SEMI-CLASSICAL ANALYSIS AND WAVE PACKETS

CLOTILDE FERMANIAN KAMMERER

ABSTRACT. This text consists in the lectures notes of a course given in Nantes in January - March
2026. We explain the semi-classical approach and focus on wave packets (coherent states), in the
aim of constructing a Fourier integral operator that approximates the propagator of a semiclassical
Schrodinger equation.
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1. INTRODUCTION

This lecture aims at connecting two fields that have known major developments during the last
century: the microlocal approach of semiclassical analysis and the analysis on Nilpotent Lie groups.
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Semi-classical analysis has its roots in the foundations of quantum mechanics. Simultaneously
with this new theory arose the question of understanding the links between classical and quantum
mechanics. It turned out that the Planck constant & can be understood as the obstruction to give
a classical description of a quantum particule by the simultaneous knowledge of its position and its
impulsion. This is expressed by the Heisenberg uncertainty principle that we first discuss.

1.1. Uncertainty principle. In quantum mechanics, a particule is described by a probability
measure |1 (z)|2dz, with ¢ a normalized square integrable function on the configuration space RY,
called its wave function. Denoting by x; the coordinates of x € R?, the average position of the
particule is the expectation value of the observables x;

@lo= | alv@Pd 1<5<d
Similarly, the average impulsion is
_ ~ d¢ 1
&y = [ WD 5@ T@hde = [ RGO G Dry = 10,

where we have used the Plancherel theorem for the Fourier transform. Considering the variance of
these expectation values,

(dywj)* = ((2j — (2)p) )y = / (2 — (2j)p)? |0 ()] *da,

R4
~ d
(dy&i)* = (& = (&) )w = /Rd(ij - <§j>¢)2!¢(£)!2(2:)d,
the Heisenberg uncertainty principle reads
(1.1) dyrj dypg; > g, 1<j<ad

This results from the Cauchy-Schwarz inequality
IS (2 = (@j)e)¥ s (hDay = () 0)¥) | < (@5 — (@)g )0l 2 (D, — (§)0)¥ll 12 = dya;j dyé;,

and the observation
1
S (25 = (@), (WDa; = (§)0)¥) 2 = 5 ([MD2; = (G » 25 = ()] $,0)0 = =5

The Planck constant & reflects the difference between quantum and classical mechanics, since,
in the latter, the position and the impulsion are deterministic variables that can be known with
precision. The subject of semi-classical analysis is to understand how one can derive classical
mechanics from quantum mechanics, by letting the obstruction & go to 0, even though % is a physical
constant. Semi-classical analysis has led to the development of asymptotic technics that are now
used in various fields of applied mathematics. For this reason, we will skip the notation A and
denote ¢ a small parameter that is present in some problems of interest involving PDEs. Carrying
a semi-classical analysis of a problem consists in investigating the properties of a phenomenon of
interest in the limit € — 0, when ¢ is a small parameter present in the equation.

h

1.2. Gaussian wave packets. The uncertainty principle is optimal in the sense that there exists a
unique family among L?-functions that saturates the uncertainty principle. This family consists in
Gaussian wave packets. They are wave functions associated with a classical state z = (¢, p) € R??
according to

(1.2) (@) = (me) Mexp(—gzlz — g + Ip-(x —q), xR
It is normalized, ||g5||;2 = 1, and centered in z,

(Tj)ge = q; and (§)gs =pj, 1 <7 <d,
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and saturates the uncertainty principle:

dgsj = dgs&j = \/g l<j<d

Gaussian wave packets have the property of being very localized in the sense that if ¢ € C2°(R?),

(13) | #@lez@)Pdz = ota) + O(V2)

They also have this property in Fourier variable

(1.4) y $(eDq) g% (2)g% (v)dx = ¢(p) + O(VE),

where ¢(eD) is the Fourier multiplier defined by (;5(/€D\)f = ¢(€§)f(§ ). This results from the fact
that, after rescaling , the Fourier transform of g5 has the same Gaussian structure

pq o~ . (—p)-
8 F (§> =e Eg5,, Jr=(-pq) R

€

The relations ([1.3]) and (|1.4) suggest that the phase-space point z = (g, p) is the only obstruction to
the strong convergence to 0 in L?(R%) of the sequence gZ: if ¢(¢q) = 0, then ¢g° converges strongly
to 0, and similarly, if ¢(p) = 0, then ¢(eD)gs too.

The family ¢¢ is also said to be e-oscillating because the L2-norm of its derivatives are of size
O(%) It is these oscillations of size % that prevent strong-convergence. Similar questions can be
asked for any bounded family in L?(R%). We will be concerned with such questions.

1.3. Semiclassical pseudodifferential operators. The previous analysis of the Gaussian wave
packets suggests that the description of oscillating families requires a simultaneous analysis in
position and in a rescaled Fourier variables. The theory of semi-classical pseudodifferential operators
provided a tool for performing such a program. The quantization problem, or how to associate an
operator to an energy, also called Hamiltonian, is a question from quantum mechanics. It gives a
mathematical setting for exploring the correspondence between classical and quantum mechanics,
and analyzing oscillating phenomena.

Let a(z,€) be a semi-classical observable, i.e. a function of the Schwartz space S(R??). The
semi-classical pseudodifferential operator of symbol a is the operator opgN(a) defined by

(1.5) op:™N(a) f(z) = (2me) ™ / a(z,€)e: @V f(y)dyde, e SRY, zeR™
R2d

This form is called the classical quantization, also called Kohn-Niremberg quantization, of the sym-

bol a [4,25]. Other types of quantization are possible, like the ‘left’ quantization, where the symbol

appears in the form a(y,&), or the Weyl quantization that has the advantage to be symmetric

[14] 25]. Such classes of operators enjoy properties that we will study: symbolic calculus for the
composition and the adjoint, almost-positiviy, for example.

The action of semiclassical pseidodifferential operators allow to recover the obstruction to strong
convergence. For example, when considering Gaussian wave packets, one has

(op£™ (a)gz, 95) 2 —> a(2).
e—0
The quantity (opXN(a)gs, g5) 2 also writes

(0PN (@)%, g7) 2 = / (e, )W2[g5) (x, €) davde.
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where W¢[gZ] can be proved to be a distribution, i.e. an element of &'(R??). Since [24], one calls it
the Wigner transform of the family (¢)e~0. It converges in the sense of distribution to the Dirac
mass in z = (¢,p). The latter is said to be a semi-classical measure, or a Wigner measure of the
family (¢5)e>0. It characterize the obstruction to the strong convergence of (¢5):>0. We will develop
these tools in a general setting.

1.4. Correspondence principle. The tools developed above can be combined with evolution
problems. Consider a real-valued Hamiltonian H, for example

_le?
2
for some nice function V. At the classical level, one associates with h the Newtonian trajectories

z - ®(2) = (q¢(t),p(1))

H + V(x),

such that
q(t) = VeH(q(t),p(t)), p(t) = —V.H(q(t),p(?)),
with initial value (g(0),p(0)) = z = (¢, p) € R??. At the quantum level, one considers the operator
op.(H). Then, setting
Yo(tw) = e= P gE(z), (t,x) eRxRY,
we have

(opE™ (@)e* (1), ¥°(1)) —2 a(®'(2)), Va € S(R*), VtER,

showing the classical mechanics derives from the quantum evolution in the semiclassical limit.



2. SEMICLASSICAL ANALYSIS

We present here three concepts that will be central in our approach: semiclassical pseudodif-
ferential operators with smoothing symbol, semiclassical measures and wave packets. We use the
Kohn-Niremberg quantization.

2.1. Semiclassical pseudodifferential operators. Let a(x, &) be a semi-classical observable, i.e.
a function of the Schwartz space S(R??). Using Weyl quantization, the semi-classical pseudodiffer-
ential operator of symbol a is the operator op,(a) defined on functions f € S(R?) by

(2.1) op=™ () f (w) = (2me) ™ / a(,)e=5 V) f(y)dy de.

