CLOTILDE FERMANIAN KAMMERER

1. INTRODUCTION

This lecture is devoted to the analysis of the Schrodinger equation

{0 (t, ) + %Amwe(t,x) - gizvpmr (g) W (t,x) — V(t, )0 (t,z) = 0,
Y=o = U§.

where (1§)e>0 is a bounded family in L*(R?) with [|¢§||2ra)y = 1, Vper a Z%-periodic potential
that we will suppose smooth, V (¢, -) a time dependent exterior potential that will be supposed to be in
L>(R,C*(R%)), in the sense that for all t € R, V (t,-) € C'(R) and has bounded derivatives, uniformly
in time. The parameter ¢ is the so-called semi-classical parameter, ¢ < 1, because of the scaling of the
problem that we will discuss in the next section, and we are interested in the description as € goes to 0 of
the density [¢° (¢, z)|?dz which gives the probability of finding the particule at time ¢ at the position .
We will consider quadratic functions of ¢ (¢) involving more general observables.

(1.1)

The first section of this introduction is devoted to the motivations leading to using this equation for
describing the dynamics of an electron in a crystal, in presence of an external potential. The second
subsection will explain the basic ideas of Effective mass theory, that we will implement in simplified
situations, exhibiting some of the main ideas of the lecture. We will finish by presenting the result that
we are going to prove and the schedule of the lecture.

This lecture is issued from works with Victor Chabu and Fabricio Macia (see [[13}114}115]). The presen-
tation of the different notions treated in this text is also highly impacted by collaborations with Caroline
Lasser and Fabricio Macia, independently and, more recently, simultaneously. They will recognize their
influence. It is an opportunity to thank them for these collaborations that have been, and still are, a source
of major mathematical satisfaction.

1.1. The dynamics of an electron in a crystal. The dynamics of an electron in a crystal in the presence
of impurities is described by a wave function W(¢’, 2’) that solves the Schrédinger equation:

h2
12 iy (1, ') + 5 Do U(H,7') = e Qper () U(E,2') — € Quat(t', ) U (H',2") = 0,

\I/|t/:0 = \I/Q, (t/,l‘/) e R x Rd.

The potential Q,e; is periodic with respect to some lattice in R¢ and describes the interactions between
the electron and the crystal. The external potential Qo takes into account the effects of impurities on
the otherwise perfect crystal. Here /i denotes the Planck constant, e is the charge of the electron and m
its mass. In many cases of physical interest, the ratio between the mean spacing of the lattice and the
characteristic length scale of variation of Qe 18 very small. We shall denote that ratio by ¢ and consider
the limit e — 0.

Following [42], one observes that there are two scales in the problem:

o the quantum scale characterized by the typical length A of the lattice,
o the macroscopic scale of which we shall denote by L its typical length.

With these length scales are associated time scales: the quantum time scale characterized by the typical
time 7 and and the macroscopic time scale characterized by the typical time 7" which are related to the
length scale by
B mA2 B mL?
T=— I'=—

h
Strictly speaking, we should consider the Planck constant in macroscopic units h and define 7" as T' =

2 . .. .
%. We have implicitly assumed that %/ is a constant, that we have set to 1.
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Since the periodic potential acts on the quantum scale, we rescale it as

mA? '
erer(m/) = jvper ()\> 3

and we rescale the external potential that acts at macroscopic scale as
mL? t o
eQext(tlvx/) = ?Vper (Tv f .
The meaning of these new scales consists in saying that a free electron under the influence of Qpe, Will

travel a distance of length A in the time unit 7 and, similarly, a free electron under the influence of Qe (t')
will travel a distance of length L in the time unit 7.

We shall reformulate our problem in terms of the variables

o= (55).

that are usually called the slow variables. The so-called fast variables

(s,9) = Cgf\/)

will of course play a role in the analysis. They are linked with the slow ones by

A T
= dt=e?s with e=2=,/—= < 1.
T =€y an €%s with ¢ I T<<

Since the wave function is normalized in L?(R?) (||¥|| 12(ga) = 1), we choose the new unknown
Ve (t,x) = L™V (¢ 2') = L=Y2W(Tt, Lx).
Lemma 1.1. Setting 1§(z) = LYW (L z), the family 1° (t, x) satisfies ([.I).

Proof
We just have to perform carefully the computation.

ihdppe (t,x) = T L~Y2iho, U (T t, L x)
2
=T L2 <—2hAx/\Il(Tt, L)+ eQper(z)U(Tt, L)+ eQexi(Tt, La)¥(TH, Lac))
m

2T TmM? 2

£ L e mL €
- _WAI,(/} (t,.’L’) + jvper ()\x> QZ) (t,.’L’) + T‘/:sxt(t7x)w (t7l‘)

Dividing the equation by /4, we obtain

L 1 AT TmN (L \ mlL? .
i0°(t, ) = 9 WAzw (t,z)+ vaer (/\l') + Th%xt(tvx)w (t,x).

_ mL?

: A mA2
Since ¢ = ¢ and = =

B o = 1, we have
TmM2 _ mi\2 T 1

- =" x
hr2 hr T g2

and we obtain
. 1> 1 £ ]' T i £
Zaﬂ/J (t,CC) = _iAEw (t,.’E) + ?Vpcr (g) 1/) (t,l’) + ‘/;xt(tam)w (ta CU),

which concludes the proof of the Lemma.
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In the following, we shall consider equation (1.1)) with [[9)§|| 2(re) = 1 and we shall assume that the
potential V., is periodic with respect to a fixed lattice in R, which, for the sake of definiteness will be
assumed to be Z?. We shall focus on the description of the density

(1.3) nc(t,x) = | (t, ) |>dadt

which gives the probability of finding the electron at time ¢ in the position . More precisely, we are
interested in the computation of time averages of quadratic functions of ¢ (¢, x), that is, in describing the
limit as € goes to 0 of quantities of the form

—/ S(t,x)drdt, T >0, ac CX(R?).

1.2. Effective mass theory. Effective Mass Theory consists in showing that, under suitable assumptions
on the initial data 1§, the solutions of (I.I)) can be approximated for small values of & by those of a
simpler Schrodinger equation, called the effective mass equation, which is for example of the form:

(1.4) i0(t, ) + %B Vo - Vad(t, ) — Vot 2)(t, ) = .

Above, B is a d x d matrix called the effective mass tensor. It is an experimentally accessible quantity
that can be used to study the effect of the impurities on the dynamics of the electrons. Both the question
of finding those initial conditions for which the corresponding solutions of (I.T) converge (in a suitable
sense) to solutions to the effective mass equation and that of clarifying the dependence of B on the
sequence of initial data have been extensively studied in the literature [9, 142} 3} 27, |8]].

The equation (1.4) is an approximation of the equation (I.1) in the sense that the limit as a distribution
of the density n®(t, z) is |¢(¢, x)|?, at least in time average, or, equivalently, that for all a € C2°(R%) and

T >0,
—/ / “(t,x) d;vdt—> / / x)|p(t x)| dxdt.

One has to notice that the effective mass equation is independent of the small parameter and, thus, is
easiest to treat, for example numerically. When replacing the original equation by (1.4)), one can say that
one has solved the question of the oscillations of size - L of the function % (¢, z).

Dealing with the limit ¢ — 0 expresses in mathematical terms as looking for weak-x accumulation
points of the sequence of densities |(¢, z)|?, that we are going to study in terms of time-dependent
Wigner distribution. Therefore, Wigner measure approach is a good way to handle this question. It allows
to treat quite general initial data and give a new insight on the status of the function ¢ (¢, x) satisfying the
Effective mass equation.

A typical example of this sort of results has been obtained in 3] for data that we will call well-prepared
initial data. We describe below a weaker result that is a consequence of the work [3]]. For this, we need
some notations.

(i) With ¢ € R?, we associate the operator P(¢) with domain H?(T%) C L*(T¢)
1
(15) P(x) = =56+ Dy* + Vi), y € T,

where T = R\ Z is a flat torus.

We will see in Sectionthat this operator is essentially self-adjoint on L?(T¢) with domain H?(T%), and
has a compact resolvent, hence a non-decreasing sequence of eigenvalues counted with their multiplici-
ties, which are called Bloch energies or band functions

01(§) < 02(8) <+ < onl€) — +o0,
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and an orthonormal basis of eigenfunctions (¢, (+,§)),,cy- called Bloch waves or Bloch modes, satistying

(1.6) P()pn(-,€) = 0n(©)pn(-,€), VEER?, ¥neN".

(ii) The initial data (1)§).~0 is said well-prepared if there exist n € N*, §, € R? and vy € S(R?)
such that

(1.7) U(x) = =80, (Eo, g) vo ().

Theorem 1.2. [3] Let T' > 0. Assume (1§)=>0 satisfies (I.T) with & a critical point of & — 0,,(§). As-
sume that the eigenvalue 0,,(€) is separated from the rest of the spectrum of P(€) for £ in a neighborhood
of &. Then the solution of (L) satisfies

VE(t,z) = eggo'zfﬁg"(go)ttpn (507 g) ve(t, x)

and ve (t) converges weakly in L?((0,T), H'(R%)) to the solution v(t) of the equation
{ 10V = —%dQQn(go)Vw Vv +V(t,x)v,

U‘t:O = 0.

(1.8)

The equation (L.8) typically is an effective equation since it is e-independent. It involves the eigen-
functions and the eigenmodes of the operator P(£). In particular, starting from a data proportional to
©n ({0, %) the solution is proportional to ¢,, (50, f) and the coefficient of proportionality evolve in an
autonomous manner involving the Bloch mode g,,(§).

We point out that the importance of the assumption that & is a critical point of g,, will be made clear
in the next chapters. Let us now discuss the role of the operator P (). The existence of two scales in the
problem suggests to look for (1)°(t)).>o of the form

Ve (ta) = U* (L, 2), (to) eRxRY,

where the function U¢ = U¢(t, z,y) is defined on R x R¢ x T<. Formally, if (U¢(t)).¢ satisfies
ie20,U¢ (t,m,y) = P(eD)U(t,x,y) + 2V (t,2)U(t, x,y),
UEItZO = Uga

with U§ (x, 2) = ¢, then (t,z) — U® (t,x,2) solves (LI). Here, the opeartor P(cD) acts as a Fourier
multiplier in the variable &:

(1.9)

P(eDYU%(t, 2, y) = (2m) ¢ / €= P(ag)UE (1, 2! y)dar' dE.
R

Of course, there are several choices possible for realizing U§ (x, £) = 1. For example, one can take
Ug’l(ac,y) = 5(x)lyera, (z,y) € R? x T?.
In the case of well-prepared initial data satisfying (I.7), it looks appropriate to choose
Us o(@,y) = 2070, (&, y)vo(2), (z,y) € RY x T

These choices will generate two functions U (t,z,y), j = 1,2, that are different functions of R% x T4,
However, by unicity of the solution of (I:I), they satisfy

Us (t,x,g) =US (t,x, g) , (t,x) €R x R%,

Let us now prove Theoremin the simple case V (¢, z) = 0. The next chapters will give the elements
for proving the general case.
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Proof
We first write the equation satisfied by U¢(¢,{,y) where we denote by f the Fourier transform with
respect to the variable x:

f©&) = fl@e %%z, € cR? feSRY.
R4
We have
ie20,U°(t,€,y) = P(e€)U°(t,£,y),
Usli=0(&,9) = o (5 - %0) ©on(0,y)-

For ¢ € N*, let us denote by II,,(§) the eigenprojector on the n-th mode of P(§) and by II, (§) the
orthogonal projector (IT; = Id — IT,,(£)). We have
US(t,&,y) = Us(t,&,9) + UL(4,&,y), Usn(t,&y) = (UL, &,), (ta,y) € Rx R? x T

Besides, for £ € {n, L}, (Af(t))s>0 solves

i20,U¢ (t,€,y) = (L P) (U (, €, y)

with

UFl-o(€) = (€~ ) Mu(eE)onléonn)

=7 (f - 5;) (He(éo) +5/01 <§ - 5;) - Velly (50 + se (5 - ?)) ds) ¢n (€0, y)

where we have used that II,, is a smooth function (this comes from the assumption on the mode p,,, as we
shall see in Section . Assuming for example that U is compactly supported, we obtain in L?(R¢ x T%)

ﬁﬂt:o(f»y) = 52,7150 <f - io) @n(fmy) + 0(5)~
When ¢ =1, this implies U¢ (t) = O(¢) in L?(R¢ x T). ‘
When £ = n, using T,(§)P(§) = 0n (&) (), we obtain TS (t,&,y) = e = T=(0,8,y),
whence

US(t,2,y) = (2m) ¢ / QT e EO T (0, €, y)dE
Rd

i ; 3 ’ i
= (271.)*(1 egﬁomgpn(&)?y)/ ) el(f—?o)'(x—x )—;Qn(ef)tvo(x/)dgdx/
R2

= (27T)7d eéEO'Igpn(f()’y)/ , eif'(%—x/)_E%Qn(g()"rff)tvo(x/)dgdx/
R2

Writing 0, ({0 +¢€) = o0n(§0) + §d2 0n(&0)E-E+E3GE(€)[E, €, €] for GZ(€) a smooth bounded 3-tensor,
we obtain

Ve (t) = (QW)fd/ el’é(ﬂﬂﬂ’)*%dgen(éo)é&t+it6GE(6)[€,£,£]vo(m/)d§dx/’
R2d

whence the result. In the case where Vo, (&) # 0, the non-stationary phase theorem gives the conver-
gence to 0 of (v°(t))eso0-
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1.3. Our aim. Our aim in this lecture is to provide a similar description for more general initial data,
without assumptions on its form, as the well-prepared data of (I.7). However, we will relax our exigence
by only asking for a description of the weak limits of quadratic quantities as

b b -
/ (@)% (¢, ) Pdxdt or / / ()% (1, ) Pdedr.
a JRA a JRA

To unify the position and impulsion (or frequency, or also Fourier) point of view, we shall consider the
Wigner transform of the family (°(t)).~0 and replace the analysis of the densities |1 (¢, x)|>dxdt or
e~ ype (¢, & /) |>dEdt by the one of the distribution on R x R4

we(t,%g) - (27T5)_d/ wa(t’ z+ 5@/2)@6(@ T E’l}/2)eiv'5dU.
Rd

Note that, formally, the marginals of w® (¢, z, £) give the position and impulsion densities. Things will be
made rigorous in Section 2] We are going to prove the following result, in the case d = 1.

Theorem 1.3. Consider for each n € N the sets of critical values of the Bloch modes

Assume (Y5) is bounded in HZ(R) for some s > 1/2. Assume Ve, is smooth and that t — V (t,x)
is bounded in L= (C'(R?)). Then, there exists a subsequence (\5")c,~0, such that ¢, o 0 and, for
— o0

every a < b and every ¢ € C°(R?) the following holds:

(1.11) Zlingo /b . o(x,  )w™ (t, x, &)dxdédt = Z Z / / o(x, ) w)(n) t,2)2dzdt

neN* g€,

where, for everyn € N* and € € A, 1/)(n) solves the Schrodinger equation:

(1.12) 0" () = 30200 (020 (1) + Vs (1,20 (0, 2),
with initial datum:

wén) lt—o is the weak limit in L*(R) of the sequence (e_é&ﬂn (D) (5" @ 1ye']1‘)).
Moreover, for all p € C°(R),

(1.13) Jim / /¢> Yo (t, x)dadt = Y Z/ /qs M (¢, x) Pdudt

neN* €A,

Note that some of the accumulation points of e_ifIH,L(er)( 5 ® 1,er) may just be 0. For exam-
ple, when Vj,e; = 0, only the first Bloch energy o; has critical points and they are precisely A1 = 27Z.
Besides, the associated projector II;(£) coincides with the orthogonal projection onto Ce*¥ when-
ever§ € (k—m,k+ m) and k € 27xZ. Therefore Hl(af)(/é\é(ﬁ)lyeqy) = 1(,,“”)(55)@8\‘(5) and

e = 27T]”71'[1(st1)(1/182 ® 1yer) weakly converges to zero when k& # 0. As a consequence, in this el-

ementary case Vper = 0, Theore says nothing but that the weak limits of [1)°(¢, z)|? are equal to
|9°(t, 2)|? where ¢° (¢, x) solves (1.1} with initial data v)J, the weak limit of (+/§) in L*(R).

If the data is well-prepared, one recovers the result of Theorem[I.2]

In higher dimension, the result is more complicated to state. We will discuss it in the last section.

This result relies on a semi-classical analysis of the problem and the use of the Bloch-Floquet theory.
The aim of the lecture is to explain these tools (Sections [2] and [3] respectively) and to implement them
for analyzing the solutions of equation (II) (Section ). We will see that this requires the introduction
of a two-scale analysis, and thus the introduction of a refined notion of two-scale Wigner transform
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(Section 5)). In the conclusive Section [f] we will be able to prove Theorem [I.3]and we will discuss the
higher dimension case.
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2. THE SEMI-CLASSICAL APPROACH

In this chapter, we introduce Wigner transforms in Section[2.1] We will use their tight link with semi-
classical pseudodifferential operators, of which we shall describe the properties that will be useful for our
purpose in Section 2.2] Wigner measures are defined in Section [2.3] together with the analysis of their
main properties.

2.1. Wigner function.

2.1.1. Definitions. The Wigner function W¢|f] of a function f € L?(R%) is the function defined on R2%:
2.1 wWefl(z, &) = (27r)_d/ Ve f (x - %v) f (x + %v) dv.
]Rd,

It also writes

We[f](z, &) = (2me)~@ /]Rd etV ey (ac — g) f (m + %) dv.

It has been introduced by Wigner [40] at the beginning of the 20th century. Let us derive a first set of
basic properties.

Proposition 2.1 (Wigner distributions). For f € S(R?), its Wigner function satisfies the following prop-
erties:

(1) We[f] € S(R? x RY) and for all N € N, there exists Cy > 0
O a@)™ [Wef)(x,€)| < Cn ig‘llNHxa(fﬁx)ﬁfHL% (z,6) € R*.

||

2) We[f] € L2(R? x RY) and W[ f]|| 2oy = (27€) 2 || f|32

3) (Wef], Welgl) L2 maxpray = (2m€) = [(f, 9) L2 ey |*
(4) The marginals of We[f] on x or £ give the position or momentum densities of [ respectively :

7(¢)

)

1 2

/Rd Welf)(x, €)dé = | f ()%, /R WS, dr = 5o

In particular,

| W@ Odedg = 11 -

(5) We[f] is real-valued but in general not positive.

Note that it is proved in [28] [44]] that W¢[ f] is nonnegative if and only if f is Gaussian (the article [28]]
concerns the dimension 1, while [44] holds in any dimension).

Example 2.2. Consider zg = (x9,&) € R?? and

e _ —d/4 i (z—zo) ¢ T~ TO d
s(x)=¢ e f(ﬁ )7 x € R%.

Then,

Ws[ 50]($,§) _ gfd Wl[f] (5_50 €_€0> )

Ve loWE
Proof

1. We observe that the transformation acts on ff by the measure preserving change of coordinates
(z,v) = (x4 %v, T — %v) followed by a partial Fourier transform with respect to v. Hence, if f is a
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Schwartz function, then the Wigner distribution W#[f], too.
2. Square integrability of WW¢[f] can be seen as in 1. For calculating the norm, let (x, &) € R4,

(WeLf] (@, )P

= (2m)~H /de f (CE - %) f (:v + %) f (m + E;) f (x — 827/) el (v=v") gy

Therefore, after integration in £, we obtain

L e orde = om* [ [ (e =e5)[ |s (o =5)] a

We deduce
WLz 2 gaay = (2me)~ /R N @P S @+ o) dode = (2me) 13 gy /R @) de
= (27) || f 1oy

One then extends the result by density of Schwartz functions in L?(R9).

3. is essentially the same calculation as in 2.

4. is straightforward.

5. Real-valuedness comes from changing v to —v in the integral. For non-positivity, we take f odd, that
is, f(z) = —f(—), and evaluate in the origin, W*[f](0,0) = —(me) || f|| 12 (ra)-

2.1.2. Wigner transform as a distribution. The action of the Wigner distribution on smooth compactly
supported function simply expresses in terms of pseudodifferential operators. We have

@2 Welska) = [ | aw W (7)o )duds = (£.0p-(@)f)

for f € L2(R%) and a € C°(R?4), where

2.3) VfeSRY), op.(a)f(z) = (2me)™* / a(3(x +y),€)ezs Y f(y)dy de.

R2d

The properties of the semi-classical pseudodifferential operators then induce properties of the Wigner
distribution. The more important ones are the following.

Proposition 2.3 (Wigner distributions). The Wigner distributions satisfy the following properties:
(1) Forall f € L*(R?), the map from C°(R? x RY) to C,

a— (W[fl,a)

is a distribution of finite order.

() If (f¢)eso0 is a bounded sequence in L?(R?) then (W¢[f¢]).>0 is a bounded sequence of tem-
pered distributions in S'(R% x R?, CN*N),

(3) If (f%)e>0 is a bounded sequence in L*(R%), then every limit point of (W¢[f¢])e=0 is a positive
measure on R¢ x R%,

The distributional interpretation of Wigner transforms in terms of pseudo-differential operators is a
powerful tool and in the two last points of Proposition[2.3|lay the fundament for the section about Wigner
measures. Proposition [2.3]is proved at the end of Section 2.2}
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2.1.3. Wigner function of a pair of functions. One sometimes extends the definition of Wigner transform
to pairs of functions f, g € L%(R?) by setting

Welral(e. €)= r) 0 [ 1 (o= F )3 (a+ F) e,

with the straightforward properties listed in the next statement.
Proposition 2.4. (1) Forall f € L?(RY), We[f, f] = We[f].
(2) Forall f,g € L*(RY), W¥[g, f] = W*[f, ] and
[ WelF ol €) dode = (9. 7)o
R

(3) Forall f1, f2, 91,92 € L*(RY),
(2.4) (WEoLf1, 1), WELfa, 92]) 2 (geay = (27€) 4 (f1, f2) 12may (925 91) 2 (o -
4) Forall (f,g) € (L*(R%))? and a € O (R??),
(Welf, g1, a) = (9,0p.(a) f) p2ray = (0P (@)g, f) 2 ga) -

Proof
1, 2 and 4 come from the definition.
For 3, one writes

( [f17gl [f27.92])L2(]R24)
(2me) 2d/ fi(z 5)g1(x + 35) fox — ,)ﬁz(m + %) e (W' =)/ gy d' da: d¢

= @)™ | File - $arlat ) fole— (e + §) dvda

= (2m) " (f1, f2) p2(ay (92, 91) L2 (e -

Example 2.5. We consider two functions f, fo € L?(R%) and two points in the phase space z; = (z1,&;)
and zy = (x9,&2). Denote Q = ”31'2“”2, P= 51‘552. Let

< (x) =& T el g (
Then, the joint Wigner function satisfies for all (z,¢) € R2d,
Welfz, 21, €)

WS R (- 24,0 B (o )](%ﬁf)

= ot T AWy, £ (x\_@Q’ Velg - P>>

= el €)@= Q[ £ (“’”_\/EQ g\kp> :

2.2. Semi-classical calculus. Let a € C°(R?9) and € €]0, 1] a small parameter. The semi-classical
pseudodifferential operator of symbol a is the operator op_(a) defined on S(R?) by equation (2.3),
namely

T — Ty

), reRY j=1,2.

op.(a)f(z) = (2me) ™" /R (3 +9), e U f(y)dy d, f € SRY).

Note that there exists other choices of quantization.
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The integral in (2:3) is convergent because f is rapidly decreasing, also for symbols a = a(x,§)
that are multi-variate polynomials in x and ¢ the integral defining op,(a) f exists for f € S(R?), since
f € S(R?) can compensate the polynomial growth. This property and those of the Fourier transform calls
for a generalisation of the notation op, (a) to polynomial functions and one talks of op_(x) to denote the
operator of multiplication with x, and of op_ (&) for the differentiation operator —icd,.. In particular, one
has the following example.

Example 2.6. We have op_(z - £) = % (op.(z) - op.(£) + op.(£) - op.(z)). Indeed, for all f € S(RY),

op.(z - &) f(z) = (2me) ¢ / @ +y) eI f(y) dedy

Rd
= (2me) ¢ / L (G- 0, — iy~ 0,)e =09 f(y) dedy
R4
= 5 (x- (=i0,) f(z) — 0, - (xf(x))).
Besides, if ¢ € C*°(R?), then for 1 < j, ¢ < d,

op. (c(z)§;) = %c(x)awj + %ach(x)
1€

op.(c(2)&;&) = =20, (c(2)0s;7) + 5

2
op, (§;0,,¢(x) — £0¢,c(x)) + %8§juc(x).

2.2.1. Action on L*(R%). Let us now investigate how one can extend the action of op_(a) to square
integrable functions. The kernel (z,y) — k.(x,y) of the semi-classical pseudodifferential operator
op,(a) is given by

bewy) = (ne) [ et (o ). €)de
R4
2.5) = % (A(x+y). iz —y)
where

ka(Xo0) = (2m) 4 [ (X, €) de
R4
The function k,(z, -) is the inverse Fourier transform of £ — a(z, §), we write

(2.6) Ka(T,0) = Fe

§r—>va (.Z‘, U) .

The function (z,v) — K4 (z,v) is compactly supported in x and Schwartz class in v. Note that the link
between a and k,, also writes

2.7 a(z, &) = / e Vg, (z, v)dv.
Rd
The precise structure of the kernel of this operator calls for using the next Proposition.

Proposition 2.7. Let P¢ be an operator of kernel k.(x,y) of the form
K (z,y) = e R (3(x +y), Ha —y))

and such that K satisfies / sup |k(X,v|dv < +00. Then, the operator P¢ is bounded in L*(R?) and
XeRd

1P 22 (ray) S/ sup |k(X,v|dv.
XeRd



SEMI-CLASSICAL ANALYSIS AND BLOCH-FLOQUET THEORY 13

Proof
For f € L?(R4), we have

Pef@l <= [ sup k(X 222)] 150 .
XeRrd
Set g% (z) = e supxepa |ke (X, £)|, then g° € L' (R?) and
197l = [ sup, (X, 0] o
XeRd

We obtain by use of Young’s convolution inequality forp = land g =r = 2,

1P e < 197 liageoy < 167 sl ey < Wl ([ sup 16X, ol )

X€eR

Note that the Young’s convolution inequality is straightforward for this choice of indices.

As a consequence of Proposition we obtain the boundedness in £(L?(R%)) of pseudodifferential
operators. Indeed, for x = k, as in (2.6)), we have

/ sup |kq(z,v|dv < C sup sup |\8§a(x,~)||L1(Rd).

zER? BeN? zeRd
[Bl<d+1
with C = [(v)~?"1dv. In the following, we set
(2.8) Ny(a) :== sup sup ||3?a(:c, N Lt (ray-
BeEN? z€R?

IB1<d+1
We observe that the norm Ng4(a) is controlled by Schwartz semi-norms: there exists a constant ¢4 de-

pending only on d such that

(2.9) Ng(a) <cg sup sup [(1+ |€\)d+18ga(x,§) .
BeN? zeR?
|Bl<d+1

The result is the following.

Theorem 2.8. There exists a constant ¢ > 0 which depends only on d such that for all a € C2°(R?%),

(2.10) lop.(a)ll £ (L2 (may) < ¢ Nal(a)
Let us define the e-Fourier transform:
(2.11) VfeSRY), VEeRT  FE(f)(E) = (7r5)_d/2/ e 8 f(2)da.
Rd

Then, if a(z,£) = a(—&, x), one has

(2.12) (f,0p(a)g)L2s) = (27) " (F(f),0p.(0) F*(9)) p2gay»  frg € L*(RY).

Therefore, one can get an estimate similar to (2.10) where the roles of « and ¢ are exchanged:
||0ps(a)Hz:(L2(Rd)) = ||0PE(Q)H£(L2(]Rd))-

which yields the estimate

(2.13) llop.(a)llz(2may) < c ﬁSUP sup Hafa(':f)HLl(Rd)-

cN? ¢eRd
|B]<d+1
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Remark 2.9. Observe that the estimates (2.10) makes possible to define bounded semi-classical pseudo-
differential operators with a symbol a which has few regularity in x, as long as a is measurable, compactly
supported and that 8? a is integrable for all 3 € N such that || < d + 1. And similarly exchanging the
role of  and &, by estimate (2.13)) .

The estimate the most used in the literature is the one obtained by Calderén and Vaillancourt in [[12].

Theorem 2.10 (Calder6n-Vaillancourt Theorem). There exists N € N* and C' > 0 such that for all
a € C(R2%),
Led o
2.14) lo (@)l reay C - Y &% sup |95.al
aeN2d |o|<d+2 RexRe

2.2.2. The adjoint and the composition of semi-classical pseudodifferential operators. We introduce the
notation for the Poisson bracket of two functions. For f, g € C*(R?), we set

(2.15) {fvg}:vff'vxg_vxf'v5f~

This notation extends to matrix-valued functions, paying attention to the non-commutativity of the prod-
uct on the set of matrices.

Proposition 2.11. Let a,b € C°(R?%), then in L(L?*(R?)),

(2.16) op.(a)” = op.(a),
@.17) op.(a)op-(b) = op(ab) + - op. ({a,b}) + O (¢?).
2.18) fop-(a).0p.(B)] = = op.({a,b}) + O (<*)

We are not going to prove this proposition but another one, with less complicated symbols but low
regularity.

2.2.3. Pseudo-differential calculus with low regularity. With the observation (2.12) in mind, one can
perform some symbolic calculus with low regularity in the ¢-variable. The reader will find applications
where this calculus is used in [22] and [20]. We focus on Lipschitz regularity and consider the set Lip(Rd)
of continuous functions f such that

3Ly >0, Yz,y €RY, |f(2) — f(y)| < Lyle —yl.
Lemma 2.12. (1) Suppose o € Lip(R?), and a € C°(R?%). Then, in L(L*(R?))
op.(a o) = op.(a)o(x) + O (eL,Ng((1 + A¢)a))
opc(¢a) = e(x)op.(a) + O (eL,Na((1 + A¢)a)).
(2) Suppose o € C1(R?) with Vo € Lip(R%), and a € C>°(R?4). Then, in L(L?(R?))
[0p-(a). 0(2)] = Zop.(Vea- Vo(x)) + O(c* Ly, Na(Aca)).
Note that the observation of (2.12)):
ope(a) = (F°) op. (@) F*,  a(x,§) := a(=¢, 2),
induces that properties proved for ¢ = p(x) have their analogue for o = o(¢&).

Proof
Point 1. We consider R := op,(a 0) — op.(a)o(z). We have
Y

w5 [ (L) jw . vr e s@ieh)
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where ¢ (z,v) 1= ]-'gla(x, v)(o(z) — o(x — ev)). By Proposition

RN 2er2me,cny) < (27T)_d/]R sup |r°(z,v)|cyxn~dv.

d zeRd

By hypothesis, we can find L, > 0 such that
lo(z) — o(x — ev)|cvxn < Lyelv|, Y(v,z) € supp]:gla.

Therefore, using |v\|.7-"§_1a(a:,v)| < (1+ \v|2)|.7-"§_1a(x,v)| = \]—"gla(x,v)l + |]-'§_1(—Aga)(x,v)|, we
deduce
Bl 2(z2macvy) < €Calo(Nala) + Na(Aga)).

Point 2. We observe that the kernel of R := [op_(a), o(x)] — fop.(Vea - Vo), is of the form (2.5) with
7 (z,v) = Fla(z,v) (o(z) — oz — ev)) — f}" 'Vea(v, x) - Vo(x)
— Fta(e,0) (ola) - oo — 20) — ev- V(o)
= 529(m,11).7-'5 Ya(z,v)
with |0(z,v)| < Ly,|v|*. Then, we conclude as before using [v[>F; 'a = —F; 'Aca.
2.2.4. Weak Garding inequality. Garding inequality gives an answer to the question of the link between

the positivity of the symbol a and the positivity of the operator op_(a). We prove here a weak version of
the Gérding inequality.

Proposition 2.13 (Weak Garding inequality). Let a € C°(R?%) such that a > 0. Then, for all § > 0,
there exists Cs > 0 such that for all f € L?(R?),

(2.19) (fy0p:(@)f) p2ay = —(0 + Cse®)| fII72gay,  Vf € L*(RY).
Remark 2.14. This estimate can be ameliorated into: if ¢ > 0, there exists a constant C, > 0 such that

(f.op.(a)f) > Cuellfllz2, Vf € L*(RY)

Besides, with the assumptions of Proposition [2.13] one can prove the Fefferman-Phong inequality (cf.
[48]] for a detailed proof):

3C >0, VfeL*RY), (f,0p.(a)f)p2ma) > —C||fl72@a)
However, the easiest version of Proposition [2.13]is enough for our purpose.

Proof
We associate with a a function Y € C2°(R2?) such that y = 1 on the support of a and we set for
some A > 0 to be fixed later

ba(. &) = x(w,6) (ale,€) + 16)
The function bs is in C2°(R2?) and satisfies
bs(x, €)% = a(x, &) + N3 x*(x,€).
Therefore, using {bs, bs} = 0, the symbolic calculus gives in £(L?(R%)),
op,(bs)*0p.(bs) = op.(a) + Adop. (x*(2,€)) + O(c?).

Let us now choose ) so that we have

Mlop. (X (@, )l £(r2ray) <1,
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then, for all f € L?(R9),
0 < flop.(b5) f[1* = (£, 0p<(bs)*0pe (b8) f) 2 ey
= (.fv Ops(a)f)L2(Rd) +Ad (.f7 Ops(X2(‘T7 5))f)L2(]R’i) +0 <€2||f|‘%2(Rd))

< (£,00.(0)F) gy + O 2 aguay + O (211 1)
whence the result.

2.2.5. Proof of Proposition[2.3] Points 1. and 2. are a consequence of (2.10) and (2.2).

For Point 3, we observe that Garding inequality of Proposition[2.13|implies that every accumulation point
of (We[f¢]) in S’(R¢ x R?) is a positive distribution and therefore, a positive measure on R% x R?, as
detailed in the proof of the next Theorem[2.15]

2.3. Wigner measures.

2.3.1. Definition. In this section, we continue with the observation of Point 3 in Proposition @] and
analyze the properties of the weak limits of the Wigner transform.