R2d
The operator opX™N(a) maps S(R?) into itself and, by duality, S’'(R?) into itself. Its kernel k. can
be expressed in terms of the inverse Fourier transform of a in the variable &

(2.2) Kz (V) = (27r)d/

R
or, equivalently, kK, = a(z,-). Indeed, one has

1
ko(x,y) = E—dmx < > , (z,y) € R2,

The function k, is called the convolution kernel of a, and we the function (z,v) — kg(v) is in
S(R?9). As a consequence of the Schur Lemma, we have the following result, which implies that
the map a — op(a) is continuous from S(R??) into £(L?(R?)).

a(x,€)evde, (z,v) € R™,
d

r—y

g

Proposition 2.1. The operator op¥N(a) maps L?(RY) into itself and

1opEN (@) 2z gy < / sup |15 (v)|dv
R4 zcRd

for C' > 0 independent of a € S(R?*?) and ¢ > 0.

Note that this proposition implies that as soon as the convolution kernel k associated with a
symbol a is such that

/ sup |kz(v)|dv < 400,
R? zeR4

one can define the bounded operator opN(a) on L?(R?). We will use this observation all along
this chapter, in particular for evaluating the norm of operators.

2.1.1. Link between different quantizations. As mentioned in the introduction different choices of
quantization are possible and actually used in practice. They reduce to the choice of a value of
t € [0,1] in the t-quantization defined by

(23) VS ESRY), opi(a)f(x) = (2me)~ /IR alte+ (1= 1)y, eS0TV f(y)dy d.

The choice of ¢ = 1/2 corresponds to the Weyl quantization, while the choice of ¢ = 1 gives
Kohn—Nirenberg (or classical) quantization and ¢ = 0, anti Kohn—Nirenberg quantization.

Proposition 2.2. There exists a constant ¢ > 0 such that for t € [0,1], a € S(R?9), we have in
L(L*(R7)),

lopZ ™ (a) — opt (@)l £(z2ray) Sc&/ sup |v - Ver(X, v)| dv,

Rd X eRd
where K is given by (12.2)



Proof. We consider k the convolution kernel of a and we observe that the kernel of the operator
opt(a) is the function

($a y) = 8_dmtz,s(%)a Ry (U) = "Qaz—e(l—t)v(v)'
Thanks to Taylor formula, one can write

rg® (V) = ke (v) — e(1 = 1) B:(z,0),
1
with B.(z,v) =wv / Vikg—es(1—t)w(v)ds.
0

Therefore, op’ (a) = opSN(a) — (1 — t)R., where R, is the operator of kernel
7“6(1', y) = 57dBa (37: %(:C - y))

One obtains

| Rell £ (2 (may) S/R sup |Be(x,v)|dv S/R sup |v - V. (v)| dv

d zcRd d zcRd

0

Revisiting the proof, we see that we could write an asymptotic expansion at any order in & for
the difference between two quantizations by pushing the Taylor formula at higher order.

2.1.2. Symbolic calculus. The set of pseudodifferential operators is an algebra that enjoys symbolic
calculus. In view of the preceding section, it is also true for the other quantizations.

Proposition 2.3. Let a,b € S(R??), then in L(L?*(R?)),
opEN(a)opEN (b) = opXN(ab) + %op?N (Vea - Vzb) + 0 (7).
Regarding the adjoint, one has in L(L*(R?))
opt™(a)” = opi™N(@) + = opt™ (Ve - V,a) + 0 (7).

Here again, the proof will show that one can get asymptotics at any order for these operators.

A convenient manner to prove this proposition consists in using amplitudes. We call amplitude
any function 7 € S(R3?) that we quantize as follows:

Aop,(7)f(w) = (2me) ™" /R 0@y, e f(y)dy de.
Then, there exists a constant C' > 0 such that for all 7 € S(R3?),
||AOpE(T)||£(L2(Rd)) <C sup |K’T('Iﬂ Y, U)|d’l), "{T(:L’a Y, ’U) = (27T)_d/ ei{"ua(m’ Y, g)dg
R? z ycRd Rd
Here again, the calculus can be extended to amplitudes 7(x,y, &) = R(x,y,v) such that
/ sup |k (x,y,v)|dv < +00.
R? 2 ycRd

This may happen for example when  — 7(z,y,§) is Schwartz class uniformly with respect to z
and y, without further differentiation properties in x and y..

The link between these quantizations is given by the following lemma.
Lemma 2.4. Let 7 € S(R3?), then in L*(R?),

AOpa(T) = OpgN(ﬂy:x) - isopé(N (Vy : VET\y:x) + 0(62)'
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Proof. We write Aop,(7) = opXN(a®), with af(x,-) = &S,

KE(v) = k(z,z — ev,v), Vr,v e R

A Taylor formula gives

52

2

£

Ky

1
(v) = Kk(z,z,v) —ev - Vyk(z,z,0) + /0 df,fi(x,x —esv,v)v-v(l — s)ds.

We conclude by observing that

o —

v-Vyk(z,z,v) =i(Vy - Ver) (2, 2,0).

We are now in position of proving Proposition
Proof of Proposition [2.3. We first observe

opsN(a)* = Aop. (), b(w,y,€) = aly,§)
and Lemma implies the formula for the adjoint in Proposition For dealing with the composi-
tion, we observe that it is enough to settle an asymptotic formula at order two for op<N (a)opEN (b)*.

We have B
ops N (a)ops ™ (b)* = Aop.(7), T(z,y,€) = alw,&)b(y, ),
and Lemma implies the formula for the composition in Proposition |2.3 (|

2.2. Garding inequality and semi-classical measures.

2.2.1. Bargmann transform. We associate with the family (¢5)e>¢ the Bargmann transform of a
function f € S(RY) ([2]):

(24) Blf] = (2me) 2 (f.93)2, = € B
This transform is an isometry from L?(RY) into L?(R??)
(2:5) f=(me)t [ Bf)()gidz,

RQd
Moreover

1172 ey = /Rd \B°[f](2)|%dz.

2.2.2. Wick quantization. We define the semi-classical Wick quantization for a € S(R??) by con-
jugating bu the Bargmann transform the operator in L?(R??) given by the multiplication by the
function a(z)
opyVick(a) 1= B**a B°.
By construction, this quantization is positive.

The integral kernel of opYVi%(a) is the function k.(x,y) given by

kel = (2re)70 [ alo)gz @)z

Denoting by k. the convolution kernel of a € S(R??), we deduce that the convolution kernel of the

operator OpYVi%(a) is the function

kEWVIk () .= (27) ¢ a(2)gs(x)ge(x — ev)dz
SV = ) [ al)gE @)E — ev)d

_ 1 —3le=vEu?=32?
=7 2/ e 2 2 kg sz (v)dz.

7



Lemma 2.5. Let a € S(R?Y), there exists C > 0 such that for all € € (0,1],

Wik(a) — opEN (o)l (r2(q)) < Ce.

Proof. We estimate the norms thank to the convolution kernels:

lope™ (o) — op" ()| (12 S/R sup |15V (v) — kg (v)|dv

lop

4 reRd
< 7'['_% / sup / e_%|2‘2 (e_%|2—\@'0|2,{x_\/gz(v) — e_%|2‘2,§m(v)) dz| dv.
Rd zcRd | J R4
The result comes from a Taylor formula (in which the term in /€ is equal to 0). O

2.2.3. Garding inequality and semiclassical measures. The positivity of the Wick quantization im-
plies the positivity of the Kohn-Niremberg quantization at leading order in the semi-classical limit.

Lemma 2.6. Assume a > 0, then there exists a constant C > 0 such that for all f € L*(R%),

(opEN(a)f, )2 > —Ce||f| 2.

Theorem 2.7. Let (f¢)e>0 be a bounded family in L?>(R?). There exists a sequence (€n)nen which
tends to 0 when n goes to +0o and a positive measure p on R%? such that

(2.6) Ya € CE(R™), (op5, (@), /%) parey , 70 /de a(z, §)u(dx, d§).
Moreover u(R??) < +oo0.

Any measure u € M, (R??) satisfying ([2.6]) for some sequence (g, )nen is called Wigner measure
or semi-classical measure of the family (f€).~0. A given family (f¢).~o may have several Wigner
measures.

Ezample 2.8. Let xg,& € R? and ¢ € L2( 4,

(1) Concentration. Let uf(z) = e~ %2 (E ) then (u®)s>o has a unique Wigner measure

pru(de, d€) = (2m) ™" by (2) @ |B(€)[*dE.
(2) Oscillation. Let v°(x) = @(x)e'® /¢ then (v°).50 has a unique Wigner measure

po(dz, d€) = | ()P dx @ 5, (£).