Theorem 2.15. Let (f¢).~o be a bounded family in L?>(R?). There exists a sequence (&, )nen Which
tends to 0 when n goes to +oc and a positive measure ji on R*? such that

(2.20) Va € C°(R*), (f",op,, (a) ) L ey e /]R g a(z, §)p(dz, d§).

Moreover 1(R??) < +o0.

Any measure p € M (R??) satistying (2.20) for some sequence (&, )ncn is called Wigner measure
or semi-classical measure of the family (f¢)c~0. A given family (f€).~o may have several Wigner
measures.

The use of Wigner measures developed in the 90s, in particular with the articles [34] by Pierre-Louis
Lions, Thierry Paul and [24]] by Patrick Gérard, Eric Leichtnam (see also [22] and [23]]). They first appear
in [26] in the frame of the analysis of sequences of eigenfunctions of a Laplace Beltrami operator on a
compact manifold (see also [6] and [7] for similar problematic on the torus).

Proof
Since the quantity I.(a) = (f¢,0p.(a)f) 2(ra) is uniformly bounded in ¢, for a given function a €
C>(IR2?), one can find an extracted convergent subsequence I, ,(a). Considering a dense countable
subset of C'>°(R??) and using a diagonal extraction process, one builds a sequence &,, for which I, (a)
has a limit for all @ € C°(R??). The map which sends a on the limit /(a) of the sequence I., (a) is a
linear form on C2°(R2?). It defines a distribution and Gérding inequality shows that this distribution is
positive.

It remains to prove that I satisfies a measure estimate. We consider a nonincreasing function y €
C2(]0,400)) such that 0 < x < 1, x(u) = O foru > 2 and x(u) = 1for 0 < u < 1. We set
Xk = X (). Then, we deduce from

(fE,OPE(XR(I'Q + 52))fE)L2(Rd) S C

that I (xr(22+&2)) < +oc and is uniformly bounded in R. Moreover, the function R + I(yg(2?+£2))
is nondecreasing and we can set

(1) = lim I(xa(a®+€%)).

R—+oc0
Then, the positivity of [ yields
Ya € CEC(RQCI), I(HaHLoo(RZd) — a) > O7
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which implies the measure’s type control that we were seeking:
Ya € CEC(RQd), I(a) <C ||aHLoc(de).
Therefore, the linear form I defines a positive finite measure z on R2%,

2.3.2. Examples. Let us compute the Wigner measures associated with some exemplary families.
Example 2.16. Let 2q,& € R? and p € L?(R?).

(1) Concentration. Let u®(x) = e~%/?¢p <%) , then (u®).>0 has a unique Wigner measure

pu(da, d€) = (2m) ™ b0y (2) ® |5(E) P dE.

(2) Oscillation. Let v°(z) = p(x)e’® %/, then (v°).>0 has a unique Wigner measure

po(dz, d€) = |p(x)*dz @ ¢, (€).

Note that the e-Fourier transform transforms an oscillation in position into a concentration in impul-
sion, and conversely

e

f%%@eiwﬁﬂwg)mdfwfeifw<5&).

The Wigner measure of a family (f¢).~¢ provides information about the strong convergence of this
family. In example (1) above, it is the point zo of the configuration space that is the obstruction to
the strong convergence of u° to 0 in the sense that if x( is not on the support of ¢ € C°(R?), then
(¢, u®) L2(ray goes to 0 as ¢ goes to 0. Similarly, for the oscillation family (v®).~¢ of example (2), it is
the point &y of the momentum space that is the obstruction and (¢, u®) r2(rey Will go to 0if & is not in

the support of the ¢.

Another important class consists in Coherent states.

Example 2.17. Leta € (0,1), 5 > 0 and
uzﬁ — 6—da/2(p (g _QEO) eimfg/f—:ﬁ7
€
then (u2?).~ has a unique Wigner measure

6930(37) ® 650 (6) if /6 =1
fa,5(2,€) = Oa0(x) ®0(§) if B <1
0 it B>1

Notice that when 8 > 1, the family (uS ﬂ)5>0 is not e-oscillating and its Wigner measures at the
scale € do not capture its mass. The coherent states for which o = % and 8 = 1 are called wave packets.

The WKB states are often used in semi-classical analysis (see [L1]]).
Example 2.18. Let S € C2(R?) and ¢ () = e=5@) p(x), then (¢°).>0 has a unique Wigner measure

ps(@,8) = |o(@)Pde @ dys(2)(6)-

Proof
We have for a € S(R2?),

(¢°, Ops(a)gs)LQ(Rd) _ }—g_l(Xa v)eéi(S(XjLs%)*S(st%))@ (X + 5%) © (X — 5%) dXdv
R2d

and the result follows from Lebesgue dominated convergence Theorem.
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Actually, the proof shows that the result extends to functions S for which there exists a function
VS € L*(RY) such that

1
d —_ .
Vz,v € R, g(S(x) S(x +tv)) Y VS(x)-v

When VS # 0 almost everywhere, one deduces from the result on the measure that WKB states with
phase of low regularity goes weakly to 0 in L2

2.3.3. Wigner measures and e-oscillation. One can wonder how using Wigner measures may help to
calculate the weak limits of energy densities, since the measures are obtained by testing against smooth,
compactly supported functions a. In particular, the symbols a are compactly supported in the Fourier
variable £, while the limits that we wanted to compute do not present cut-off in frequencies. This question
is solved via the notion of e-oscillation which allows to link the Wigner measures with the accumulation
points of the energy density, provided that the family of functions under investigation is e-oscillating.

Definition 2.19. A family (f).~¢ in L2(R?) is e-oscillating if
2.21) limsup / e ‘ e —s
=0 JIg|>R/e

Remark 2.20. 1f a family (f€)c~o in L?(R%) has a H? norm uniformly bounded for some s > 0:
1C > 07 ||<€D>sf€||L2(Rd) < Ca

R—)+oo

then, using that li.p>r < R™2s <5D>2S, one obtains that this family is e-oscillating. Indeed,

~

2
[ @] de = (teppns ) o
|€I>R/e

< R—2s (<€D>2efe fe)
The families of Example [2.16]are ¢-oscillating. We exemplarily verify this claim for the concentration
family (u®)c>0. Indeed, for any R > 0,

I€\>R/a |¢€|>R/e JRL ]Rd
/ [ [ @t dep.0
|€|>R JRd JRd

—/ p(©)Pde — 0.
[EI>R

<C?’R™% — 0.
L2(R%) R—+o0

() Vd(x,y, )

R—+o00

Proposition 2.21 ([22,24,25]). If 1 € M (R? x R?) is an accumulation point of (We[f¢])es0 along
some subsequence (&y,)nen, and if the measure |7 (x)|?dz converges weakly towards a measure v €
M (R?) then

(2.22) [ ntede) <
R

Equality holds in 2.22)) if and only if (f¢)c>0 is e-oscillating.

Proof

We use the function xp = x
R >0and ¢ € C*(RY), p >

[, el @Pds = (1,001 = xa) (£0D) 1) + (5 oxr (€0 D) 1)

{+) where x € C(R,[0,1]) is compactly supported in {|¢] < 2}. For
0, we have
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Besides,

lim (7 oxa (D) £) = [ pla(€/Rutda,de

n—-+o0o R2

and, in view of
(f,0(1 = xr) (enD) f) = /Rd @()|(1 = xr)(en D) f" (z)|*da

+(xr (enD) f, (1 = xRr) (€n D) f)
(xr (enD/R) f,0(1 = xr) (enD) f"),

Y

we have

lim (/5 o(1 - xr) (D) f) > / (@)X R(©)(1 — xr(&))ulde, de).

n—-+o0o R2d

We deduce that for all R > 0,
liminf / p(a)| [ (2)|Pde > / p(x)xr(§)p(dz, d§) + / e(x)xr(§)(1 — xr(E))u(dz, dS).
R4 R2d R2d

n—-+oo

Using Fatou lemma, we have

fimind [ ple)xn©ulde,dg) > [ (o) limin xn(©uldr.dg) = [ plohulde, de).

R—+o0 Jp2d R2d R2d
Moreover
timint [ oa)xr(©)(1 - xr(©)n(dr.de) > 0
—+00 JR2d
Therefore,

liminf / (@)l @) P 2 / )l dg).

n—-+4oo

One notices that the e-oscillation property implies that for y as before,

limsup (¢ (1 — xgr (enD)) f, f») — 0.

n——+o00 R—+oco

We then get the result by letting n and then R go to 4o in the equality
/d p(@)|f (@)Pde = (f, xR (D) f) + (f*", ¢ (1 = xr (€a D)) f*)
R

= (f0p., (0(@)xr () f,) + (f7 () (1 = xR (enD)) f5)
+ O(en).

2.3.4. Wigner measures of vector-valued families and orthogonality. Suppose now that (f€)c~¢ is a
bounded sequence in L?(R?, CV); then one can consider the N by N matrix

WEf )@, €) = (WEIFL f] (2, O)i<igan, 2,6 €RY
The family We[f¢]).~0 is a distribution acting on matrix-valued Schwartz functions via
@ W = [ Trew (o W (e )dods, a € SEH,CVY),
R2d

Its accumulation points are called semi-classical or Wigner measures of the sequence (f€)c~¢. The
coefficients (11; ;)1<q,j<n Of this matrix-valued distribution are measures. Indeed, the diagonal ones are
positive measures, as Wigner measures of the sequences (fF).>0, the coordinates functions of (f¢)cs¢.
Moreover, denoting by &, the subsequence (f€¢)scn giving the semi-classical measure p, one has

o0 (Tp2d : € € — .
(2.23) Va € C°(R*%), elgrolo (ope(a)fil,ij)LQ(Rd) = /R?d a(z, §)p, ;(dx, df),
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Therefore, the distributions y; ; are express as linear combination of Wigner measures of linear combi-
nation of the (f5)1<;<n, and thus are Radon measures.

In other words, 1 takes values in the set of Hermitian positive semi-definite matrices: the elements 1; ;
are positive (scalar) Radon measures and that y; ; is absolutely continuous with respect to both 1; ; and
{45,;-The latter condition implies that /1; ; = 0 as soon as p; ; and yi; ; are mutually singular. In particular:
(2.24) pig Ly = Ya € CO®R™),  lim (op.(a)fi, f5) fagga, = O
Remark 2.22. One can generalize the above study to a more general setting by considering L? fami-
lies from R¢ into some Hilbert space H. One then defines pseudodifferential operators with symbol
a(x, &) which are compact operators on H and semi-classical measures are positive elements of the dual
to C2°(R??, K (H)), that is elements of C2°(R?, £1 (H)), where K(H) denotes the set of compact op-
erators on 1, L' (H) the set of trace class operators on H and £ (H) the subset of its positive elements.

The above description has important consequences when passing to the limit in bilinear quantities
depending on two families.

Lemma 2.23 (Orthogonality lemma). Let (f¢).~o and (§°).~o be two bounded families in L*(R%). We
assume that each of them has only one Wigner measure that we denote by j1y and |14 respectively. Assume
s L g, then for all a € C°(R??), (f¢, 0p.(a)g®) — 0.

e—

Moreover, if the families are e-oscillating, then for all p € C°(R?), / o(x)g®(x) fé(x)dr — 0.

Rd e—0

In that situation, one says that the families ().~ and (¢°).>0 are orthogonal families.

This sort of result is at the origine of the emergence of the concept of microlocal defect measures, also
called H-measures, which are the non semi-classical version of Wigner measures. They were introduced
independently and simultaneously in [23] and [45] and allow generalizations of div-curl Lemma in the
context of homogeneization.

Proof

One considers the vector valued family ¥¢ = (¢, ¢°) and one of its Wigner measures 1, which is a 2 x 2
matrix with diagonal elements ¢ and p4. The off-diagonal elements of y are absolutely continuous with
respect to py and g and thus are 0 if gy L pg. This implies the first statement of the Lemma. The
second one comes by combining the previous result with e-oscillation.

2.4. Wigner measures and time-dependent families. We are now interested in time-dependent fam-
ilies, such as the family (¢°(t))c>o of solutions to the Schrodinger equation (I-I). The modifications
required in order to adapt the theory to this context are rather straightforward. Suppose now that (1)°).~¢
is bounded in L°°(R; L?(RY)) and define the time-dependent Wigner transform W¢. (t) as

. — d
(2.25) Wi}s (2,€) == WE[We (¢, )] (z, &) = /Rd elE-mj;E (t,x - %) e (t,LE + %)) (2:)d.

Proposition 2.24. Any accumulation point p of the family (VV;}E Yeso in S'(R x R24) is a positive Radon
measure ;1 on R x R?? of the form p(dt, dx, d¢) = ut(dx, d€)dt.

Such a measure ptdt is called Wigner measure or semi-classical measure of the time-dependent fam-
ily (¢%)z>o0.
Proof
Estimates (2.10) (or (Z.14) ) implies that for every § € L' (R) and every a € C°(R?9),

(2.26)

/R [, 00a, W (1,2, €)dw dé dt < Callt® 12 12 ety 191122 2y Nala).
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This ensures that (Wi,a) is bounded in S’(R x R??). Moreover, any accumulation point y of this sequence

is a positive Radon measure on R x R2?, It follows from (2:26) that the projection of 1 onto the ¢-variable
is absolutely continuous with respect to the Lebesgue measure on R. Therefore, we conclude using the
disintegration theorem (see Theorem 9.1 in [1]] or Section 2.5 of [2]) the existence of a measurable map
from ¢ € R to positive, finite, matrix-valued Radon measures ut on R?4 guch that

p(dt, dz, d€) = p' (da, d€)dt

Summing up, for every sequence (£¢)¢en going to 0 as £ goes to +oc such that (W2, ) converges in
the sense of distributions the following holds: for all § € L*(R) and a € C2°(R2%),

(2.27) /R - O(t)alz, )W, (¢, z, &)dx dS dt ed 0(t)a(z, &)p' (dx, d¢)dt

R2d
If the sequence (1°“(t,-)) is in addition e-oscillating for almost every t € R, the projections of the
measures 4! on the &-variable are the limits of the energy densities: for every § € L*(R), ¢ € Co(R?),

(2.28) / B(O)S(@) V% (t,2) Pde — / 0(1)(x) it (da, de) di
R4 Rd

Remark 2.25. Time-dependent analogues of (2.23), (2.24) also hold after replacing j; ; by pf ; and
averaging in the ¢-variable.
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3. FLOQUET-BLOCH THEORY

In this section, we consider the operator on L?(T?) defined by
1
P(€) = 1€+ Dyl" + Vourly), € €R

In the next sections, we focus on the spectral analysis of the operator P(¢) for ¢ € R? (Section [3.1).
It turns out that much more can be said in dimension 1 (see Section [3.2) than in higher dimension. We
discuss regularity issues in Section [3.3]

3.1. Spectral analysis of the operator P(¢). One associates with the lattice Z¢ its dual lattice 2w7.%.
The centered fundamental domain of 21 Z% is called the Brillouin zone:

B=|-mx[.
Note that if ¢ € R?, there exists a unique decomposition
E=n+2rk, keZ® and neB.

The operator P(£) has the important property that, for k € Z¢ and ¢ € R, the operator P(¢ + 27k) is
unitarily equivalent to P(£). More precisely, one has

3.1) P(€ + 27k) = =27 k) p(g)e?2™k) e e R, Yk € 79,
Therefore, we can restrict our analysis to £ € B.

For £ € R?, we shall denote by P, () the operator Py(€) = |D,, + £|? acting on the space L?(T%)

L*(T%) = Z cpeimk Y Z x| < +oo

kezd kezd

Both P(¢) and P, (¢) have ¢-independent domain H2(T%) C L?(T?) where for s > 0 the spaces H*(T?)
are defined by

H* (Td Z cx eQwrku Z<k>s|ck|2 < 400

kezd kezd
It is also interesting to link the operator Py (&) with the operator —A®) which consists in the Laplace
operator on the cube C' = [0, 1]¢ with boundary conditions
fly+0) = f(y), Onfly+1€) = —0,f(y)et, V(y,{) € OC x Z% such that y + £ € OC.

This operator is unitarily equivalent to Py(¢) by the map which associates to any function f € L?(T%)
the function f¢ of L?(C') defined by

(3.2) Yy €[0,1]% fe(y) = fly)e.
One has || fell 2 0,110y = /1|2 pay and 1A fell 2 o110y = 1Po(€)fll2(re)

Theorem 3.1. Assume that the operator Ve, is smooth. Then, for all £ € B, the operator P(§) is self-
adjoint and its spectrum is bounded from below. Besides it has a compact resolvent, thus a non-decreasing
sequence of eigenvalues

01(§) < 02(8) < -+ < 0p(8) <+ — +o0,

and there exists an orthonormal basis of L*(T?) consisting of eigenfunctions (¢ (&, ) ey of P(€):

on(&) € H*(TY), P(O¢n(y,8) = 0n(Oen(y,6), forye T
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Remark 3.2. If the potential V,,, is in LP(T¢) with

p=2if d=1,2,3, p>2 if d=4 or p:g if d>5,

then Theorem [3.1] holds (see [32] and Appendix [A). This includes 3d potentials developing Coulombian

singularity in a point, Vje; (y) ~ nyf;m close to some y = yo, agp > 0 and yg € T,

Definition 3.3. The functions defined on R, ¢ + g, (&) are called Bloch energies or Bloch modes and
the functions on T¢ x R? defined by (y, &) + ¢, (&) are called Bloch waves.

Remark 3.4. The property (3.1) yields that the Bloch energies o, (£) are 27Z?-periodic functions whereas
the Bloch waves satisfy

on(y, & +27k) = e PV, (y,£),  forevery k € Z°.

The Bloch modes have a MinMax characterization (see Appendix [C))

1
(3.3) 01(§) = ”fff‘lliill <2||(Dy +&E) [ 172 (ray + Voer f)L?(Td))

and, forn € N\ {1},

34 = min max
(3.4) on(§) dimM—n, MCH(T4) feM, |[f|=1

1
(3100 + OBageny + Vs incen
One defines the crossing sets of two distinct Bloch energies as the sets;

(3.5) S = {EERY : 0,(8) = 0(6)}, n,n €N, 0, # 0.

It is proved in [47] that the Bloch energies o,, are continuous and piecewise analytic functions of ¢ € R4,
and that the Bloch waves ¢,, can be chosen in such a way there exists a subset Z of the Brillouin zone
B of zero Lebesgue measure such that each ¢, is analytic in £ € B\ Z. However, in the following, we
shall only use the Lipschitz regularity of the Bloch modes, together with the smoothness of the Bloch
modes and of their associated eigenprojectors outside the crossing sets. These properties are proved in
Sections[3.2] (for d = 1) and Section[3.3](in general);

Let us prove Theorem [3.1]

Proof

We first observe that Py () is self-adjoint with domain H?(T?), spectrum {3$|¢ + 2k7|?, k € Z?} and
eigenvectors y — ek Yy Moreover, Vper being bounded, the Kato-Rellich criterium is satisfied (see [33]]
and Appendix : there exists a constant C' = ||V'|| 1, (ra), such that for all a € (0,1) and all { € R?,

Vi€ HA(TY), [VoerfllL2wey < Cllfllzzray + allPo(€) fll L2 (re)-
Therefore P(£) = Py(€) + V Bpe; is self-adjoint with domain H?(T?).
The second step consists in observing that the operator (Py(£) — i)~ is compact as the limit of finite
rank operators in the strong topology.

To close the proof, we choose y large enough so that the operator Vpe (Po(€) + iu) ™! has a norm
strictly smaller than 1. As a consequence, the operator (1 4 Vpe(Po(€) 4 ip) ") is invertible and we
can write

(P(&) + i) ™" = (Po(€) + i)™ (1 + Vper(Po(€) + i) ™) ™"

We conclude by observing that the (Py(§) + i)~ is compact and (1 + Vier(Po(€) + i,u)_l)_l is
bounded, thus their composition is compact. In view of Appendix [B] the spectral properties of the opera-
tor P(¢) follow.
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3.2. One dimensional Bloch modes and Bloch waves. When d = 1, the equation satisfied by the
eigenfunctions of the operator P(&) are second order differential equations, which simplifies the analysis.
The material of this section mainly comes from the books [37, 43]] or the articles [31} 138, 21]] among
others for additional details. Let us consider ¢ € L?(T), ¢ solves P(£)¢ = A¢ for some &, A € R if and
only if f(y, \) := e*¥¢(y) is a solution to the ODE

1
(3.6) = 5050 0) + Voer (W) (9, A) = M (9, A), Y €R,
satisfying the conditions derived from (3.2))
(3.7) F(1,0) =e®f(0,\) and 9, f(1,)) = e, f(0,N).

Given A € R, the solutions of (3.6) are linear combinations of two solutions f(y, A) and fa(y, \) satis-
fying
f1(0,A) =0y f2(0,A) =1, f2(0,A) =9y f1(0,A) = 0.

o fl(yaA) f2(y7>‘) .
o= (o1 antn )
then the existence of a solution to (3.6) satisfying is equivalent to the fact that ¢ is an eigenvalue
of M (1). One can check that det M (y) = 1 for every y, A € R; therefore, letting A(\) := Tr M (1),
we find that e € SpM, (1) if and only if:

(3.8) A(X) =2cosé.

It can be shown that solutions to (3.6) depend analytically on A, and that moreover, A extends to an entire
function of order 1/2. The real solutions to equations A(A\) = +2 form infinite increasing sequences
(aF) that tend to infinity.

Define the matrix

The following facts hold (the reader may find helpful to consult [38| Figure 1, p. 145] or [43, Section
XII1.16]) (note also that complete study of A()\) in one dimension is found in [36]] and some figures
in [[15]):

e The sequences (a;

-°) are intertwined. More precisely, one has:
(3.9) ai <ay <a; <aj <aj <az -,

e Letbe Ii—1 = (a3;_y,a5;,_;) and Iy; = (a3;,a3;). Then I; has non-empty interior and A, , is
strictly decreasing for ¢ odd and strictly increasing for ¢ even.
o Ifaf =af, , forsomei € N, o € {+, —} then A'(a]) = 0.

4

3L

A(N)

a3 = ay as = ag

These properties have important implications on the behavior of Bloch energies. For every n € N the
following hold.

(1) The n*™® Bloch energy is the solution to A| 7, (0,(§)) = 2cos&.
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(2) on is 2nZ-periodic (we knew this already), and moreover

Qn(g) :Qn(2ﬂ'_€), VE e R.

(3) 0n[0,x is strictly increasing if n is odd (resp. strictly decreasing if n is even) and analytic in the
interior of the interval. If it is differentiable at £ = 0,7 then necessarily ¢}, () = 0 and g, is
analytic around that point.

(4) A crossing can happen only at two consecutive Bloch energies. Let n € N be such that

S ={eR : 0n(§) = 0nt1(§)} #
then X, = 7Z \ 27Z if nis odd, ,, = 2xZ if n is even. Moreover
(3.10) A(on(€)) =0, VEeEX,.

In addition, critical points of Bloch energies in the one dimensional case are never degenerate nor can
occur at a crossing point, as stated in the next lemma.

Lemma 3.5. The set of critical points of any Bloch energy o, is contained in wZ and all the critical
points are non-degenerate. Moreover, the crossing set 3,, associated with two consecutive Bloch modes
on, and p,,+1 does not contain any critical points of the Bloch energies o,, and gy, 1.

Proof
The first assertion on the critical points is property (3) above, whereas the second follows from differen-
tiating twice equation (3.8) and evaluating at a critical point £ = kw, k € Z to get:

A (gn(km)) ey (k) = 2 (=1)"*.

This relation also shows that A’(\) cannot vanish at A = g, (k7). Together with (3.10) this shows that a
critical point cannot be a crossing point.

Remark 3.6. In the free case (Ve = 0) there is only a Bloch band of infinite multiplicity. More generally,
it has been proved in [10] that the absence of spectral gap is equivalent to the periodic potential V¢, being
constant.

3.3. Regularity of Bloch modes and waves.

3.3.1. Lipchitz properties of the Bloch modes. Using MinMax formula (3:3) and (3.4), we prove the
Lipschitz regularity of the Bloch modes (9, (§))nen-

Proposition 3.7. Forall n € N, there exists a constant C,, such that
vagl € 67 |Qn(§) - Qn(f/)l < Cnlf - €I|
Therefore, the functions £ «— 0, (§) are Lipschitz continuous.

Remark 3.8. Recall that it is proved in [47] that the Bloch energies o,, are continuous and piecewise
analytic functions of £ € RY,

Proof
We associate with P(&) the positive quadratic form
1
Qe(f) = 5lI(Dy + ) FN122ay + Voer fs £)r2cray + K| f 72 (pay-

where K is chosen such that for all £ € B, the spectrum of P(&) is included in | — K + 1, +o00[. Note
that the Proposition is equivalent to proving the Lipschitz property of the functions

An(€) = on(§) + K + 1.
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which we are going to do now. We observe first that for £, ¢’ € Band f € L2('T¢), we have

1

Qe (f) —Qe(f) = 5/ (1Dyf(y) +Ef W1 = IDF(y) + € f(y)I?) dy

QZRe< (f Dy7fﬁg+§/f) )
L2(T4)

Therefore, there exists a constant C' > 0 such that for all £, ¢’ € B and for all f € L2(T?),

(3.11) Qc(1) = Qe (1) = Clé €1 (11 + 5(@el) + Qe 1))

We are going to use the Min-Max characterization of the eigenvalues (see (3:3) and (3:4)). Let M be
a subset of H*(T?) of dimension n. We deduce from (3.11), that for any f € M, | f||r2(rey = 1 and
f e HY(TY),

Qe () < Qe() +Cle — €11+ L (Qe(f) + Qe ()

We deduce
i ()< (1 _¢ o
dimM:nr,njl\}chl(Td) fej\?’lﬁ“}c”zl Qf (f) = ( + C|£ 5 |)f61\£}712\i|d?|\:1 Qf(f) +C|§ g |’
and
dimM:nI,njﬁchl(Td) fef\?}ﬁ}(l\:l Qf’ (f)

dimM=n, MCH'(T4) feM, HfH 1
Therefore, we obtain the first relation:
We now fix o > 0 and we assume | — £'| < a, then
)\n(gl) - (1 + Ca)/\n(g) S C‘ﬁ - gl‘
which writes
(1+ Ca)(An(€) = An(€)) < ClE = E'[+ Car(£).

We deduce the second relation

Ml€) = 2al€) < Tl ~ €+ £
Exchanging the roles of £ and £’, we obtain
(3.13) An(€) = An(€) < CIE = €'+ Carn().
Combining (3:12) and (3:13), we obtain

A (§) — An(€)] < CIE = €'+ Caln(§).

Let us now fix £ € BB and consider n > 0, we choose « such that Ca (14X, (§)) < n. Thenif |{—¢'| < a,
we have [\, (&) — A, ()] < n. We deduce that the function \,, is continuous in any point £ of the compact
B. Thus, this function is bounded on B. Let A,, = supgcz An(§), equation (3.12) implies that for all
f? g/ e B’

T2 n(€) < Cle = €]+ Cara(@).

An(§) = An(€) S C(L+ A€ =€,
which yields

An(§) = AN < CA+ A€ - ¢,
by exchanging the roles of £ and £’. As a conclusion, £ — A, (€) is Lipschitz.
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3.3.2. Smoothness of the Bloch modes and associated eigenprojectors outside the crossing sets. We con-
sider here the eigenprojector on a Bloch mode isolated from the remainder of the spectrum. Denote by
Sp P (&) the spectrum of P (&), we suppose that there exists ng € N, an open subset U C B and dg > 0
such that

(3.14) d (0no(£),Sp P(§) \ {one(§)}) = do, VEEU.

Then, since the map g,, is continuous on the compact U, there exists a contour C' of the complex plane
which delimitates an open set {2 C C such that

{0n(€), €€ U} CQ and QN Sp P(€) = {on,(€), £ €U}, V¢ e R

Then, applying the residue formula applied to the resolvent written as

R(z,6) = (2= P€) ™" =Y (== 0a(&) M- ) en (-, 6,

neN
one gets
1
(3.15) IT,, (&) = —f R(z,€)dz, V¢ eU.
2mt Jo
Besides, we have
(3.16) vz e O, (2= PE) e < 6

One deduces the following proposition.

Proposition 3.9. Ler ng € N, U an open subset of B and 6y such that (3.14) holds. Then, the function
& — 11, (&) is smooth in U, and therefore is of constant rank.

Corollary 3.10. Assume that the eigenmodes o, (&) is isolated from the remainder of the spectrum, then
the function g, (€) = (RKII,,, (€)™ " tr (I, (€) P(€)) is smooth.
Proposition 3.11. If they exist, the derivatives of 11,,, satisfy the following properties :
(1) They are off-diagonal operators with respect to P():
V¢ € Rd’ Vk € {17 T d}7 g, 1, (f) = Z (Hn(g)aﬁknno (E) Iy, (f) + 1Ly, (f) g, n, (5) Hn(f)) :
neN

(2) They are bounded operators:

(3.17) ACy >0, VEe R, Vje{l,---,d}, [|0g,I,, < Cy.

(5) ||£(L2('I[‘d),H2(']I‘d))

Proof

Point 1 comes from the derivation of I1,,, (£)? = II,,, (£). Indeed, the later relation yields
Hy, (g)aik Uy, (5) + afk Hy, (f) Iy, (f) = afk Uy, (5)

Multiplying the left hand side of the above equality by II,,(£) with n # ng and the right hand-side by
IT,./ (&) with n’ # ng gives

Hn(f)aﬁknno (g)Hn’ (f) =0,
whence the above decomposition.

The second relation comes from equation (3.15). Taking f € L?(T<), we write

9 T, (€) = — 740 (2 — P(€)) 10, P(€) (= — P(£))\dz.

T 2mi
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In view of (3:T6), it is enough to prove that the operator ¢, P(€)(z — P(£)) ™" is uniformly bounded in
L(L?(T%)) with respect to z for z € C. Let f € L*(T%) and set u, = (z — P(¢))~1f, then for z € C,
we have

a2y < 65 1 |2 (rey-
Besides, by (3.16), and with C' = || Vet || oo ()

19, P(&) (2 = P©)™)F |72 ra) = |0, PE)t= 2y < € + Dzl
< (P(&)uz, uz) p2pay + Cllusl|F2(pay
<|(f = 2z, uz) 2 (ray| + C”U’ZH%Q('N)
<0 (4 |2185 T + Cog ) 11 £ 1172 (ay-
3.3.3. Singularities of the Bloch modes at crossing points. We are interested here in the properties of the

Bloch modes close to the sets X, ,,» (see (3:3)). We assume that these sets are union of closed connected
submanifolds of R¢.

We will use the geometric notion of the normal bundle to a manifold. If 3,, ,,; is a manifold, its tangent
bundle T, ,,- is defined by its fiber above o € X, ,,» which is the tangent space T3, ,,y at o to Xy, /.
The normal bundle N3, ,,v to 3y, ,,v has fiber N3, = TU]Rd/T(,Zn,n/. If moreover X,, ,,/ is a closed
connected manifold, the geodesic coordinates give a mapping from a tubular neighborhood U of 3, ,,/
into X, 5/

os, . §€U—os (&) € T
such that forall { € U, & —os, ,(§) € Nye)Xn -

We consider crossings between two successive Bloch modes g,, and 0,+1.

Definition 3.12. Let n € N*. We say that the crossings of the set X,, 1 are conic if and only if there

exists a neighborhood U of ¥,, , 1 such that g,, and g,,11 are of multiplicity 1 outside X, ,,4+1 in U and
there exists ¢ > 0 such that for all (o,n) € NX,, 41,

lont1(o + 1) = on(o + )| = clnl.
Conical crossings are in some sense generic in view of the next Lemma which gives a normal form for
the expression of two Bloch modes g,,(£) and g,,+1(§) close to the crossing set X, ,,11.
Lemma 3.13. Let oo be a point in the crossing set X, 1 of two consecutive Bloch energies o,, and
On+1 having neighborhood U with the following properties:

(1) Xp,n+1 NU is a smooth manifold.
(i) The multiplicities of 0, 0n+1 are constant on each connected component of U \ Xy, 1,41.
(iii) There exists g > 0 such that for all £ € U,

d({2n(€); 0n41(€)},Sp P(E) \ {0;(€), 0;(§) = 0n(&) or 0;(§) = en41(£)}) = do-
Then, there exist Q C U, a neighborhood of oy that is 2w Z%-invariant, two functions \, € C* () and
gn € C® <|_|§€Q ({f} X N"En,nﬂ(f)zn’"“))’ and a function m € L (U) which is constant on each
connected component of U such that for all £ € Q\ ¥y, 41,

Qn(f) = An(g) - gn(§7£ — 0%, i1 (E));
Qn+1(£) = )\n(f) + m(f)gn(ga 5 — 0%, i1 (5))
Moreover,

(1) If the crossing set ¥y, 11 is conical in U, then for all £ € U, the map Nyeyon — gn(§,1) is
homogeneous of degree 1 and g,,(c,n) # 0 when (o,1n) € No, withn # 0,
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(2) If none of the points of ¥y, ,,1 are conical crossings in U, then there exists 8,, € C>=(R?) such
that g, (€,m) = |n|?0,,(€), which implies that 0,, 0n 41 € CY1(RY),

(3) If the multiplicities of 0n,, On+1 are equal on U \ X, ;11 then m = 1.

@) Ifd=1and o € 7Z\ 2Z, then V), (0) F ¢'(w) # 0 orw = £1.

Remark 3.14. Note that in case (2), the function 6,, can be zero on ¥,, ;.