(3) Gaussian wave packet. The family (¢5)e~o defined in ((1.2)) has only one semi-classical
measure which is the Dirac mass in z:

(0p(a)5, 65)12 —3 a(2).

(4) Coherent states. Let ¢ € S(RY) woth [|¢||;2 = 1, and z = (¢,p) € R??. Then, the family
(2.7) WPE(p) =¥ (%) egp'(m_q),, reR?
also has only one the Dirac mass in z as semi-classical measure.

Proof. Since the quantity I-(a) = (op.(a)f¢, f°) ;2(ga) is uniformly bounded in ¢, for a given function
a € C®(R??), one can find an extracted convergent subsequence I, ,(a). Considering a dense
countable subset of C’(?O(RQd) and using a diagonal extraction process, one builds a sequence &, for
which I., (a) has a limit for all a € C2°(R??) (see Appendix ??). The map which sends a on the
limit 7(a) of the sequence I, (a) is a linear form on C°(R??). It defines a distribution and Garding

inequality shows that this distribution is positive.
8



It remains to prove that I satisfies a measure estimate. We consider a nonincreasing function
x € C(]0,+00)) such that 0 < x < 1, x(u) = 0 for u > 2 and x(u) =1 for 0 < u < 1. We
set xp = x (R) and consider cg = xr(z)xr(§). The convolution kernel associated with cg is the
function kg(z,v) = RIY(Rv)xr(x). Therefore, for all R > 1, we have

(op.(cr)f*, fE)Lz(Rd) < HS(\HLl(Rd)-
Moreover, for R < R, we have cg < cps, whence I(cg) < I(cg/) and the sequence I(cgr) converges.
We call I(1) its limit. Let a € C2°(R??). There exists Ry > 0 such that for all R > Ry, a = acg.
We deduce
0=acg —a=a-—|a|r=cr + (|lal|L~ — a)cr,
whence, using (||a||z — a)cr > 0 and the positivity of the distribution I,
0> I(a - [lal|L=cr) = I(a) — [[a] L= I(cr)-

Letting R go to +00 and arguing similarly with —a, we obtain the measure’s type control that we
were looking for:

I(a) < laf|LeI(1).



3. PROPAGATION OF COHERENT STATES AND THE QUANTUM-CLASSICAL CORRESPONDENCE

In this section, we study the properties of the coherent states defined in , namely
WP (p) = e~ Y4 <$\}€q> eP (@0 g e RY
for o € S(R?) and z € R??. Note that, with the notation , we have for all z € R??,
9: = WP(g0); 90 = 9o-
The first important properties of coherent state is that it is a bounded family in L?(R%)
(3.1) WP ()2 = llelize, Vo € S(RY, ¥z € R

As we will see later, the coherent states enjoy localization properties that come from the simple
way a pseudodifferential operator acts on them. This is particularly striking when one uses the
Weyl quantization, which corresponds to the choice t = % in . We use here the notation op,(a)
for denoting the operator obtained by the Weyl quantization of the function a € S(R%), and @ for
the (non semiclassical) pseudodifferential operators, @ = op;(a).

In this section, we will first introduce functional spaces that are natural in this context. Then,
we will study basic properties of the coherent states. Then, we will analyze their evolution through
a family of Schrodinger equations.

3.1. Weighted Sobolev spaces. We introduce the functional spaces ¥¥ := ¥¥(R?) containing
functions f € L?(R%) such that

Vo, 8 € N, |a] +[B] <k, a°(c0x)"f € L*(R)
with a uniform control of the norm, with respect to ¢ € (0, 1]

Iflgs = sup  [a®(e2)" fll 2
|lal+|8]<k

For simplicity, we denote by ©* the sets ¥¥ corresponding to ¢ = 1. The space ¥* is a subspace of
the Sobolev space H¥(R?) and also of the vector space of functions whose Fourier transforms are
in H*(R?). The space ¥ may then be understood as a semiclassical rescaled version of ¥¥. One
has to notice that

0 =30 = L2(RY) and S(R?) = NgenX”.
Moreover, the coherent states belong to these spaces.

Lemma 3.1. For all k € N, there exists Cy > 0 such that for all zg = (q,p) € R?*? and ¢ € S(R?),

IWPZ, (@)llse < Gk sup (z0) ol

S
+p=k
Proof. Indeed, a straightforward calculus gives for j € {1,---d}
2, WP (@) = WPE (g5 + Vey;)e),
We deduce that for o, 8 € N¢,
€
2(=0:)"WPZ () = WP, (g + Vey)* (p + VED) ),

which allows to conclude by (i3.1)). O
10



Let us now examine the action of semiclassical pseudodifferential operators in the spaces 2’;. For
1 < j <d, the commutation relations between x; or eD,, and op.(a) writes

(3.2) [z,0p,(a)] = 6i0p5(8§ja) and [6ij,op€(a)] = —¢ iopg(('?z].a).

Using these relations and the estimates in L?(R?), it is possible to prove estimates in E’g that are
uniform in €. Let us denote by Ng(a) a semi-norm such that for there exists a constant Cy > 0
such that for all a € S(R?), one has

lop (@)l £(z2(rayy < CalNa(a).

Lemma 3.2. Let ¢ € (0,1] and k € N. There exist constants Cqy and cj such that for all
a € C°(RY), we have in XF:

(33) llope(a)ll 2ty < Cae Sup Na(07a).
RS

Proof. The proof is based on (3.2) and a recursive argument. For a € C°(R?), f € S(RY) and
je {1, c. d}’
25002 (@) fllgt < lloD2(@) (23 )llgss + =llop.(De,0) i,
202, (002(@) ) s+ < 10D(a) 0, 1) s+ + llop(a;a) gy

Therefore, there exists a constant ¢’ such that
llop (@) fllzx < llop(a)ll £(sr-1) I f I
¢ 3 (lope (@ @)l gy + llop- (e, | oy ) 111

J

One then concludes by starting the recursive argument from the boundedness of pseudodifferential
operators in ¥0 = L2(R9). O

3.2. First properties of coherent states. Along the next sections of this chapter, we shall use
properties of wave packets that we sum-up here.

Lemma 3.3. if f,g € S(R?Y) and 2,2’ € R??, then

(3.4) (WPS(f), WP (g)) = P =10 (1. g (})

where the function W[f,g] is the Schwartz function on R?*? defined by
WIfa(Q) = | @)l - Q) *dz, ¢ =(q,p)-
Moreover, for all n € N, there exists a constant C,, > 0 such that

(3.5) v € R*, (O WL, 91O < Cull fllsllgllsn.

Proof. The formula for (WP$(f), WP<,(g)) comes from a simple computation. Then, for o,y € N9
and z = (¢,p) € R??, we observe

[P WS, 9](2)] =

7 [ DE(F@ala — )P

< ()M » | D2 (f(2)g(z — q))| dx

o]

2% [ (@l =) D2 (Fag(o — a)| do

11
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where we have used Peetre inequality

(3.6) VteR, V€7,

The conclusion then follows. O

3.3. Coherent states and pseudodifferential operators. The coherent states enjoy localiza-

tion properties that come from the simple way a pseudodifferential operator acts on them. This

is particularly striking when one uses the Weyl quantization, which corresponds to the choice
1

t =1 in (23). We use here the notation op,(a) for denoting the operator opZ (a) obtained by the
Weyl quantization of the function a € S(R?), and @ for the (non semiclassical) pseudodifferential
operators, a = op;(a).

Lemma 3.4. Let 29 = (¢,p) € R??, p € S(R?) and a € C*®°(R??). Then,
0p.(a) WPS, () = WP%, (a(z0 + VE2) )
Proof. The result comes from a simple change of variables. One writes

/ ) . /I
op.(a) WPS, (¢)(z) = (2me) e~/ / a (“fg) o)+ ), (”) da’dg

. . . /
= (27r5)_d€_d/4e§p'(x_q) /a (m —; x” > eég'(“fﬂ”,)_ép‘(“_xl)gp (x — q) dx'd¢.
Then the change of variables ' = ¢+ /ey’ and & = p + \/en gives

i / in- (x=q) 1
op.(a) WPS, (¢)(2) = e~ /o tP @) ((%)d Ja (W,p + ﬁn) o (47 >so<y'>dy'dn>

>
_ /A0 ge (”C\%‘I)

= WPZ, (%) (),
with
/ —_—
®°(y) = (2m) / a <q + ﬁgv 5) S PHVEN W) oy )y dn = a(z0 + VEz) @,
which terminates the proof. (]

Lemma has two several important consequences that are stated below. First, one can say
that a coherent state only sees the action of a semiclassical pseudodifferential operator through the
Taylor series of the symbol of the pseudo at the core of the coherent state.