Proof
We denote by j_(£), j+(§) the functions valued in N and constant on connected component of U\ X,, ;.41

such that for all £ € U \ %, 41 0n—j41(§) = 0n(&) for 1 < j < j_(§) and 9p4;(§) = on41(§) for
1< j <ji(€). We denote by TI(£) the projector on

Fe = Ker(P(¢) — on(£)) ® Ker(P(§) — ent1())-

By the assumption (iii) on U, the pair {g, (&), 0n+1(£)} is isolated from the remainder of the spectrum
of P(€¢) when ¢ € U, this implies that the map U¢ + T1(¢) € L£(L%(T)) is analytic and the function
dim F¢ is constant for £ € U. We denote by ¢ this constant and we have ¢y = j_(§) + j4(§) forall { €
U\ 2, nt+1. Moreover, g,,(€) and g,,41(&) are the two only eigenvalues of the operator IL(£)P(&)II(E)
which maps F onto Fy for any § € R

Let us first show that it is possible to find 2 C U, with oy € 2 and construct, for every £ € ,
an orthonormal basis (¢;(,-))1<;<e, Of F¢ such that the maps & — ¢;(¢,-) are analytic for all j €
{1,---£o}. To see this, consider (p;(00, -))1<i<¢,» a basis of F, . Chose a neighborhood 2 of oy small
enough to ensure that the vectors

H(&)ij(a()a ')7 JE {17 s 760}
form a rank ¢y family. Then apply the standard Schmidt orthonormalization process to this family.
Let A(£), € € €, be the matrix of the operator IT1(£) P(£)II() in the basis we just constructed. This is
aly x fo analytic matrix that we can write
A(§) = An(§)Id + Ag(¢)

with A, (§) := éTrCeo A(€) and Ap(€) analytic and trace-free. Moreover, A(€) is diagonalizable and has
only two eigenvalues g,,(£) and g,,11(§) that we write

0n(§) = An(€) —9(8),  2nt1(§) = An(§) +m(§)g(§),
with g(§) > 0 and where, for £ € Q \ ¥,, 41, m(&) is the ratio between the multiplicities of ¢,,(§) and
on+1(),
_J-©)
m(¢) = J+(8)

and m is constant in the connected component of U \ Ynntt-

The functions —g(&) and m(&)g(€) are the two eigenvalues of Ag(£). Therefore, they are homoge-
neous function of degree 1 of the coefficients of Ay(§) = (ai,;(£))1<s,j<e,: We write g(§) = G(Ao(§))

21
where G is a homogeneous function on R ‘2= . Here, we have considered that a by x £y trace-free Her-
mitian matrix is a function of ¢y — 1 real-valued diagonal coefficients and of bolbo=1) complex-valued

coefficients (those under the diagonal being the conjugate of those above the diagonal), and we have
2
observed that (£o — 1) + w = EO%.
By the definition of the crossing set, A¢(§) = 0 if and only if £ € . Since the map & — Ay(§) is

analytic, it vanishes on X, 1 at finite order ¢ € N and the crossing set is conical if and only if ¢ = 1
for all points of o,,. Therefore, in case (1), there exists a smooth tensor Tto:1 (&) such that

Ag(&) =T O)[E - 0%, ()],
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with
Vo € Zn,n—',—l N Q’ VT] € Nazn,n—&-l \ {0}7 TEOJ(U)?? 7é O(C‘50><50-
We deduce that

9(6) = gu(&.€ — 05, 11 (6), with ga(&,m) = G (T (€) [n]")

where g,, is homogeneous of degree 1 in the variable 7). Besides, if none of the crossing points are conical,
we write Ao (&) = T*2(&)[¢ — o, .., (£)]? with T*-2(£) a smooth tensor, which allows to prove Point
(2) with
0n(€) = |§ — 05, QI P GT Q)€ — 05, ()
Since Point (3) is obvious, it remains to examine the case d = 1. At a crossing point ¢ = km,
k € Z, we have m(o) = 1. Moreover, the function g,, can be written in a simple manner: there exists
a_,ay € Rsuch that

gn(n) = a_nlyco + aynlyso, ax =g (n)1iyso.
/!

Letn < 0, then o}, (0 +n) = X, (0 +n) —a_. and ¢/, (o +n) has a limit when 7 go to 0~ . Differentiating
twice (3.8), we obtain

A (on( +m)en (o +n) + A" (en(o +n))e, (o +n) = 2(-1)FF.
Letting 7 go to O~, we obtain

A" (on(0)) (X, (0) = =) # 0.

Arguing similarly with g, (0 +7 with n > 0, we deduce \,, (o) — a4 # 0. Therefore, A, () — ¢’ (w) # 0
for w € {—1,+1}. Considering now the Bloch mode g,,+1, we obtain in the same manner \,, (o) +
¢'(w) # 0 for w € {—1,+1}, which finishes the proof.
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4. WIGNER MEASURES AND BLOCH MODES
We resume with the family (¢°(t)).~¢ solution to (I.I). We look for the solution as
¥t e) = US(te, D), (to) eR xR,
with (U2 (t))>0 solution to equation (T.9) in L2(R?¢ x T%) and
Ui (2.2) = vi(@).
Using the spectral resolution of the operator P(§) we write

“(tx,y) = ngny7£D (t,x),

neN
with

Uitt.)i= | wmteD Uty = [ [ paln U )
Td Td /R4 xR?
We deduce a (formal) representation formula for the solution of the equation (TI)):

(.1 V() = Y Ui lta), vi(ta) = en (T.2D. ) Uilta).

neN

.y dwd€
T—w) d
@m)d™

We work under the assumption that (¢§).~ is uniformly bounded in HZ(R?) for some s > 4 and we
choose
42) Us(2,y) = ¥§(@)1a(y), (z,y) € R x T

The formula (@.T)) implies that the solutions of (T.T)) can be decomposed as a countable superposition of
waves whose dependence on the fast variable is given by a Bloch wave, whereas the profile U describing
the dependence on the slow variable is given by a time-evolution whose dispersion relation involves Bloch
energies. Several questions then are in order:

(i) Are the families (15 ).~o bounded in L?(R?) ?
(ii) Is the series converging and in which space ?
(iii) Is the function (¢)%).~¢ e-oscillating so that a semi-classical analysis is adapted ?

Answering those questions is the subject of that chapter. A key point is the understanding of the restriction
operator L¢ defined on functions ' on R? x T¢ by

(LEF)(z) = F (x g) .

Of course, to define L° F, the function F' needs to enjoy enough Sobolev regularity, which motivates the
introduction of adapted functional spaces on R? x T¢,

4.1. The functional framework and the restriction operator. Recall that via the decomposition in
Fourier series in the second variable, any function U € L?(R¢ x ’]I‘f/) can be written as:

r.y) = 3 Un(@)e™™ ¥ with [U]3aggocrn = Y [Usl3acma)-
kezd kezd

We denote by H2 (R x T¢), for s > 0, the Sobolev space consisting of those functions U € L?(R% x T%)
such that there exists g, C' > 0 for which we have

@y Vee ) Ul = X [ (0 +1eP + 5P DL©Rds < C
kezd

where l/];(f) :/ e LU (x)d.
Rd
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Note that the data (U§)c~o defined in #2) with (5).~0 uniformly bounded in HZ(R?), then is
uniformly bounded in H2 (R x T9).
d

It turns out that L¢ acts continuously from H:(R% x T?) to L?(R?) provided s > £ and that the

equation (T.9) satisfied by (U#(¢))->0 can be solved in these spaces. The following results are proved
in [14] (Sections 6.1 and 6.2) and in [15] (Section 2).

Proposition 4.1. (1) There exists C > 0 such that, for every F € L*(R%, H*(T%)), uniformly in
e >0,

4.4) | L5 F |l 2ray < C|F||L2(ra, s (14)) -

Moreover if & — o(€) is 2mZ4-periodic, then L¢ commutes with o(cD,,).
() If (U?)e>0 is a bounded family in L*(R%; HS(']I“;)) and satisfies the estimate:

4.5) limsup ||1‘5Dm‘>RU€||L2(Rd;HS(Td)) — 0,
e—0+ R—o0

then the sequence (LFU? ).~ is bounded in L*(R%) and ¢-oscillating (see Definition .

(3) Assume Vo € L®(R, CH(R?)) with V, Vi € L=(R x R?) and suppose that the potential
Vier is such that the operator P(eD) with domain H?(T?) is self-adjoint. Then, there exists
Cs > 0 such that for everyt € R, ¢ > 0 and U € H(R? x T?), the solution U¢(t) of (T.9)
satisfies

4.6) U (¢, ')||H5(Rdx1rd) < ||U§||H5(Rdx1rd) + Cselt],

Note that in Point 3, it is enough to assume that the operator P(¢), with domain H?2(T?), is self-
adjoint for all £ € B, which is possible with less restrictive assumptions on Ve, than smoothness (see

Remark 3.2)).

Proof
Point 1 comes from the Sobolev embedding H*(T%) C L>(T%): we use the Fourier resolution of F' and
write for € R? and y € T,

F(z,y) = Y Fi(a)e* ™.
kezd
Then, by Cauchy-Schwartz inequality

|F($7y)| < Z ‘Fk($)|2<k>23 Z <k>_25

kezd kezd

Since s > 4, we have >, ;4 (k) ™% < ¢ < +o0 and we deduce

g T S
Mzw;mg:AJF@gN”wé%AwEZMM@W@?m:wﬂﬂmmumww
kezd

whence the result. Moreover,

2im

oD (L F) (@) = 3 0leDs) (4R (@)

kezd
= Z eziwk'“’g(st — 2km) Fy(x)
kezd
PAK
=Y e F(eD,)Fi(x)
kezd

= L* (0:Dz)F) ().
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For Point 2, we take 6 > 0, since s > d/2, there exists N5 > 0 such that

> [RITT <6

|k|>Ns
Define
)= 3 Ui(a)e .
[k|<Ns
Then,

IL°U* = v5llp2ray < OlUS || L2 ma; s (7))

Therefore, it suffices to show that for any § > 0 the sequence (v§) is e-oscillating. The Fourier transform

of v5 is:

~ —~ 2rk

£ — [ -
Go- X G (-,
[k|<Ns
Therefore,
111D, 1> RVS | L2(Re) < Z 11 1ep,+2rk>RUE | L2 (R2)-
|[k|<Ns

If R > Ry for Ry > 0 large enough, one has 1 z(- + 27k) < 1/, for every |k| < Ns. This allows us to
conclude that for R > Ry:

111cD, 1> rVS | L2 (Re) < Z 11jep. 1> Rr/2Uk lL2®ay < Casllien, > r/2U% | L2 R 14 (T4))
|k|<Ns
and the conclusion follows.
The proof of Point 3 uses that modulo the addition of a positive constant to equation (I.I), we may

assume that P(eD, ) is a non-negative operator (this will modify the solutions only by a constant phase
in time). In that case there exists constants €, ¢ > 0 such that:

4.7 CilHU”Hg(]Rded) < | <5Dm>s U”L?(Rdx'ﬂd) + ||P(5D:v)s/2U||L2(Rdx1rd) < C||U||H5(Rdx1rd),

for every U € L?(R? x T¢) and 0 < € < &¢. Moreover, P(¢D,)* and (¢D,)* commutes with P(g)
while ‘
||[P(€Dz)s/2vV(tvx)]UEHLZ(]Rded) < ECO sup [|[P(eDy)2U®|| L2 xTe)

<r<s—1
and a similar estimate holds for [(eD,)®, V (¢, z)]U®. We then conclude by a recursive argument and
energy estimate.

4.2. Decomposition of the Wigner transform on Bloch modes. We focus on the families (5 (¢))c>0-
They satisfy

@9 o) = P U ) = o (D) |

, Pn(y,eDy)US (¢, x,y)dy,
T

where we define for j € N* the operator
@9 W)= eDy) [

' T
Since [P(eD,)*/?, P 1= [(eD;)”, P, ] = 0, if follows from that there exists ¢; > 0 such that for
all W € H:(RY x T9),

Bi(2,eD )W (z, 2)dz, YW € L*(T? x RY).
d

1Pg, Wl ms maxray < cil|Wlgsmaxra),
and, more generally, that every W € H?(R? x T%) can be expressed in the topology of H2(R? x T¢) as:

W= > P W
neN*
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As a corollary of Proposition[#.1] we have the following result.

Corollary 4.2. Assume Vo € L®(R,CY(R?)) with V,Veyxy € L®(R x R?) and suppose that the
potential Vye, is such that the operator P(sD) with domain H?(T?) is self-adjoint. Assume (¢5) is
uniformly bounded in HZ(RY) for some s > d/2. Then, for everyt € R, we have the following properties

(i) The series @) is uniformly convergent

Z wi(tv )

n>N

— 0.
N—o00

(4.10) limsup

e—0t

L2(R%)
(ii) The family (V°(t))e>o is e-oscillating, locally uniformly in time, i.e. for all T € R,
limsup sup |[1iep;>r¥°(t)[lL2ay — 0.
e—0+ te[0,T] R—o0
(ili) Any Wigner measure ' of (1°(t))eo writes
gt = Z /’Lf’t’nw
n,n’/eN*

where the signed measures i, ., are joint Wigner measures of the pair (V5,(t),45,(t))e>0,
n,n' € N*, and the convergence of the series being understood in the weak-* topology of the
space of Radon measures on R?<.

(iv) For all n € N*, the family 1) (t) satisfies

(4.11) 2005 = 0n(eD)VS + €2 f2(1),
with

(4.12) filt.a) = en (Z.2D.) /T By, 2Dx) (Vess (1, 2) U (8, 7)) dy.

This corollary motivates the analysis of the Wigner measures associated with the families (¢5,(£)) >0,
n € N*, that will be performed in the next section and will allow to obtain a complete description of the
weak-limits of the density measure |1° (¢, )|? (as stated in Theoremwhen d=1).

Proof

(i) The boundedness in HZ (T? x R?) of the operator P,,, and the boundedness of L from H$ (T% xR?) to
L?(R?) for s > d/2 imply that (Z.I) holds in L?(R¢). Besides, in view of @.6)), #4), for proving [@.10).
it is enough to show that if (V). is a bounded family in H:(R? x T?), s > d/2, we have, for
dj2 <r<s,

limsu P Ve — 0.
e—>0+p Z " N—oo
n>N Hr (R xTd)
Remark [.7)implies that we only have to prove
(4.13)
2 2
limsup || Y P(eD.)"/*P5 V* + limsup || > (eD,)" P V© — 0.
e=0* [, SN L2(RXT4) e=0F >N L2(R4xT4) N=roo

We thus focus on proving @.13).
Let us consider the series Y, v P(eDy)"/ 2Pg, Ve (the proof for 3, _ \(eD,)" P V¢ is similar).
In view of @.9),

P(eD,)PZ, VE (2, ) = pu(y,eDs)on(eDs) /

Dn(2,eDg)VE (2, 2)dz,
Td
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This implies
2
> P(eD.)"/?P; V©
n>N

Pn

== HP (eD,)"/2PE vel[’

L2(RIxTd)
L2(RixTd)  n>N ( )

£ 3 : : : £ _ € 2imj -y
We decompose V< in Fourier series and write V= (z,y) = > 74 Vi ()e , whence

P(€D$)P;7Lvs(x,y) = on(y,eDy) Z on(eDy) (/Td (pn(z,ng)e%rrjzdz) Vf(m)

jezd
and by functional calculus
P(SDQC)T/2P;”V€(£L',:Z/) = Qpn(y,sDz) Z dn(f‘:Dma])‘/f(x)
jezd
with
dn(€,7) = 0n (&)™ </Td %(Z,EDx)e2i”'ZdZ)

We use three observations.
(1) First, if 6 > 0 is fixed, there exists .Jy such that

timsup 35 [ (1-+1e€f? + PV O d <.

e—0t 151> Jo

To see this note that:
> / (1+ [e€2 + [51P)7IVF (€)12de < (1 + o)™~ *IVE N s rasrays
[31>Jo

due to the definition of the H2-norm (@3). Since (V¢).~ is uniformly bounded in HZ(R?), the
claim follows.
(2) Second, given § > 0 and Jy € N, one can find R = R(d, Jy) > 0 such that,

limsup 3 /gwu T Je€[ + 72T VE(©)2de < 6.

e—0t+ ljl<Jo
This follows from the estimate:
[ @I+ P IV OFdE < (14 BV By
|e&|>R
and again from the fact that (V). is uniformly bounded in H?(R? x T4).
(3) Third, given Jy, R > 0,

Dn(R, Jo) = sup sup Y |dn(&,5)]° — 0.
131<J0 [EISR s N—veo

To see why this holds note that, for j € Z¢, the map

o2
.14) £ 3 I = [pey e
neN*

€ (0,00)

is a non-negative continuous function. The claim then follows from Dini’s theorem, which en-
sures that for every R > 0, j € 7% one has:

sup Z|dn§j 21@0.