Lemma 3.5. Let ¢ € (0,1], 20 = (¢,p) € R¥, p € S(RY) and a € C®(R??) bounded together with
its derivatives. Then, we have the following properties: For all n,k € N, there exists a constant
Chn such that

op.(a) WPZ, () — WP, <Pé@\£>¢>

nE

ntl
<Cipet | sup Na(@a) ) [l
|y|<k+n+1

where z Pa(n)(z) s the Taylor polynomial at order ny of a in zy:

1 1
P{")(2) = a(20) + Va(zo) - 2 + §V2a(zo)z (2 dta(z)[2]"
12 '



As a consequence, since for a function identically equal to 1 close to zg, its Taylor polynomial is
the constant 1 at any order, a coherent state is highly localized microlocally close to its core, in a
sense that the next statement makes precise.

Corollary 3.6. Microlocalisation of coherent states. Moreover, assume that a(z) =1 for |z — z| <
1 and a(z) = 0 if [z — 20| > 2. Then, for any n € N, there exists a constant Cj, , such that

IWPS, () — op.(a) WP (¢)lls < Cf e/ <| o Nd@”@)) Il s
YISk+n

Proof of Lemma(3.5 Let us prove Point (1). Applying Lemma

lop. (@) WPZ (¢) — WPZ (P (2v/2)@) | = [WPE, ((alz0 + VEz) — P (2v/2)9) -
By Lemma there exists a constant C} such that for all profiles ¢ € S (Rd),
WP, (@)llsr < Crllellsr
hence

[WPS, ((a(z0 + v22) — PO (ev2)e)lse < Chll(alzn + vEz) — PO (2v/E)) gl
Moreover, we have
a(z20 + v2z) — B (2v/6) = 7 r(v/ez) (2]t

where r € C*°(R??) is a smooth tensor of order n + 1 that is bounded with bounded derivatives
1 M
r(z) = n'/ d" D a(zg + s2)(1 — s)"ds.
- Jo

The result then comes from the existence of a constant cy, ,, such that for all v € N2d,

(3.7) lopy (r(Vez)2)ellsk < ernll@llsrri - sup  Na(r).
[vI<n+k+1

The property (3.7 is obvious when |y| = 0. In the general case, one obtains it by a recursive
process based on the commutation relations (3.2)). O

13



4. THE QUANTUM CLASSICAL CORRESPONDENCE

4.1. Euristics. Consider a semiclassical evolution equation of pseudodifferential type
(4.1) ie0pp® = op.(H)y®.

Let us assume that the function H = H(z,§) satisfies adequate properties so that there exists a
solution once fixed an initial data. We focus on initial data of the form

Uimo = WPL(p), ¢ € S(RY), z=(q,p),
and we look for solutions of the same form,
ws(t’ ) = WPi(t)(bE(tv ))7

for some adequate time-dependent core function z(t) = (gq(t),p(t)) and time-dependent profile
b°(t,-), that we aim at determining. A simple computation gives

(WPZ4)) ™" (ie0h — op. (H))WP% ) = p(1) - 4(t) — H(q(1), p(t))
+ e (4(t) - Dy = p(t) -y — VH(q(t),p(1) - "(y, Dy))
w2 (i gHessHGOp00D,) - (1.D,) ) + OED)
As a consequence, it is natural to choose the function b°(t, z) of the form
b (t,z) = eés(t)us(t,m)
with
(4.2) S(t) = p(t) - 4(t) — H(g(t), p(1), S(0) =0,
and u® solution to the equation
{ i0yu® (t,y) = 3HessH (q(t), p(t))(y, Dy) - (y, Dy)w*(t,y), (t,y) € R x R?
Ufyeo = ¥
and the time-dependent core z(t) = (¢q(t),p(t)) such that
{ q(t) = VeH(q(t), p(t), 4(0) =g,
p(t) = ViH(q(t),p(t)), p(0) = p.

The curves (q(t), p(t)) are the classical trajectories associated with the Hamiltonian function H(x, &)
in the framework of classical mechanics. They satisfy

H(q(t),p(t)) = H(q,p), VteR.

One also talks of the Hamiltonian curves of the function H. The function S(¢) is called the classical
action. Thus, the wave packet approximation of the solutions of the evolution equation that we
have sketched here connects the quantum evolution (¢, z) with classical quantities reminiscent
of the classical mechanics. One talks of the quantum classical correspondence that holds in the
semiclassical regime, € — 0. The objective of the next section is to make these Euristics rigorous.

4.2. The classical trajectories. We consider the hamiltonian

_l€P
H(z,§) = o T V(z)
and assume that the potential V' is smooth and at most quadratic:
(4.3) Va e N% |a| >2, 3Cy >0, [|0°V] 1= < Ca.

The equation of the classical trajectories write

¢=p and p=-VV(q)
14



and the action is given by

S(t) = /Ot (!p(;)|2 — V(q(s))) ds, teR.

One recognizes the Newtonian equation § = —VV(q). Because of the assumption on the poten-
tial V', these trajectories are globally defined and grow at most exponentially (see for example the
book [3]).

Lemma 4.1. Classical trajectories. Assume V satisfies the assumption (4.3)), then there exist
Coy, C1 > 0 such that

la(t)] + p(t)] < Coe” M, vt e R.
Proof. The existence for all times comes from Cauchy-Lipschitz Theorem. Indeed, the function
z(t) = (q(t),p(t)) satisfies for all t € R, 2(t) = VH(2(t)) with z — VH (t) being Lipchitz by (4.3]).

Indeed, it implies |VV (z)| < ¢(1 + |z|) for some constant ¢ > 0. Combined with the relation
H(q(t),p(t)) = H(q,p), it also implies the existence of C' > 0 such that

lp(t)] = lg(t)] < C(1 +[q(t)]), VteR,
and the estimate follows by Grénwall’s lemma. O

4.3. The profile equation. Let us now examine the profile equation which is a Schrodinger
equation with a time-dependent quadratic potential

(4.4) { i0pu(t,y) = 3Auult,y) + gHessV (q(t)y - yu(t,y), (ty) € R x R
Ujt=0 = ¥-

Under the assumption (4.3)) on the growth of the potential V', there exist solutions to (B.1]) (see
Remark below). Moreover, one can also prove that this solution is Schwartz, with a control of
its semi-norms that is exponentially large in time.

Lemma 4.2. For all k € N, there exists constants ¢, and Cy, such that for all ¢ € XF, the solution
of equation (B.1|) satisfies
lut, )isr < Cre g, Ve R.

Proof. The proof relies in a recursive argument in k € N, starting with £ = 0 and writing a closed
system on yo‘ﬁgu(t, ) for all @, B € N? such that |a| + |B] = k.

O

2
The estimates of these two Lemma are sharp, as shown by the quadratic potential V' (z) = %

shows it. Indeed, there exists the Hilbertian basis (f,)nen of the Hermite functions, satisfy

1 |z|?
(—§A+—)fn:)\nfn, 0< A\, — +oo.

2 n—-+o0o
Therefore, starting with ¢ = f,,, u(t,.) = e!* has exactly exponential growth.

Lemma implies the existence of a semi-group U(t,s), a two parameters family of unitary
operators of L2(R?), such that for all (¢, s) € R,

i0U(t,s) = (2A, 4+ LHessV (q(t))y - y) U(t, s),
(4.5) { U(s,s) —Id§22(Rd?)J. ’ Wy -v)

These propagators act continuously on the spaces ¥* for all k € N.
15



Remark 4.3. In the exercices of the Appendix, are treated the following points:

2
(i) If p(y) = r—ie % for y € RY, then it is proved in [2] that u(t, y) is given by an explicit formula.
Define F(t,20) = 9,®(29) € R where ®!(20) is the flow map,

®'(z0) = "(q(t), p(t))-

Then F' solves the system

O F(t, z9) = (HQSS?/(q(t)) IdORd) . F(0, z) = Idgea.
We set
A(t,z0) BI(t, 2p)
(4.6) F(t, z) = (C(t, Zg) D(t,z2)>

and we have
u(t,y) = ep e VY, y e RY,
T (t, 20) = (C(t, 20) + iD(t, 20)) (A(t, 20) + iB(t, 20)) ",
Cr(tsg) = © 1det V2 (A(t, 20) + iB(t, 2).

(ii) More generally, one can construct a Hermitian basis of explicit solutions to the equation, with
similarities with the Hermite functions. These functions were constructed by George Hagedorn
(see [9]), the construction is also explained in [19] (see section 3).

The construction of this semi-group allows to solve profile equations with source terms f(¢,-)
that are smooth functions in ¢t valued in the set of Schwartz functions.

{ iOyu(t,y) = —3Ayu(t,y) + 3HessV (q(t))y - yult,y) + f(t,y), (t,y) € R x R?

4.7
(47) Ujt=0 = ¥-

Indeed, the solution is then given by the Duhamel formula

u(t,-) :L{(t,O)ga—i-i/O U, s)f(s,-)ds,

and it is a Schwartz function if ¢ and f(t,-) are such for all ¢ € R. All these elements allow
to conclude about the form of the solution of the Schrodinger equation for initial data that are
coherent states.

An additional property of this semigroup consists in its action on pseudodifferential operators
Lemma 4.4. Let a € S(R??), then for all 5,t € R,
U(t, s)op¥ (a)UU(t, s) = op¥(a o U,
where W4 (y, ) = (24%(y,n), 4% (y,n) is the flow map defined by the trajectories
2 (y,m) = €7y, ), %St’s(y, n) = =V"(q(t)z"(y,n) and «"(y,n) =y, " (y,n) =n.
Moreover, the map (y,n) — ©-t,s(y,n) = (z"5(y,n), 45 (y,n) is linear

Such a result is called a Egorov Theorem. It holds for non quadratic Hamiltonian with a semiclas-
sical quantization and then hods up to a remainder. What is specific to the quadratic Hamiltonian
is the absence of rest term.
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Proof. Let s,t €R, s <t, 0 € [s,t] and b(0,---) € S(R??) be defined for o € [s,t] by
b(o, 2" (y,m), €7 (y,m) = aly, n).
We then have for all y,n € R? and o € [s, ],
05b(o,y,m) + 1+ Vyb(o,y,n) = V" (q())y - Vipb(o,y,m) = 0.
We deduce from symbolic calculus

d

do (U(o, s) opY (b(o))U(o,s)) =0,

which implies
U(t, s)"opy (b())U(t, s) = opy’ (b(s))
or equivalently
U(t, s)opt (a)U(t,s) = opY (a o TS,
The linearity of the flow map comes from the analysis of the ODE satisfied by ¢ — V,®%%(2). O

4.4. Wave packets propagation by the Schrodinger propagator. We can now state the
approximation result. With ¢ € S(R), we associate the approximate solution

Vepp(t, ) = 5 OWPE g (u(t, ) (x), = €RY,
where u(t, ) is the unique solution of (B.I]).
Theorem 4.5. For all k € N, there exists two constants Cy,c, > 0 such that satisfies

19°(2,-) = app(t, s < VECre*igllgs, ¢ € R.

Proof. For k = 0, the proof relies on an energy estimate. Indeed, by construction, the function
w® = 1p° — 1y, satisfies w®(0,-) = 0 and

. € 82 € € 3 € ! K
iedw® (t, ) + EAw (t,z) = V(z)ws(t, ) = e2 WP, (/0 VO (q(t) + /ey [y]2 (1 — 7)%ult, y)d7> :
This implies
o (#)ll2 < VEIIVE | pee [[ut, )llss.
The case k # 0 comes from a recursive argument. ([l

One can prove a more precise statement and show that ¢°(¢) is asymptotic at any order in ¢ to
a superposition of wave packets.

Theorem 4.6. There exists a sequence of time-dependent Schwartz functions (u;(t,-));>0 depending
smoothly in t such that ug = u

VR (t x) = 50 [ N7 WP (us(t, ) (2) + €7 WPE (w(t,))(2) | (t2) R x RY,
j=0

with for all k,n € N, there exists two constants Cy p, cn > 0 such that

ntl
[w*(t,)l[gx <72 Crpy tER.
17



Proof. One works on the function u®(¢) such that
WP ) (W (t,-)) = 97 (¢, -)-
This function satisfies
10U’ = —%Aue + Ve(t,y)ut(t,y), u|€t:0 = o,
with
Vit y) = %(V(Q(t) +Vey) = V(g(t)) — VeV (q(t))y)-
Let n € N. Consider ug, - -+ , u, such that
1Oy = —%Auo + %V”(Q(t))[y]QUo, uo(0,-) = ¢,

and, for j > 1

j—1

, 1 1., 9 1 (j—042 042 _
iOpu; = —§Aua‘ +5V (a()[y]"u; + ZZ; mv I (@)Yl we, uy(0, 1) = 0.
Then the function
wazua—uo—\@ul—-'-—sgun

satisfies

0 (1 y) = —3 Auf(ty) + V(L y)(ty) + F(Ey), w (0,) =0,

2
n n—j
i k1 ntl
Folty) =3 et (W(t,y) - Z%V%(t»[mk) uj(t,y) = O(e™F) in L*(RY),
Jj=0 k=2 ’
An energy identity implies ||w(t, )|z = O(ERTH). More generally, [[w(t,-)|sx = O(EHTH) for all
k€ N. O

Remark 4.7. Note that if ¢ = gg, the normalized centered Gaussian, then by Remark
up(t,y) = Cr(t,zo)eir(t’zo)y'y =970 (y), vy e R,

and wui(t,-) satisfies

O (t,) = 3 A (1) + 5V (a() P (1) + VO 0 ), 0500, =0.

Therefore Duhamel’s formula yields

wt) = g [ UV Ol s

Using Lemma we deduce that there exists functions b, (t) such that

ui(t,y) = > ba(t)y"g" " (y), teR, yeR™

|ee|=3
18



4.5. Additional properties. The action defined in (4.2)) depends on the initial point of the flow
map

D'(2) = (®L(t,2), ®L(t,2), == (q,p).
More precisely, we have for all ¢ € R

Vi S(t,z) = —p+ Alt, z)tl);(z) and V,S(t, z) = B(t, z)@é(z), z=1(q,p)
where the matrices A(t, z) and B(t, z) are defined by (B.5):
A(t,z) = 8q(I>f1(z) and B(t,z) = 0p<I>f1(z).
Proof. We have
0gS(t, ) = 0@l (2) DL (2) — V4L (2) VV (DL (2),
3pS(t, z) = B0l (2)DL(2) — V,0L(2) VV (@ (2)
We verify the two relations by differentiation in ¢ and observing
V,5(0,2) =0, A(0,2) =1d, @2(2) =p,
V,S(0,2) =0, B(0,z) =0.

We verify
%(VqS(t, z)+p— Alt, z)CI)Z(z)) = GqS'(t, z) — 8q<i>f1(z)<1>;(z) — (%@fl(z)(i);(z)
= 8q<I>:f)(z)<I>2(z) — quI)fI(z)VV(CDfl(z) — Vqéé(z)CD;(z) + VqCI‘f](z)VV(CPZ(z)) =0,
d

—(VpS(t,2) = B(t,2)®;(2)) = VpS(t, 2) = Vg (2)®3(2) — Vp® (2) ¥y (2)
= 0,0 (2) @) (2) — Vp®,(2) VV (DL (2)) — 9,@),(2) P} (2) + V@1 (2) VV (D (2)) = 0.
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5. HERMAN-KLUK PROPAGATOR

In this section, we construct approximations of the propagator associated with the semiclassical
Schrédinger operator

~ 52
Hf = _EA + V(z).
In other words we are looking for an approximation formula of the solution °(¢) of the equation
51) { i20E (t, 7) = — S AYE(t, x) + V(2)E (t,2), (t,z) € R x RY
* 1> — 1>
=0 = %6

for initial data that are bounded in L?(R¢). These approximations are based on the use of Bargmann
transform. Therefore, we first focus on the properties of the class of operators we want to consider.
Then, we will present two sorts of representations, the thawed Gaussian approrimation, and the
frozen Gaussian approzimation, which is also referred to as Herman-Kluk propagator in the litera-
ture. These approximations combine the frame property of the set of Gaussian wave packets ,
and the description of section [£.4] of the action on Gaussians wave packets of the semiclassical
Schrodinger propagator.