I€I<R SN
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We now use these observations to treat the series whose terms are

2 ~
_ -\ |2 € 2
sz~ 2 [l DIV ()P de.
J )

Fix § > 0, and consider Jy given by Point (1) and R = R(J, Jy) given by Point (2). Decompose the sum

Of lntegrals m thl‘ee terms
/d .
/EE ‘ >R R

Z / /s§|<R+ Z i[> Jo

jezd l71<Jo l71<Jo

|PED.y 2P ve

We start by analyzing the third term. Note that

d _ HP r/2 24y 1 2
> (6, 5) papay S (L IEP+1P)
neN*

Therefore,

limsup Z Z / n(€€, )] |‘A/€( )|2de <hmsup Z / Z |dn (€€, )] |V5( €)|2d¢

20T SN > o 131> Jo * B nen~

<ctimswp 30 [ (1 Jegl + YT ©Pde < o
e—0t 11> Jo

using observation (1).
The second term is analyzed using observation (2):

limsup Z Z /|€§>Rdn(sf,j)|2|17js(§)|2df

+
e—0 n>N |5]<Jo

<, limsup 3 /| I PV e < s
e&|>R

=0T i<,
Observation (3) ensures that
S [ (e DIV ©Fd < Dy (R IV o
n>N lj1<Jo 7 le€1=
As a consequence of this analysis:

limsup limsup Z Z /

N—+oo e—0+ n>N jezd

2
0n(=) 2z, 2€)e? M 2z |V (€)% < 201,

Since 9 is arbitrary, the result follows.
(i) By Point 2 of Proposition 1] it is enough to prove that for all T’ > 0,

(4.15) limsup sup ||1\5D|>RU (Nl s axray — 0.
e—0+ t€[0,T R0

Because of the choice of U§ = 9§ ® 1'H‘d and of Remark 2.20] we have

limsup H1\5D|>RU§||H5(R4><W) — 0.
e—0t R—o0

We set U5(t,x) = x(eD/R)U(t) where x € C*(R?) is such that 0 < x < 1, x(§) = 1 for |¢| > 2
and x (&) = 0 for |¢| < 1. The family U}, solves

(4.16) ie20,U% = P(eD)U% + e* Vi (t, 2)U% + €%[x(eD/R), Ve (t, )] U*
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1
with initial data U, (0) = x(eD/R)U#(0). Besides, the Using operator g[x(sD/R), Vext (t, )] is uni-
formly bounded in £(L?(R?)) with respect to ¢ and R, which yields
IUR (O L2®ixrey < [URO0)] L2 RaxTa) + O(€)

and gives the result for s = 0. We then assume s € N* and consider the operators P(¢D)*/? and (¢D)*.
We are going to prove that uniformly with respect to R,

{eD)* U (D)l L2(raxray < [(€D) Ur(0)[| L2 (raxre) + O(e),
1P(eD)*2UR(0) p2maxcray < [P(eD)* U5 (0)]| 2 (gaxray + Oe)-

The families (e D)*U%(t) and P(sD)*/2U%(t) satisfy an equation similar to (4.16). One observes that
the families of operators

S(eDY =D/ R), Vit (,2)](D) ™ and ~P(eD)[x(=D/R), Vi (t,2)] P(eD) /2

1
are uniformly bounded in £(L?(R? x T¢)). And so is the operator — [(eD)*, Voy (t, z)](eD)* 1. These
€
two properties allow to use a recursive argument on s, which gives the expected result for values of s
which are in N. One then extends the result to any s by interpolation.

(iii) We proceed to a first extraction to have

.17) / 0(t)a(z, W= [=](t, 2, )da dE dt —> / 0(t)a(, €)s" (dx, de)dt.
R JR2d £=oo JR JR2d
and we keep denoting by ¢ the resulting subsequence. We put
Uy = (¥, 0y) € C(Ry; L2 (R, CY))

and we are left with a vector-valued family as in Section[2.3.4] Any accumulation point of (W¢[¥5(t)])
obtained along some subsequence (£/)scn is a time-dependent family of positive matrix-valued Radon
measures . By diagonal extraction, we can find a sequence (£¢)geny such that (W& [0S (¢)])es0
converge for every N € N*. We denote by (u’)nen+ their respective limits and we have for every
n,n’ < N < N’ one has:

(W) = (W) = N;,nw

where 1/, ., is obtained through (4.19). This shows that we can find a sequence (g¢)/en as claimed.

Define now /¢ := =N ¢ One has that for a € C2°(R2%) and t € R,

/}de a(x,§)We [z/JN’EZ O] (¢, z,&)dx dE = » a(z, &) Tronxn (Q WEUY](t, 2, €)) du dE,

where  is the N x N matrix whose all entries are equal to one. Therefore, (W¢[)™:5¢ (¢)]) ey converges
to the semi-classical measure given, for a.e. t € R, by

= > wha

1<n,n'<N

Finally, (i) implies that for every § € L'(R),

. N, 112 .
ey /R@(wnw (t) =W () oy dt o= 0

£— 00

which in turn guarantees that ¢* =37 . gl o

(iv) The result comes from the observation that since p,,(§) is 27Z%-periodic, L commutes with
o0(eD;) (cf. point 1 of Proposition [4.1]
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4.3. Semi-classical analysis of Bloch components. By the definition of (¢ (t)):~¢ (see (@), we de-
duce from the equation (T.9) that for all n € N*, we have the pseudo-differential equation

{ 12008 (t, 1) = 0n(eD)VE (L, ) + 2 f5(t,z), (t,x) € R x RY
V5(0,2) = @p (£,6D2) Jra @n(y, eDa)b§(x)dy,

with f¢ given by @.12). By Proposition(l), the family (f€(¢))->0 is bounded in L>°([0, T], L?(R%))
forall T > 0.
Our aim is to obtain information about the measures yi!, ,,, satisfying forall @ € L'(R), a € C°(R*?),

(4.18)

(4.19) /]R Rwa(t)a(x,g)wﬁ“”'[ RVt 2, O)de dE dt — /R R%e(t)a(x,g)u;m/(dx,dg))dt,

Proposition 4.3. Suppose Vye, is smooth and Veyy € C Y(R?) with V Vg bounded, consider (¥§)e>0 a
bounded family in HE(R?) for some s > d /2. For any n,n' € N*, let (%) and (Y5,) be defined by (@1))
and let i3, ,,, be given by @I19). Let Q C R? be open and invariant by translations by 2rZ%. Then the
following hold.
(1) If Von € Lip(R?) on Q and V¢ on|a # 0, then puy, ,, (R? x Q) = 0 for almost every t € R.
(2) Let § > 0 and suppose that @ C {& € R? = |0,(€) — 0n (&) > 8}, then |,ufw,\(Rd x0)=0
for almost every t € R.

This result shows that uﬁm can only charge the set of critical points of p,, or the sets where p,, has

a conical crossing with another Bloch energy (i.e. where p,, ceases to be C’lvl(Rd)). It also shows
that X, ,,/ is the only region where the measures /!, ,, can be non-zero. The analysis of these measures
will be performed in the following sections by means of a two-scale analysis.

The proof of this proposition uses the calculus of semi-classical pseudo-differential operators with low
regularity of Lemma[2.12]and the following result.

Lemma 4.4. Let Q) C R? and @, : R? x Q — RY x Q a flow satisfying: for every compact K C R% x Q
such that K contains no stationary points of ® there exist constants o, 5 > 0 such that:

als| = 8 < |0s(z, )| < als|+ 8, V(z,¢) € K.

Let pu be a finite, positive Radon measure on R® x ) that is invariant by the flow ®. Then yu is supported
on the set of stationary points of ®.

Proof

It suffices to show that (K) = 0 for every compact set K C R? x ) as in the statement of the lemma.
By the assumption made on @, it is possible to find s — +oo such that @, (K), k € N, are mutually
disjoint. The invariance property of p implies that p(®s, (K)) = p(K) and therefore, for every N > 0:

2 (U (bSk,(K)> = NIU(K)
k=1

Since y is finite, we must have p(K) = 0.

Proof
For proving Point 1, we write

d
iSZ%WfL(t),Opg(a)l/)i(t)m(Rd) = (¢5,(1), [op.(a), 0n (D) |95 (1) 2(ray + O(E?).
By Lemma[2.12](2), we deduce

d
—e o (Vn(t);0p (), () 2(rey = (Y (8), 0P (Veon - Vo) (t) 12may + O(e)-
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Therefore, for every § € C2°(R) and a € C°(R? x Q),

[ OO 0p.(Ten - V)05 (01200 8 30

By (@.19), this implies that, for almost every ¢ € R,
[ Veou(©) - Vaale O dn,d6) =0,
R xQ

or equivalently that the measure 1!, , 1gaq is invariant by the flow (z,&) — (z + sV, (€),&). Since
the measure ufm is positive and finite, necessarily it is identically 0, thanks to the Lemma
For proving Point 2, we write

o d
(4.20) z62$ (45, (), op2 (@)Y (1)) 12 ey

= (¥;,(1), (ew (e Dz )op,(a) — 0P (a)0n(€D2)) V5 (1)) p2(ray + €2 RE (L),
where |R*(t)| < C| fi(t, )7, 2(gay 18 locally uniformly bounded in ¢ € R for every ¢ > 0. By
Lemma (1), the following holds with respect to the £(L?(R%)) norm:

on'(eDg)op.(a) — op.(a)en(eDx) = op. ((en — en)a) + O(e).
This identity together with integration by parts transforms (@.20) into
/ B() (65(8), 0P, (0 — 05 (1)) L2 gy dt = / 0 (1) (15, (1), 0p (@5, (£)) 2yt + O(c).
R
Taking limits € — 0, which is possible by Remark@ we obtain
[ L 000w (€ = 0u(©)ae. ) (o de)it =
R2d

By density, this relation holds for all a € C>°(R? x ), in particular for @ = (0,, — 0n/) ~'a. This shows
that, as we wanted to prove

V0 € C°(R), Ya € C(R? x Q), / 0(t)a(x, )l s (da, d€)dt =
]R ]R2d
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5. TWO-SCALE WIGNER ANALYSIS

We develop in this section a two scale method for analyzing more precisely the concentration of
a family on a point of the phase space. The two-scale Wigner measures (or two-scale semi-classical
measures) that we describe here, have been first introduced in [[17, 140l 41]] (see also [[18,[19]). The use of
two-microlocal semiclassical measures for dispersive equations was initiated in [35]], in the context of the
Schrodinger equation on the torus. We restrict ourselves to the analysis of concentration on submanifolds
of the space of impulsion (the £ variable).

5.1. Two-scale Wigner measures.

5.1.1. Two-scale observables. We extend the phase space T*R* := R% x (R%)¢ with a new variable

n e R?, where R? is the compactification of R? obtained by adding a sphere S?~! at infinity. The test
functions associated with this extended phase space are functions a € A where A is defined as follows.

Definition 5.1. The function a € C*°(T' *Ri ¢ X Rg) belongs to the set .4 of two-scale observables if it
satisfies the two following properties: '

(1) There exists a compact K C T*R? such that, for all n € RY, the map (z,¢) ~ a(z,£,n) is a
smooth function compactly supported in K;
(2) There exists a smooth function a., defined on 7*R? x S?~! and Ry > 0 such that, if || > Ry,

then a(x,é,n) = aoo(xvgan/hﬂ)

In other words, Point 2 means that, in the set {|n| > Ry}, a coincides with a function a, that is
homogeneous of degree 0 in 7. The data of a € A, defines a smooth function a, on R?? x S?~! and a

function a on R2? x R” obtained by setting
5.1 a(z,&n) = alx,&n) if |n] < +oo and a(z,&,n) = as(2,&w) if 1 =o00w, we ST
If a € A, the compact K of Point 1 of Definition [5.1]is called the support of the symbol a.

The set A is a subspace of C°°(R3?) and of the space of smooth bounded functions with bounded
derivatives. Indeed, for any k£ € N,

sup sup 855 na(x,&n)‘ < +o0.
BEN3d (z,£,n)cR3d ”

We shall consider the semi-norm

(5.2) Ny(a):= sup sup ||8fa(~,f,n)|\L1(Rd)

§neR? |f|<d+1
that appear in (2.13).

5.1.2. Quantization of two-scale observables and two-scale Wigner transforms. We introduce first here
a two-scale quantization associated with a point £, of the space of the impulsions. We denote by ", for
K € (0, 1], the second scale of observation. The two-scale Wigner transform acts on two-scale observables
a € A according to

53 Witeplls o = (Fov (w6 5550 1)
L2 (R4)

6/{

One then defines the two-scale semi-classical pseudodifferential operator

Opii‘f:éo}(a) = op, <(Z (x’§7 5 — EO)) , ac Aa

Eﬁ

and one has

£,k — {&€=¢0}
Wil 1, a) (f, op5 (a)f)L2(Rd)’ Va € A.
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The latter formula shows the zoom effect obtained by adding this new variable 1. Indeed, when
In|] < R for some R > 0, one restricts the domain of a to points (x,&) that are at a distance smaller
than Re" from the set {{ = &p}). When || > R is large, one considers larger domains, namely rings
{Re" < |€ — &| < M} where the constant M is related with the compact K in which a takes his values.
The fact that |7| can go to +oo allows to investigate all the directions and to visit all the compact K.

In the following, we shall use the operator of multiplication by the phase e~ cbow

Proposition 5.2. Let a € A, we have the following properties.

(1) Suppose that the compact K associated to a by Point 1 of Definition does not contain &.
Then, there exists g > 0 such that for all € € (0,¢9),

(2) The family of operators (opiﬁfg“}(a)) . is a bounded family in L(L?(R?)) satisfying
e>

(5.4) opl§)(a) = ¥ Top.i (a(, & + €€, €))7 EOT.
(3) There exists C > 0 such that for all f € S(R?)
(Wese, 1.0l < CIAIB: Na(a),
where the semi-norm Ny is defined in (.2).
(@) If (f¢)e>0 is a bounded family in L*(R?), the functionals

ars (We, /) a)

are linear maps on A that are continuous uniformly in € for the semi norm Ng.

Proof
Point 1. The first part of the proposition comes from the observation that for such compact K, there exists
g0 > Osuch thatalle € (0,e0), [ —&| > Roe", where Ry is associated to a by Point 2 of Definition[5.1]

Therefore,
-8\ _ §—¢&o
a(.’]j7€7 EK ) —aoo <x7§7 |£_£0>

Point 2 comes from an explicit calculus.

and the result follows.

Points 3 and 4 are consequences of Point 2.

Remark 5.3. Equation (3.4) shows a fundamental difference between the case k € (0,1) and K = 1.

Indeed, when x € (0,1) and a € C°(R34), the operator opii: 50}(a) is unitarily equivalent to the
operator op.1—«~ (a(z, & + €7, £)) that coincides (at leading order) with a semi-classical operator of the
same style than those studied in the preceding chapters, but for the scale £!~*. Indeed one has

(5.5) ope1-r (a(z, & + "¢, €)) = 0P« (a(x,£0,€)) + O(E"R),

where |n| < R on the support of a. This comes from a Taylor estimate: there exists a constant C' > 0
such that

1
Na(a(z, & + "€, €) — a(z,£0,€)) < "Ny ( /0 © - Vaalz, & + s”swds) < CRe"

However, if k = 1, the latter relation relates the operator opiﬁ: S} (a) with the operator op; (a(z, &, §))

which is no longer a semi-classical operator.
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5.1.3. Two-scale Wigner measures. We now pass to the limit on the two-scale Wigner transform of a

bounded family in L?(R?). We focus here on the scale x = 1 and we omit the index 1 in the notation
{&€=¢0}

Ope .

Theorem 5.4. Let (f¢).~o be a bounded family in L?(R?), there exists a sequence (g;)sen which tends
to 0 when £ goes to +0o and a positive measure Vs, 0n R?ﬂflf x S such that for all a € A,

(f”,opiiz&’}(a)f”)m(w) é: /Rd sd oo (&, 80, 11) Voo (dE, d) + (f’ GW(I,§O7 Da:)f)LZ(Rd)
[e.e] X —1

§—%&o
oo b b d 7d b
* /]R?d\{gzgo} “ (x ¢ € — §0|) ulde, dt)

where 1 is a Wigner measure of the family (f€)<o for the scale (¢;)een and f a weak limit in L?(R?) of
the family (e_ix‘go f”)

nEN‘

The term (f,a" (z, &0, Ds) f) writes

L2(R4)
(f7 aW(QT7£O7 Da:)f)LQ(Rd) = Tr(aw(x7£0a D1>Mf)

where M is the orthogonal projector on the subspace Vect(f) of L2(R¢). It will be more convenient to
use the operator M ;.

Definition 5.5. We call the pair (v, My) a two-scale Wigner measure, or two-scale semi-classical
measure, associated with the concentration of (%), on the vector space {& = &}.

We set for a € A,
1°(a) = (0, 0p{E=40} (a) 1)
Consider a function y € C2°(R%, [0, 1]) such that x = 1 in a neighborhood of 0 and set for a € A,
a(z,&m) = al,&n) (1 —X (57;5“)) :
(5.6) afi(e,&n) = ale.&m) (1-x (3) x (52),
ane,&m) = ale &y (B)x (S52).