5.1. Bargmann multipliers. In this section, we introduce a class of operators constructed via
the Bargmann transform. Consider a smooth family of the form

(2 > 05) € C(R2 L2(R)).
We call Bargmann multiplier associated with this family and we denote by J[05] the operator acting

on ¢ € L?(R%) according to
(5:2)  JW:(9)(x) = (2me)” B[¢](2)0; (x)dz = (QWE)d/ (95, 9)05(x)dz, = €RY.
R2d R2d

The Gaussian frame identity (2.5]) also writes with these notations
Tz = IdL2(]Rad)-

Indeed, J[¢5] is obtained by composition of the operator of multiplication by 65 by the Bargmnna
transform and its adjoint

d
2

Jlg] = (B%)* 007 0 B~
The formal adjoint of J[65] is
(53) T 0 (2me) 0 [ (62 g
R2d

These operators are bounded operators on the functional spaces E]g’ provided the family (65)c>0
has nice properties.

Theorem 5.1. Let ¢ > 0.

(1) Compactly supported measurable families. Let R > 0. There exists co > 0 such that for all
measurable z-dependent family (65)eso, for all k € N, £ € (0,&¢], for all ¢ € L*(RY)

171021121 <RI(@) s < (2m) ™ coll ]l 2 R2d|8|1§;\\9§\\z§-

(2) Wave packets. Assume 07 = X°(2)WPg () with § € S(RY), (A¥)es0 a bounded family
in L>®°(R%?,C) and ® a smooth diffeomorphism of R?¢ such that

Je>0, HeN, Vze R |Jp(2)| + [Jo(2) 71 < elz)’.
20



Then, there exists cj > 0 such that for all ¢ € L*(RY), k € N, ¢ € (0,¢0),
1T (D) lIzr < colIAcllzoell@l 21Ol srserzasa.

It turns out that for some families the set of integration in the Gaussian frame equality can be
chosen compact. This is discussed in Appendix [C]

Proof of Theorem[5.1} Let us first prove the L?-estimate (k = 0) in both cases.
(1) By the Cauchy-Schwarz inequality, for 2 € R?, we have

T 1 <) (6°) |2 < (2m2) 262 / / 05 ()05 (2)da
|z|,|2|<R |J z€R4

1021 21105 || 2 dz dz’'
R

dzdz'

< (o) ol [

2,2’ |<
2
< e R (2me) 7| ¢]| 72 ( sup ||9§HL2>
|2|<2R
where ¢; > 0 is a universal constant.

(2) Let (z,y) — k°(x,y) be the integral kernel of the operator J[#5]. Since the Bargmann transform
is an isometry, it is equivalent to consider the operator

B o Jl0:] o BZ,
the kernel of which is the function (R??)? 3 (X,Y) — kj(X,Y) defined by

BO0Y) = e [ gl R odody = (2m2) 7 [ (g2, 65) 0k 02)
ze

Therefore, by (3.4), k3(X,Y) satisfies

kg (X, V)| < (2me) 2 /
We deduce z
/RM K (X, Y)IAX < (2m) X7 o </de |W[go,go}(Z)!dZ> </de ’W[go,e](X)!dX> :

dz.

A (2)W g0, go] <Y\[_€Z> Wigo, ] (qw\[;‘)()

€R2d

[ e vy < v el ([ wlansdiay ) ([ w6l ez ).
R2d R2d R2d
and, by equations (3.5)), we deduce the existence of C' > 0 such that
/ |kg(X,Y)|dX —i—/ |kg(X,Y)|dY < CM||0||s2d+e+1.
R2d R2d

We then conclude by Schur Lemma and obtain
1B° 0 T102] o (B°)"|| (r2meay) < CM [|A°[| Lo [|0]s2avet1,
and so it is for J[60%].
(3) For concluding the proof when k # 0, we use that for o,y € N? and ¢ € S(R?),
2%(e8:)) TN03] = T[x(e0:) 07,
with
% (e0,)"WPL(0) = WP ((q + vex)*(p+ veDa)0)

and one then concludes as in the proof of Lemma by noticing that, if |a| + |y| = k, we have for
all n € N,

(g + V) (p + VEDL) 8llsn < (2)"[|6]|snss.
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This finishes the proof. O

These results extend to the adjoint of J[05] (see (5.3)) for its formula).

Corollary 5.2. Under the assumptions of Theorem[5.1] (2), the family of operators J[05]* (see (5.3)))
satisfies the same kind of estimates than the family J[05].

5.2. Bargmann multipliers and classical flow. In this section we analyze the properties of the
operators J[05] when (65)c~¢ is of the form

(5.4) 05 = =5 Eu(2) WP, (0(2, ),

2 =

with 6 € C®(R?? S(RY)), S € C®(R*,R), u € C®(R*,C) and ® a smooth diffeomorphism
satisfying the assumptions of Theorem We are interested in the case where S and ® are
linked in the same manner as when they are the flow map and the action associated with classical
trajectories. Therefore, we consider the following set of Assumptions.

(i) There exists ¢ > 0 and ¢ € N such that
Vz € R |Jg(2)] + |Ja(2) Y| < ()"
(ii) Setting ®(z) = (P4(2), Pp(2)) and

we have
ViS(z) = —p+ A(2)®,(2) and V,S(z) = B(2)®p(2), 2= (¢,p)-

(iii) For all k € N, the quantities sup_cgea [|0(2,)[Isx, Supjaj<i [|02 S| and supq <y |05 ul Lov,
are uniformly bounded in z.
We point out that the property (ii) is satisfied by the action associated with the flow map (see

Section .

Lemma 5.3. Let L = 9, — i0,. Let 6 € C®(R?*? S(R?)), S € C*(R*,R), u € C*°(R?*¢,C) and ®
a smooth diffeomorphism satisfying Assumptions (i), (ii) and (iii). Then, the following equality
between operators in L(L2(R?),$F) holds for k € N:

J [ueés WPS (L& — L<I>qu)9)] — —iVeT [Lueés WP%(@)} N [ueés WPE (L6)] .
Note that we have
(5.5) Lo,(z) = C(z) —iD(z) and L®4(z) = A(z) —iB(z).

Condition (ii) implies that the equality of Lemma 5.3/ holds formally. Conditions (i) and (iii) ensure
the boundedness of the operators involved in the estimates.

Proof. The integral kernel of the operator J [u esS WP5 (0)] is the function

(z,y) — k(z,x,y)dz
zER2d

defined by

k‘(z,x,y) = (2W€)_du(zaw)e§S(Z)g§(y)WP%(z)(9(z> ))(113), (IL’,y) € Rda kS RQd'
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We aim at calculating Lk. We observe for z = (¢,p) € R??, y € R? and
LS(z) = —=p+ (A(2) — iB(2)) LPp(2),

L () = L(Ip +iLa)(y — 0) + pLalgZ(y) = poily).

L (WPS,)(0(2,)) ) = WP, (LO(=,)) +

\ngP%(z) (L®p(2)x — LPy(2)D2)0(2,-))

~ LWPS ) (A(2) — iB(:) Ly(0(z, )
We obtain
Lk(z,,9) = %) (Lu(z,2) g200) WP, (002, ) () + ulz, 2) 655) WPy, (LO(2, ) (@)
+ e, 0) 6500 WP (L0y(2)2 — Ly (2) Do)z, ) (x)

The result then follows from the integration in z € R?9, g

The case of Gaussian functions @ is of particular interest. Indeed, if (z,-) = ¢®*) with © €
C>®(R?? &t (d)), we have for z € R? and z € R??,

(5.6) (Ly(2)z — Ly(2) D) g (2) = (LBy(2) — LB (2)0(2))z 9P (2).
We set
Mg (z) := L®p(2) — LPy(2)O(2).
By , we have the equality between matrix-valued functions
(5.7) Mg = (C —iD) — (A—iB)© = (A—iB) [(A—iB) *(C —iD) - ©] .
Note that this matrix Mg is invertible because (A4 +iB)~}(C +iD) — © € &7 (d) (as the sum of

two elements of &1 (d)). These observations are in the core of the proof of the next result which is
a corollary of Lemma [5.3] when applied to Gaussian profiles.

Corollary 5.4. Let k € N. Let © € C®°(R?!,&%(d)) such that Mg is bounded together with its
inverse, let S € C°(R? R), u € C°(R%?, C) and ® a smooth diffeomorphism satisfying Assump-
tions (i), (ii) and (iii). Then, in L(L*(R?), ¥ (R%)), we have the following properties:

(1) For all1 < j <d,
(5.8) T |uetS WP (1,6°)| = 0(V2).

(2) For all K € C®(R%*,C%?), in L(L*(R?), S¥(RY)), we have

i 1 i
(5:9) T [uetSWP5 (Ko 2g®)| = =7 [uTr (K Mg' L&) 55 WP5, (9°)] + O(e).
with
KM Lo, = K [(A—iB) Y (C —iD)-©] .

(3) For all a € N¢ with |a| = 3,
(5.10) J [u eéSWPfD (xo‘ge)] = 0(/2).
Remark 5.5. More can be said about the y/z-order term on the right-hand side of (5.8]). By revisiting
the proof below, one sees that there exists a real-valued smooth function z — ¢(z) such that

J [u egSWP‘% (xge)} = —iveJ [u eg‘gWP‘% (c(z)gg)} + O(e).
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Proof of Corollary[5.4] One uses (5.6) and Lemma that we apply to § = ¢®. It gives that in
L(L%(R%), 2k (R9)), the following vector-valued relation holds

J [ueés WPS, (a:g@)} —J [ueés WP, (Mg (L®px — LQqu)ge)} — O(V3),
whence .
Secondly, with L € C>(R?? C%%), we associate the matrix K’ such that K = ‘K’Mg. We have
(L®px — L®¢D,) - (K'2g®) = (('K'(L®, — L®;0))x - & — Tr('K'L®,)) ¢°
=Kz - 2g° — Te(KMg'L®,)g°.
It remains to prove that in £(L?(R?), ©¥(R?)), we have
(5.11) J [u etS WP ((Lbyz — LO,D,) - (K’:Ege))] = O(e).
We first apply Lemma to the function 8 = K'z¢® and we write
J [u et WP, ((L&pz — LO,D,) (K’xg@))}
— —iVET |LuctS WP (K'zg®) + uets WP (K'w L(¢®)) |
We use the relation and obtain in £(L?(R?), ©¥(R?)),
(5.12) J [ueés WP5 ((L®pz — L&, D,) - (K’xg@))] = —iVET [uei'SWbe (K'wL(ge))] +O().

We calculate
L(g?) = 290 1 (16w - 2)g°,
co
with
(LOz - 2) 2 ¢° = (LOx - ) Mg  (L®pz — LP,D,)g°

= Mg'(L®pz — LO,D,) ((LOz - )¢°) — 2M5' L&, LO x ¢°.
Therefore, there exists matrices K1 and K such that, setting 6 = (LOx - ) ¢®, we have

K'z L(g°) = Ki129° + Ko(L®pz — LO,D,)0.
We deduce

J [ueﬁs WP5 ((L®pz — LB, D,) - (K/xg@))] = —iVeT[K126%) — iveT |[K2(L®yz — L Dy)d)]

and we obtain (5.11)) by Lemma applied to the function 6, and by the relation (15.8).

For treating a term with a coefficient ?, with |B] > 2, we will use a recursive argument. Indeed,
we have

(Lgx — L, D,)(279°) = 2? (L&), — L&O)zg® — Y~ Vya’'g®
18/|=181-1

for some vector-valued coefficient V. We are left with the relation

(5.13) (L®gx — LD, ) (2%9%) = s’ Mozg® — >~ Vaa'g®.

18'1=18]-1
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We are interested in a term of the form z®¢® with |a| = 3. We write a = B+e, |3| =2 and |e| = 1
and we consider the vector-valued function z” £¢g®. We apply the relation (5.13) to B € N¢:
2P 2g® = Mél(:cﬁ Myag®)
= Mg (L®gx — L&, D,)(z%g%) + Y Mg'Va™'¢®.
|8'1=1
Therefore, Lemma and the first relation of the corollary gives the result. ]

5.3. Thawed Gaussian approximation. We continue with the notation of Section and keep
the memory of the initial point of the classical trajectories. We consider the trajectories z(t) =
(q(t),p(t)) =: ®'(2)) when z(0) = z, the associated actions S(t) =: S(t,2). We denote by I'(t, 2)
the width of the Gaussian profile associated with the initial data go according to Remark [4.3] We
define the operator

(5.14) Ta(f) = ey [ et ighie) a

R2d
This operator belongs to the class of operators defined in Section [5.I] and we have

T = TIO(0)), with 05(t) = o252 L=<,

In particular by Theorem (2) and Lemmata and for all ¢t € R, the operator JY is a

bounded operator on the spaces E’g.

It is proved in [22} 23] that the operator J approximates the propagator ei*H where H is the
semiclassical Schrodinger operator H = —% + V(z) involved in equation (5.1)).

Theorem 5.6. For all T € R, there exists Cp such that the solution of (5.1)) with initial data g
satisfies

sup [|9°(t) — T (¥6) Il z2®ey < Orll5 ]l c2e-
te[0,T

Proof. This result comes from combining elements described above. By the linearity of the integral,
the frame identity (2.5) implies

WF(t ) = e s (2) = (2me) ¢ / (g5, v5)e s 1 g2 () dz.

R2d
By Theorem for all z € R??,
T g () = e SR gLl ) 4 2SR B WP ) (u (1, ) + VEWE (L) (@)
with w®(t,-) € S(RY) and for all k € N
[w* (£, )|lsr < Ce.

[§]

Therefore, setting
9§(t7 ) = eéS(t72) WPCDt(z) (ul(tv ))a S RQda )
we obtain by Theorem

[9°(t, @) — T (W5) — Ve TIO(t, DG 2 gay < Ce 1Vl L2 (ra)-

We conclude the proof by observing that Corollary and Remark imply that the operator
JI05(t,-))] is of size /¢ in L(L?(R?)) for all ¢ € R.
]
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5.4. Frozen Gaussian approximation. The frozen Gaussian approximation is derived from the
Thawed gaussian approximation by getting rid of the time-dependent variance matrices I'(¢, z) at
the proce of adding a scalar coefficient inn the integral. It was first proposed in [11], and then
studied in [22, 23]. The so-called Herman-Kluk prefactor a(t, z) is defined by

(5.15) a(t, z) = 272detY? (A(t, 2) + D(t, 2) + i(C(t, z) — B(t, 2)),
where A(t,z), B(t, z), C(t,z) and D(t, z) are the d x d matrices associated with the differential of
the flow map according to (B.5)). One then sets
(5.16) Ji(f) = (2775)d/2d esS(t2) (g2 falt, Z)in;t(z)dz
R

Theorem 5.7. For all T € R, there exists C = Cp such that the solution of (5.1|) with initial data
Y satisfies

sup [|[9°(t) — J5(¥5) | L2mey < Crll§] L2
te[0,T]

Proof. We use an argument of continuous perturbation for passing from Jj to Jf. We fix t € R
during all the proof. We set for s € [0, 1]

O(s;t,z) = (1 —s)T'(t,2) + isld,

so that ©(0,z) = I'(¢,2), as the width of the Gaussian involved in J¢, and O(1,s) = ild, as the
width of the Gaussian in J!. We consider the partially normalised Gaussian function

Glsst,y) = (m) " 1es®y, y e R
The aim is to construct a map s — b(s;, z) such that for all s € [0,1] in £(L%(R?)),
& T 105(:1)) = OE) with 05(s51,) = bls £, 2) WP (s . ).
Choosing b(0; ¢, z) = 1, we have
T = T 105(0;8,)]
and we will obtain in £(L?(R%)) for all s € [0, 1],
T = T [05(s:t,)] + O(e) = Ty + O(e)

provided b(1; ¢, z) coincides with the Herman-Kluk prefactor a(t, z) defined in ([5.15]). For construct-
ing the map s — b(s;t,z), we compute

d

& T 0ssst. ) = T (0051, )
with

9:02(s;t,-) = Osb(s; 1, 2) WP () (g(s:t,y)) + +%b(8; t,2)WPgi (. (859(8; t,2)y - yg ® (sit, y)) :