L2(R4)

Then, we have a = ap + a? + a® and
limsup limsup limsup I¢(af) = / aoo (2, &0, v (dE, dn),
6—=0 R—+oo L—+o0 Rd xSd—1

limsup limsup limsup I°(ag) = (f, " (z, &, D,)f) L2(Ra)
6—0 R—+4o00 £—+00

limsup limsup limsup I (a°) = / Qoo (x,{, £~ % ) w(dz, df),
6—0 R—+oo £—+o0 {&€#£E& }xRe |§ - §0|

We obtain a description of the semi-classical measure above £ = &g

u@@%@=%@®0mwm+/ %mmﬁ.

gd—1

The knowledge of the two-scale Wigner measures determine p above &g.
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Example 5.6. Let ¢ € S(R?), &, 10 € R?, 8> 0 and consider the family
ug(z) = @(m)eé"”'(&’_sﬁ"”), x € R%

Then, the pair (ng ), [fs) describing the concentration of (uj)c>0 on { = &o} is given by

v =0 and f5=¢ if 8>1,
v =0 and fa(z) = e @ myp(z) it g=1,

Vc(g)(x,n) = 5|nio‘oo () ® |p(x’dz and fg=0 if B<1.
o
In the three cases, the semi-classical measure is p(z, &) = d¢, (€) @ |p(x)|*dz.

Remark 5.7. (1) As for the standard Wigner measures, the definition of two-scale Wigner measures
can be extended to vector-valued families and to time-dependent ones.
(2) The notion can also be extended to the concentration of families on submanifolds of the cotangent
space of the form R? x M (see [14]).

Let us now prove Theorem [5.4]

Proof
We use the decomposition a = ag +ak +a® of (5.6). We first observe that if 11 is a semiclassical measure
of (f¢)e>0 for a subsequence that we denote £y, ¢ € N. Then, we have
7 li ( et oplé=bo} (49 Ee) ﬂ dax. de).
(5 ) 1msup f 70p5[ (a ).f L2(Rd)5—>_)0 - Ao xa€7 ‘g_gol )u’( €L, 5)

£—+00

Moreover, by (3.3)

(r2,0pf ar)f?) = (7 ops(an(e. 60, 9)FF) | +O(Re)

L2(R%) L2(R4)
with f¢ = e~ 2% f¢. Since the operator op, (ar(z,&,&)) = a¥ (z,&, D,) is a compact operator,

independent of ¢, if f is a weak limit in L? (Rd) of fe for the subsequence £y, one has

(fszaopl(aR(xvfovg))fsz) (f7 a,g/(l',fo, Dw)f)Lz(Rd) .

—
L2(R4) £—+o00
We deduce

(5.8) limsup (f”, opif:&)} (a)f”)

L—4o00

w
oy mote (20 (@60, D)) gy

Finally, we consider the symbol a’® that is supported in the zone R > |1)|. We consider the quantity
Jonla) = (7,09, (0" (2, & +26.6) )

We are interested in the limit where € goes to 0 first and then R goes to +oo. This quantity is uniformly

L2(R4)

bounded in € > 0 and R > 1. Besides, for all a € A, J. g(a) = J; r(ac) as soon as R is large
enough. We then deduce by a diagonal extraction argument that one can find two sequences ey , —+> 0
C—r 400

and R, o oo and a linear form I defined on C>°(R¢ x R? x S9=1), such that for all a € A,
—+o00
JEz’Rz (a> Z—H-;oo J(aOO)'

It remains to prove that ao, — J(a) is @ measure, which will define V1|y|=cc- For this, we prove that
(oo — J(a0o) 18 a positive distribution. Let us start with the distribution argument: we observe that there
exists a constant C' > 0 such that for all a € A,

Jep,re(a) < CNg(a™™),
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and we deduce from Ny(a®) = Ny(aso) that J(as) < Ng(as). Therefore as — J(as) is a

distribution. To prove the positivity, we observe that the operators a +— op, (a®(z, & + €€, £) satisfy a
semi-classical calculus in the parameters € and 1/R. Indeed, we have the following observations: for all
a,ar,az € Aq
(1) Opl(aR(xa 50 + 567 g)* = Opl(aR(‘ra 50 + 557 g))’
(i) in £(L?(R)),
0Dy (a{%(a:, 50 + 657 6) © Opl(ag(xv 60 + 653 f))

— opy ((a102)*(z, & + £€,6)) + O ( + ;)

Therefore, one has the following Garding inequality
(iii) if @ > 0, then for all § > 0 there exists C > 0 such that for all f € L? (Rd),

2
(f:0p1 (0" (2, €0 + €, )1) 1y = — <6+05 <e+ ;) ) E{

One can then conclude to the positivity of the map as — J(a ), Whence it defines a positive measure
on R2? x S%-1, that we denote by v, such that, after extraction of subsequences Ry, ¢, we have

. lims ( ce_opié=So} (gL Ee) / )
(5.9) imsup 7008, 0N e ) L ey 550 o oo (0, &5 1)Voo (d€, dn)
Putting together (3.7), (5.8) and (5.9) concludes the proof.

Let us conclude this paragraph by a comment about the case x € (0, 1), for which one has the following
Theorem.

Theorem 5.8. Let (f¢)c~0 be a bounded family in LQ(Rd),ﬁere exists a sequence (g¢)gen which tends
to 0 when n goes to +oc and a positive measure v on RS x R4, such that for all a € A,

(reeontezetare) = [ | alwomw(da,dn
X

- fo) e
+/de\{5_§0} ( ) ulde.do)

where (1 is a Wigner measure of the family (f€).>o for the scale (£¢)pen.

Thus illustrates the criticality of the concentration at semi-classical scale, as already mentioned in
Remark [5.3] in the case x = 1 some quantum effects remain.

5.2. Concentration of Bloch components on critical points. We resume with the families (12, (t))c>0
satisfying the equation @) We denote by A,, the set of critical points of the Bloch mode o;,.

(5.10) n = {€ ERN\ Upzn T+ Von(€) =0}

According to the analysis of Chapter [3.2] when d = 1, A,, consists in isolated non degenerate critical
points. Our aim in this section is to compute the two-scale Wigner measures associated with the concen-
tration of (15 (¢))e>0 on such a point.

We fix n > 0 such that g,, is isolated from the remainder of the spectrum in an open subset €2 of R (as
in (3:14)). Note that §2 can be chosen so that it does not contain any crossing point of ¥,, ,,». Therefore,
by Proposition any semi-classical measure of (15 (¢)).¢ satisfies p1f,1ecq = phlecona, -

The equation (@.IT)) writes

z’sQatw;(a x) = on(eD)y5 (¢, ) + 521/;xt(t, x)s (t, x) + 52rfl(t, x)
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with 7¢(t, x) = L¥[Vexs (t, ), I1,,(eD)]U*(t, z, ), uniformly bounded in L?(R%). Moreover, since in €2,
the map & — II,,(&) is smooth, for all § € C.(Q) and t € R, 8(eD)r*(t) = O(e). Observing that any
microlocal symbol a = a(x, &) with support in R? x Q satisfies op_(a) = op.(a)f(eD) + O(e"), in
L(L?(RY) for any function § € C.(f2) such that § = 1 on the support of a, and for any N € N, we
deduce that for all @ € A with support in RY x , and uniformly for ¢ € [0,T], T > 0,

oplé=%} (a)rf(t) = O(e) in L?*(RY).

The strategy being independent of the dimension of the space, we state the result in any dimension,
assuming that A,, contains an isolated point &,, and we focus on this point.

Theorem 5.9 ([14]). Let n > 0 such that o, is isolated from the remainder of the spectrum in an open
subset Q of R (as in (3.14)), assume that QN A,, = {&,}. Then, any pair (v, ML) of two-microlocal
items associated with the concentration of (Y2, (t))c>0 above &, satisfies:

(1) The operator M, is the orthogonal projection of L?(R?) along the function ¢é:) (t) which solves
the Schrodinger equation (1.12), namely

o (n 1 n n
00 (@) = 3d0u(§)Ds - Dot (1,2) + Vet (1, 2) (1, ),
with initial data wén)(O) which is a weak limit of (e_éf"‘mLEHn(sDx)(wg (J?)lye'[[‘))

(2) The measure v},

e>0
is invariant by the flow ¢,

#% : (z,w) = (x+ sd%on(0)w,w),
which implies by Lemma that, if £, is a non degenerate critical point, then v}, = 0.

Note that the operator M, satisfies the von Neumann equation

1
(5.11) i0;M!, = 5

Besides, the map ¢ +—> Mfl is continuous.

[dzgn(f)Dw : D:E + ‘/ext(tzx)a M;] -

Theorem [5.9]has the following consequence when d = 1.

Corollary 5.10. Assume d = 1 and let &, be a critical point of ¢,,. Then, in )
i (2, O)1ceq = 8¢, (6) ®© g (¢, 2)da

where wén) (t) solves (T.12), with & = &,.

Proof
The proof consists in two parts corresponding to the two zones defined by the scale ¢ around &,,. We
consider a pair (v}, M!)) and we denote by ¢ the subsequence associated with them.

Part 1: Analysis at finite distance. For computing MY, we analyze for a € C>°(R? x Q x R?) the time
evolution of the quantity <W{€§:£n} (W2 (1)], a>, as defined in (3.3)), and omitting the mention of x = 1.
We have

612 (Wi Wi 0]a) = 5 (4500, [opl=5) (@), on(D)] w51))
2 (570 ol (@), Ve (t:2)] 05(1)) + Oe)

Since g, is smooth in €2, we can use the standard symbolic calculus for Weyl quantization and we obtain
that in £(L?(R%))

1 - 1 -
—5 [0pl=H(a), 0u(eD)| = Z 0pE=EH(Vu(€) - Vaa) + O(0).
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Besides, by Taylor formula and by use of Vo, (&,) = 0, we have
(5.13) Von(§) = d2Qn(§n) (—&)+B(E)(E—&) (E—En)s

where £ — B(&) is a smooth matrix-valued map. This yields

1 90(€) Vaa (m,ag_f”) =b(x,575_§”>
E E

3

with
b(x,&,m) = dQQn(ﬁn)ﬁ “Vea(x, &) + B(€) (§ — &) - nVaalz, & n).
At this stage of the proof, we see that % <Wf§:§n} [E (1)), a> is uniformly bounded in . Thus using a

suitable version of Ascoli’s theorem and a standard diagonal extraction argument, we can find a sequence
(ex) such that the limit exists for all a € C°(R? x Q x R?) and all time ¢ € [0, T'] (for some T > 0 fixed)
with a limit that is a continuous map in time. The transport equation that we are now going to prove shall
guarantee the independence of the limit from 7" > 0 and imply the characterization of M!,. Moreover,
the continuity of ¢ — M implies that at ¢ = 0, M has to coincide with the projector on a weak limit of

(e LM (Do) (W5 (@) yen)
g
It remains to prove the transport equation (3.11). We rewrite (5.12) as

& (Wie 5.0, ) = (v50), opE=5) By (1)

1 _
= (¥5®) + [opfE (@), Ve ()| (1)) + O(),
and pass to the limit. We obtain

i'I\lfm(Rd) (" (z, &, Dy)ML) = Trpz2(ga) (" (2, &0, Do)ML)

dt
+ TI“L2(Rd) ([GW (z,&n, Dw)a Vext (t’ x)]M;) :
Moreover
1
DY (&, & D) = 0b1 (d*0n(60)€ - Vaa(e,60,€)) = 5 [d*0nDs - Di 0™ (2,6, D))

We deduce, using the cyclicity of the trace

d
%TI'LQ(]Rd) (aW(x7 E'ru DZE)M%)

1
= TrL2(R<i) <|:G,W((E,fn7 Dm)v §d29an D, + Vvext(ta:f):| M;)

1
= TrL2(]Rd) <aW(z7£n7 Dm) |:2d29nDz : Dz + %Xt(ta 'I)7M£L:|) Y

whence the equation (3.T1).

Part 2: Analysis at infinity. Let a € A with support in R? x  x R%. We use a cut-off function
x € C(R9,[0,1]) identically equal to 1 close to 0, and we set (as in (5.6))

af(z.&,m) = a(z,&n) x (f_f”> (1 —x (%)) .

We introduce the symbol

bl (s,x,&,m) = af <$+sd29n(£)|z|7£ﬂ7) .
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We have b € A and

(0)oc (5,2, €,w) = a0 0 B3, (2, €, W)X (5 _(sfn> .

Our aim is to prove that for § € C2°(R) and s € R,

limsup limsup limsup /9(t)<Wf§:§n}[¢fL(t)],bf’5>dt =0.
R

60 R—+4oo0 =0

We observe
d R 5_571 _ R 2 5 gn f_gn g2 €_§n
B O Rl (RO i RO

Since d?0,(€)(€ — £n) = Von(€) + O(J€ — &,]?), we have

d n —Sn
ot (56 25 ) = 90,00 Vacf (0.6, 55 ) 4 oo

with

cR(sxfn) (895577)

[ =&l énl

and 7€ such that for all o € N%, (z,£) — 027r¢(x,&) is bounded uniformly in € and R. Note that
regarding c£, we have

Co
(5.14) Va, B € N4 KL>O,VR>1,V&5€@JL\MWﬁchegRg

in particular Nd(c(];"') = O(1/(Re). Let us now conclude the proof. We first write, uniformly ine € (0, 1),
Re[l,+o0)and s € R

(viOopte=e (T09) vi0)
L2(R4)

= (w2000 onteD) op =) () vi ) 400,

L2(R4)

Then, taking into account equation (@.I1)), we deduce that uniformly in ¢ € (0,1), R € [1,+o0) and
seR

(vsooptes) (o)) s | = e (500 0pl5=5 (o) 1)

—ie (50, 0pE=E () o)), e (000, 0pEEE) (ef() i (0)
+0(5) + O(e).

L2(RY)

L2(R%) L2(Rd)

The estimate (5.14) gives Hop{f =En} (cB(s)) lz(z2ray) = O (). Therefore, for any 6 € C°(R), we

have
Lo (ssoptes (Zot ) wi) | ar=0(5) +0@+00)

which concludes the proof.
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5.3. Concentration above crossing points. In this section, we analyze the semi-classical measure of
(& (t))e>0 above crossing points. Here again, we work in any dimension under the assumption that
crossing points are isolated points of the space of impulsions, which is the case when d = 1. We also
assume that for all n € N*, the multiplicity of the Bloch energy o,, is one, except at crossing points,
where it is two. This implies that a global labeling of the band functions exists such that %,, ., #
implies |n — n’| = 1. We write

(5.15) Yn =Y nt1, nEN

We additionally assume that in an open set €, we have X, N Q = {0, } and we aim at calculating the
two-microlocal semi-classical measures associated with the concentration of (¢% (¢))c>0 above o,,. All
these assumptions are satisfied when d = 1.

Finally, we assume that the crossing is conical above the point o,, in the sense that there exists an
homogeneous function of degree 1, g,,, such that

VEE€Q, (Ons1— 0n)(§) = gn(€ —an).
We set 1
An(€) = 5 (0nt1(8) + 0n(8)) -

2
We recall that when d = 1, VA, (0,,) £ gn(w) # 0 forw € {—1,+1} (see Lemma3.13[(4)).

Theorem 5.11. Assume Vg, (w) # VAn(0,) for all w € SY. Then, with the preceding assump-
tions, any pair (v, T't) of two-microlocal semi-classical measures associated with the concentration of
(WE(t))es0 on {& = oy} is (0,0) dt-almost everywhere.

If moreover Vg, (w) # —VA,(0y) for all w € S*=1. Then, any pair (v} 1,T% 1) of two-microlocal
semi-classical measures associated with the concentration of the family (Y5, 1(t))e>0 on {{ = on} is
also (0,0) dt-almost everywhere.

Corollary 5.12. When d = 1, the assumptions of Theorem[5.11|are satisfied and, assuming that Q@ does
not contain any critical points of g, and 9,,+1 (Which is always possible), we have

:u];LJL]‘EEQ = M§L+1,n,+11§€Q =0, whence H’z,n—&-llfeﬁ =0 as well
Proof

Here again, we prove Theorem in two steps: first we focus on the part of the two-scale Wigner
measure that comes from infinity, then we concentrate on the part at finite distance.

Part 1: The two-scale Wigner measure at infinity. Let a € A supported in R x Q x R% and y €
C>(R9,[0,1]) x € C$°(R%, [0, 1]) identically equal to 1 close to 0. We set for R, § > 0 (as in (5.6))

e =&y (S52) (1-x (B))-
Then, in view of equation {.18),

516) iz (Wi W5 (0] a) = = (4500, [0pf=) (af2), o (D) (1)) + Oc).
Using the homogeneity of g,,, we write
0n(eD) = Au(eD) = gu(eD — o) = Au(eD) — e 0pf=7H (g,,).
Therefore, we have
et [opfe=7) (af)), 0n(=D)] = 0p{=H (V- Vaaf) — [oplE=m} (aft), 0pf=) (g)] + O(e).
We apply Lemma 2.12]and we obtain
e [opt=m} (aff), 0a(eD)| = 0pL=TH(VAw = Vyga) - Vo) + O(e) + O(R™) + 0(0).
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Let 0 € C2°(R), equation (3.16) gives, passing to the limits ¢ — 0, then R — +o0, and finally 6 — 0
/ 0(t)(VAn(o) — Vgn(w)) - Veaso(x, J,w)d’yz (z,0,w) =0.
RxR4xSd—1

This implies that the measure %, (x, 0, w) is invariant by the flow
(z,0,w) = (x+ s(VA,(0) — Vgn(w)),o,w).
As a consequence, by Lemma4.4] ~% is supported on {V\,(0) — V, g,,(0,w) = 0}.
Part 2: The two-scaled semiclassical measures coming from finite distance. We now choose 6 €
CX(R), a € C(RY x O x R?). Arguing as in (5.16)), we observe

/ 0(t) (7. (1), [ope(az), e~ 0n (D) U5, (1)) = O(e).
R
Using that a is compactly supported in the variable n and taking advantage of the homogeneity of g, we
obtain in £(L?(RY)),
1 — . — =0 =0
~[op{=)(a), on(eD2)] = i 0pl = H(VAL(E) - Via) — [0pl=7 (a), 0p{=7 (gn)] + O(e).

Passing to the limit ¢ — 0, we obtain

0= /Re(t)TrLz(Rd) ((iVAn (o) V. (x,0,,D,) — [V (x,0,,D,),g(D,))T? )dt =0

n

= /Re(t)TrLQ(Rd) ([aw(x,o'm D), VAn(0n) - Dy — g(Dz)]an) dt

- / B(t)Tr 2 ey (% (2,000, D) [VAn () - Dy — g(D2).T0]) di.
R
We deduce that for almost all ¢t € R,
[VAn(on) - Dy — g(Dy),T4] = 0.

Recall that the operator I', is a rank one projector of L2(R%), It = |4, (1)) (s, (t)|. We deduce that
there exists a measurable function ¢ — ¢(t) € C such that

(VAn(om) - Do = 9(D2))¢0, () = c(t)ds,, (1)

Therefore the L?-function & — vzg\n(t, €) is supported on the set {V A, (0,) - & — g(&) = ¢(t)}. Since
Vn(on) — g(&) # 0 for £ # 0, this set is a hypersurface and thus is of Lebesgue measure 0. We deduce
Yt =0, dt ® dz-almost everywhere, whence I' = 0, dt-almost everywhere.
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6. CONCLUSION

In this conclusive chapter, we comment how the material displayed till now allow to prove the Theo-
rem [I.3] which was our objective. Then, we discuss the multidimensional case.

6.1. Effective mass theory in 1d. We are now able to prove Theorem [I.3]l. By Corollary 4.2] (ii), the
family (¢°(t))e>0 is e-oscillating. Thus, (I.T3) is a consequence of (I.TT)). For proving (I.TT), we have
to determine the semi-classical measures ¢ of (¢ (¢))c0.

By Corollary [4.2] (iii), we have
6.1) = >

n,n’eN*

where 4!, ., are joint measures of the pair (¢, (t), 4,/ (t))c>0, solutions to (4.TT). Moreover, if A,, is the

set of critical points of the Bloch modes g,, and ¥,, ,,» the set of crossing points between p,, and g,,/, by
Proposition[d.3] for n € N*,

P (1,€) = Vi ity o(2,6), An =AU | S,
n'#n
and forn’ #n
P (2,€) = Leex, ot o (2, €).-
By Lemma A, C 7Z and ¥,, = wZ \ A, in particular, both sets consist in isolated points.

The two-microlocal analysis of the concentration of the pair (15, (), 45, (£))e>0 above this point give via

Corollaries and[3.12

(@) = 3" 8¢, () @ [0 (t,2)Pdz, b, =0, n,n' €N, n#£n,
feAn

with wén) solution to (I.12). This terminates the proof.

6.2. What happens in higher dimension ? In higher dimension, the precise structure of the sets of crit-
ical points and of crossing points are rather open problems. One could have degenerate critical points and
manifolds of critical points instead of isolated points. One could also have intersections between Bloch
modes on critical points. One then has to exhibit a set of reasonable assumptions, allowing to perform a
two-scale semi-classical analysis. Indeed, the approach of Chapter [5|can be extended to analyze the con-
centration of bounded families in L?(R?) on manifolds. This strategy is developed in [15]. We shortly
describe the assumptions made therein and the adaptation to make for obtaining a complete description
of the semi-classical measure of the solution (1°(¢)).~¢ of the Schrédinger equation (T.T)).

6.2.1. Assumptions on the sets of critical and crossing points. Regarding the set of critical points of the
Bloch modes, the following assumption is introduced in [14]].

H1 For n € N*, we assume that d?g,, is of constant maximal rank over each connected component
of A,,.

This assumption has the advantage to be generic. It consists in saying that for all £ € A,
Rank d?p,,(£) = codim A,

or equivalently Ker d?p,, (&) = Te¢ Ay, It implies in particular that each connected component X C A,, is
a closed submanifold of R, which will give a good setting to perform a two-scale semi-classical analysis
above A,,.

Regarding the crossing sets between Bloch modes, different sets of assumptions offer a comfortable
framework. The assumptions H2 and H3 below are introduced in [135].
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H2 For n € N*, the multiplicity of the Bloch energy g,, is one, except at crossing points, where it is
two. This implies that a global labeling of the band functions exists such that ,, ,,» # () implies
|n—n'| = 1.

Hypothesis H2 is generic, as follows from the variational characterization of the Bloch modes (see (3.3)
and (34)) As stated, it prevents from having simultaneous crossings of more than two Bloch energies,
and higher multiplicities (both scenarii are non-generic). In particular, one can use the normal forms of
Lemma[3.13] We introduce moreover a geometric assumption

H3 Forn € N*, we assume that the crossing set 3.,, is a smooth closed submanifold of R<. Moreover,
the crossing is of conic type in the sense of Definition[3.12]and for all 0 € X,,, n € N,%,, with

n#0, X
ivé(gn-&-l + Qn)(U) + Vngn(a, 77) # 0.

Assuming H2 and H3 implies that the crossings involve only two modes o,, and g, 41 and that the crossing
set X, (see (5.13)) is a manifold. Because of the periodicity of the Bloch modes, it is thus the union of
connected, closed embedded submanifold of (R?)*, which allows the use of a two-microlocal approach
on each of these connected components.

We point out that the assumption H3 may fail and there could be crossings above critical points. Such
a situation has been studied in [15], showing that some mass may be trapped above these non conical
crossing sets, leading to the presence of non-zero terms 4f, ,, in (6.1) with n # n'.

6.2.2. Effective mass theory in dimension d > 2. The main difference in dimension d > 2 is the nature of
the two-scale Wigner measures involved in the description of the process. For stating the result, we need
to introduce other geometric objects associated with a submanifold X of (R?)*. We define its cotangent
bundle as the union of all cotangent spaces to X

(6.2) T*X :={(¢r) e X xR : w € TY X},
each fibre T¢ X is the dual space of the tangent space T¢.X. We shall denote by M, (T*X) the set of
non-negative Radon measures on 7* X. We observe that every point z € R? can be uniquely written as

xr=v+ 2z where veTf*X and z € N¢X.

Then, given a function ¢ € L>°(R?) and a point (£,v) € T*X, we denote by mf/f (§,v) the operator
acting on L?(N¢ X ) by multiplication by ¢(v + -). We shall denote by £(L?(N¢ X)) the set of bounded
operators acting on L2(N, ¢X) and by L‘}r (L%(N, ¢ X)) the set of operators that are non-negative and trace-
class. When X = A,, and assumption H2 holds, we will consider the operator d?p,,(£) D, - D, acting on
NeAy, forany € € A,,.

Theorem 6.1. [13] Assume H1, H2 and H3 are satisfied for all n € N* and consider (V°)c>0 a family
of solutions to equation (L)) with an initial data (1§).~o that is uniformly bounded in HZ(R%) for some
5> g. Then, there exist a subsequence (Vq*)een of the initial data, a sequence of non negative measures
(Vn)nen on T*A,,, and a sequence of measurable non negative trace-class operators (Mp,)nen

M,, : TgAn(f,’U) = Mn(&vv) € ‘Cl (LQ(NEATL))» TrLQ(NEA )Mn(g,v) =1

both depending only on (V5 )een, such that for every a < b and every ¢ € Co(R?) one has

(6.3) hm / / o(x) [ (t, x) |2 dxdt

// TrL?(NﬁA (m¢ (& v)M fn(fvv))y’n(d§7dv)dt

neN
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where t — ML, (&, v) € C(R, L1 (L?(N¢A,,)) solves the von Neumann equation

IO (€, v) = |5 d20n()D - Do+ miy, (), M (€, 0))]
MO = M,,.

(recall that mg" (&,v) (resp. ml‘z;t (€, v)) denotes the operator acting on L*(N¢A,,) by multiplication by
P(v + ) (resp. Vexe(v + ).

Theorem is a consequence of Theorem in the case where critical sets A,, consist in isolated
points. As Theorem Theorem tells that conical crossings do not trap energy. We emphasize
that (M, )nen+ and (v,)nen+ are associated with the initial data. They are two-scale Wigner measures
associated with the concentration of (1§).~0 on the manifolds A,,.

The main difference with the case of the concentration on a point of Rg relies on the structure of
the two-scale Wigner measures describing the concentration at finite distance with respect to the second
scale ¢. Indeed, if A, = {¢ = &,}, Te, A = {0} and N¢, A,, = RY. Thus, the measure v,, reduces to a
scalar and the trace-class operator M, only depends on &, it is no longer a function. Theorem 5.4] states
that in that special case, one can prove that IM,, is a projector.

As a final conclusive remark, one can mention that, regarding the semi-classical analysis of equa-
tion (I.I), the main issue consists in the understanding of the behavior of the Bloch modes in dimension
d > 1, which is a problem at the intersection between spectral theory and geometry.
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APPENDIX A. KATO-RELLICH’S THEOREM

Kato-Rellich’s Theorem offers a way to prove that an operator is self-adjoint by a comparison argu-
ment. The reader can refer to [33] or other books about Functional Analysis.

Theorem A.1. Let A be a self-adjoint operator on its domain D(A) and B a symmetric operator on
D(A). Let us assume that there exists 0 < o < 1 and C > 0 such that

Vv € D(A), |Bull < allAv]| + Cfjo].
Then the operator A + B is self-adjoint on D(A).

As an example, we consider the Hilbert space L*([0, 1]%) and the operator —A(€), which consists in
the Laplace operator on the cube C' = [0, 1]¢ with boundary conditions

fly+0) =elfy), Onf(y+10) =—0,f(y)e'st VY(y,l) € OC x Z% such that y + £ € IC.

As mentioned in Section this operator is unitarily equivalent to Py(&) and is self-adjoint.
Let us consider potentials V., that are Z%-periodic and the operator —A (&) + Vper (). We make the
assumption:

p=2if d=1,2,3,
(A.1) Voer € LP(T?), with{ p>2 if d=4
p=2%1if d>5

Theorem A.2. Assume that Ve, satisfies Assumptions Then, the operator —A®) + Voer() is
self-adjoint for all ¢ € R%, and its spectrum is bounded from below. Besides it has a compact resolvent.

The result comes from the application of Theorem |A.1|to the operators A := —A() and B := Viers
the next Lemma shows that the hypothesis of Theorem [A.T]are satisfied.

Lemma A.3. Let Vi, satisfying Assumptions@ then for all € > 0 there exists a constant Cc > 0 such
that,

Voer fllz2(0,110) < €lAflIL2(0,179) + Cell fllL2o,1je), Vf € H?(J0,1]1%),

[, Vel sy

)

<o [ TPy Col oy, VS € B (010,

)

A potential satisfying this type of property is said to be infinitesimally bounded with respect to the
Laplacian. Note that the result is trivial if Vje,(y) is bounded. Let us now prove Lemma when
d=1,2,3.

Proof
Assume d = 1,2,3 and Vp,er € L?(T?). Consider y € C>°(R?) such that 0 < x < 1, x = 1 on [0,1]¢
and supp(x) C [—1,2]%. We associate with any f € H?(]0,1[¢) the function f,, = xf which is in
H?%(R?), and thus in L>(R?) since 2 > d/2. Note that V,,, can be extended to R by periodicity.
Voer fll 210,112y < [[Vper fxll2®e)
< [ fxllzoe ey [[Voer L1 214l 2 (ma)
< Call fxll oo ey | Vier | 2 (0,174)»

The constant Cy depends on the numbers of cells which are included in [—1,2]¢ and next to [0, 1]¢. We
then uses the inverse Fourier transform to evaluate || f, || . (ra):

P i G
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We choose 3 € |4, 2[ and use Cauchy-Schwartz inequality to write

e =007 ([ s ) (Lo epeizora)

For all € > 0, we can find C. > 0 such that
vEeRY, (1+ 677 <e(1+1¢%)? +C..
Therefore, we have

ell(X = A) flle2@ey + Cell fxll2 ey
ellAfxllzay + (Ce + &)l fxll L2 (ma

Il fx [l oo (mey

VANVAN

Besides, by the properties of x,

1Al L2ey < NAfllL2o0,114) + 20V Fll 20,04 I VXN 2Ry + 1AX L2 ey | £1] 22 (RaY

which gives the result.

APPENDIX B. COMPACT OPERATORS AND OPERATORS WITH COMPACT RESOLVENT

We close this elements of spectral theory with a few words about compact operators, that are used in
this book. Recall that A € £(H) is said to be a compact operator if for any bounded family ( f,,)nen of
HYN, the sequence (Af,,) has a limit point. Compact operators enjoy lots of properties. In particular, the
structure of their spectrum is very rigid. The next Theorem is classic and proved in any book of functional
analysis.

Theorem B.1. Assume H is of infinite dimension. Let A be a compact self-adjoint operator, then its spec-
trum consists in isolated eigenvalues of finite multiplicity, (A, )nen, which admits the only limit point 0.
Moreover, there exists an orthonormal basis (., )nen of H consisting of eigenvectors of A.

As a consequence of this result, we have the following description of the spectrum of self-adjoint
operators with compact resolvent.

Proposition B.2. Let A : D(A) — H a self-adjoint operator the resolvent of which, (Ay)~! is compact
for some \ € C. Then, there exists an orthonormal basis (o, )nen and a sequence (0, )nen € RN such
that oy, —+> 400 and

n—

App = 0npn, Yn €N.
Proof
By hypothesis, there exists (¢, )nen and (A, )€ N with A, n_}—+>oo 0 such that
(A= X", = Aon, VneN.
Besides, \,, # 0. Then, a simple computation gives ¢, = A, 1 (A — \)p,,, whence
Apn = AT+ D).

We thus obtain the result with o, = X + A1, The fact that g, € R for all n € N comes from the
self-adjointness of A.
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APPENDIX C. MIN-MAX FORMULA

We give here a MinMax characterization of the eigenvalues g,,(£) of the operators P(€). This comes
from the links between self-adjoint operator and quadratic forms. We associate with P (&) the positive
quadratic form

1

Qe(f) = §||(Dy + f)f”zm(qrd) + Voer S, f)rz(ra) + KHf||2L2(’]l‘d)'

where K is chosen such that for all £ € B, the spectrum of P(¢) is included in | — K + 1, +o00[. The
quadratic form Q)¢ is associated with the operator P () + K, in the sense that for all f in the domain of
P(&) (which is included in the domain of Q)

Qf(f) = ((P(f) +K>faf)L2(Td) .

The domain of the quadratic form Q¢ is H*(T9) and Qg is coercive since
Qe(f) 2 Ifllzz(ray, ¥f € L*(T7)

and thus defines a norm f — +/Q¢(f) on H'(T¢). The form Q¢ and the operator P(£) + K are
linked by Riesz-Friedrichs theorem: A = P(§) + K is the unique self-adjoint operator with domain
D(A¢) C D(Q¢) and such that (A¢ f, f) = Q¢ (f) forall f € D(A¢). This is another way to define P(&)
as A¢ — K where A¢ is the self adjoint operator associated with the form Q).

Proposition C.1. The family of eigenvalues (0, (€))nen are given by the Courant-Fischer formula (also
called Min-Max formula),

) M(E) = 0(6) + K = min Qe(f)

and, forn € N\ {1},

(C2) M) =)+ K=~ iy e L Qe(f)-

Note that the real numbers \,,(¢) are non negative for all ¢ € R%.

Proof

Let us prove the Courant-Fischer formula. Recall that for any f € L?(T%) such that
=3 MO en(©)P.
neN

Therefore, since the A, (&) are non negative, one gets that if || f|| 2(7«) = 1, one has

f) =X Z| fron(E)? = M(8) = Qe(p1(6)),

neN

which proves (C.I).
For proving (C.2), we consider the sets M,, = Vect (¢1(&),- - ,n(§)) for n € N*. We first deduce

Qe(f) < max  Qe(f) = An(8).

min max
dimM=n, MCH'(T?) feM, ||f||=1 feMn, |IFlI=1
Let us now consider a vector space M C L%(T¢) of dimension n. Since dim M,,_; =n — 1,
dmMnNME- |, =dimM —dimMNM, ;>n—(n—1)=1

and M N M-, # 0. Let f € M N M-, with || f|| z2(pa) = 1, then f has only components on () for
p > n and

Z)‘ fa@p |2>>‘ Z|f7§0p = A (§).

p>n p>n
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Therefore, for any vector space M C L?(T?) of dimension n

max Q&(f) > )‘n(f)

feM, |Ifll=1

and we obtain

Qe(f) = An(8),

min max
dimM=n, MCH'(T?) feM, |f|=1
which concludes the proof of (C.2).
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