We use equation (5.9)) of Corollary to transform the second term of the right-hand side and
obtain

T [b0s:1, ) WP (000531, 2)y -y (s )] = T [b(s:1, ) WP, (TH(O1 ()35 )| + O(e)
in £(L?(RY)) and with

O1(s3t,2) = 050(s;t, 2) [(A(t, 2) —iB(t,2)) " (C(t, 2) —iD(t, z)) — O(s;t, z)]_l :
Let M(s;t,z) be the matrix associated with ©(s;t,z) according to (5.7). We have

OsM (s5t,2) = —(A(t,z) —1B(t, 2))0s0(s; t, 2).
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We deduce
O1(s;t,2) = —(A(t, 2) —iB(t,2)) 10 M (s;t, 2)M (s;t,2) 1 (A(t, z) — iB(t, 2))
and
Tr(01(s;t,2)) = =Tr(dsM(s;t, 2) M (s;t, 2) 1) = —detM(s;t, 2) "L O, (detM (s;t, 2)) .
Therefore, the condition
0sb(s;t,2) — %TI‘(BSM(S; t,2)M(s;t,2) " Db(s;t,2) = 0

that we have to fulfilled, is realized by
_ detM(s;t,2)
~ detM(0;t, 2)

and we have b(1;t, z) = a(t, z), as expected.

b(s;t,2) b(0;t,2), s€[0,1],
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APPENDIX A. DEVOIR

On considere I'ensemble A des fonctions a € C>(R3?) vérifiant les deux propriétés :

(i) 11 existe un compact K C R?? tel que pour tout n € R?, (z,€) — a(x,&,n) est a support
dans K.
(ii) Il existe Ry > 0 tel que si |n| > Ry, alors

V(z,€) € K, a(z,{,n)=a <x,§, ‘Z|> i

On utilise dans cet exercice la quantification de Weyl.

A. On note as(z,&) = a (:L‘, &, %) et on consideére 'opérateur T° défini sur L?(R?) par

Te f(x) = V4 f(Vex), Vf e LA(RY), Vo e RY

(1) Montrer que le noyau de 'opérateur T¢op,(a:)(T°)* est de la forme

—dj2, (T+Y Ty

(x,y) e k5< 5 \/§>
pour une fonction k. € S(R??) que I'on calculera en fonction de &.

(2) Montrer que (X, v) — ko(X,v) est bornée uniformément en e sur le compact {|v| < 1}.

(3) Soit N € N, montrer que (X,v) + [v]*Nk.(X,v) est bornée uniformément en e sur
I’ensemble {|v| > 1}.

(4) Déduire des questions précédentes:

3C >0, Ve >0, / sup |ke(X,v)|dv < C.
R4 X eRd

(5) Montrer que la famille d’opérateurs Top, (ac)(T¢)* est bornée dans £(L?(R?)) et en déduire
qu’il en est de méme pour (op,(ac))e>0-
A bis (préparatoire au B). Soit a € A.
(1) Montrer qu’il existe une fonction b. € C>®(R??) telle que

T op.(as)(T°)" = op,/z(b:).

(2) On note opXY la quantification de Kohn-Niremberg (ou quantification classique). Montrer
que
0P (ae) = ops™ (ae) + O(Ve)
dans L?(R%). On pourra utiliser les résultats du cours pour le parametre semi-classique +/e.

B. Soit ¢ € S(RY), (z0,&0,wo) € RY x R x R? et 3 € (0,1]. On pose

oy — B .

ut () = e~y <xscg\/gawo) exp <2x €§O> , Vz e R%

(1) Montrer que (uf).>¢ est une famille bornée de L?(R?).

(2) Soit b € S(R??), déterminer la limite de (op,(b)u®,u?) suivant les valeurs de 3.

(3) Soit a € A. On choisit g = 0, wy # 0. Déterminer suivant les valeurs de g la limite de
(op.(as)u®,u®) lorsque ¢ tend vers 0.
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APPENDIX B. EXERCICES

Exercice 1 - Retour sur la propagation des paquets d’onde.
(1) Montrer que si ¢* = WP,(y) pour un certain z = (¢, p) € R?? et une fonction ¢ € S(R?),
alors _
d i
vy € RY, p(y) = ese VE"4e (g + Vey).
(2) En utilisant la question précédente, montrer que si a € S(R*?), z = (¢,p) € R* et ¢ €
S(RY),
opy (a)WP.(p) = WP (op] (ac:)¢)
avec ag - (y,n) = a(q++/cy, p++/en). Vérifier que les semi-normes de Schwartz de la fonction

opY (e, )¢ sont uniformément bornées par-rapport a e.
(3) Soit u une fonction de L2(R9) telle que

0(t,y) = — 5 Mu(t,y) + By - yult,y) + Lt p)ult,p) + F(1), u(0,9) = uo,

out— B(t) et (t,y) — L(t,y) sont continues et bornées, et ¢t — f(¢,-) continue de R dans
Y1 (RY). On suppose que u(0,-) € ' (RY). Montrer que pour tout ¢ € R, u(t,-) € L' (RY)
et donner une estimation de ||u(t,-)||s1.

(4) Vérifier la récurrence de la derniere preuve du cours de la semaine derniére (Théoréme [4.6)).

Exercice 2 - Solutions gaussiennes de I’équation de profil. On considere I’équation de profil
associée a I’équation de Schrodinger du cours précédent avec une donnée initiale gaussienne

. 1 1 APy
(B.1) Wt y) = —5Ault,y) + 5V (a(®)y - yult,y), u(0,y) = coez VY

ot Ty est dans I'espace de Siegel des matrices symétriques de C%¢ & partie imaginaire strictement

positive, et ¢y € C choisi pour que ||u(0, )|z = 1.

(1) Montrer que si u(t,y) = c(t)eér(t)y'y est solution de I’équation avec I'(t) une matrice com-
plexe symétrique, alors les applications t — I'(¢) et ¢ — c(t) vérifient

(B2) () + T2 + V" (g(6)) = 0, T(0) =T,
o) = —%c(t) TeT(t), c(0) = co.

La suite de I'exercice vise a résoudre I’équation (B.2|) dans I'espace de Siegel.
(2) Caractérisation de ’espace de Siegel. Soit Q et P deux matrices de C%? telle que la
matrice de R2%24

_ (ReQ ImQ
(B-3) Y_<ReP ImP)

soit symplectique. Montrer qu’alors @ et P sont inversibles et C' = PQ~! est dans l’espace
de Siegel avec

(B.4) ImC = (QQ*)™ .
Réciproquement, montrer que toute matrice complexe symétrique C' a partie imaginaire
définie positive s’écrit C' = PQ~! avec Q et P vérifiant (B.3) et (B.4).
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On vérifiera que la condition (B.3|) équivaut a
tQP—'PQ =0 et Q*P — P*Q =2i1d,

et on remarquera que la factorisation (B.4]) n’est pas unique car on peut multiplier @ et P
par une matrice unitaire tout en conservant .

(3) Supposons que la donnée initiale de I'équation s’écrive I'y = PoQy ! ’apres la question
précédente. Montrer que I'(t) = P(t)Q(t)~! avec

Q(t) = P(t), P(t)=-V"(q(t)Q(), Q0)=Qo P(0)= P,
fournit une solution de 1’équation (B.4]) qui est bien dans I'espace de Siegel. Vérifier que
I’on peut prendre ¢(t) = 7~%*(det Q(t)) /2.

(4) Vérifier qu’en prenant comme donnée initiale la matrice I'(0) = iId, la solution précédente
coincide avec la fonction I'(t) construite comme suit: soit F'(¢, z) satisfaisant au systeme

OF(t,2) = (—Hess(e/(q(t)) Id()Rd) F(t,z), F(0,z) = Idgaa,

posons

B(t, z)
(B.5) F(t,z) = (C(t,z) D(t,z))

alors
L(t) = (C(t, z) +iD(t, 2))(A(t, z) + iB(t, 2)) 1,
c(t) = Tdet V2(A(t, 2) + iB(t, ).

On remarquera que la fonction F(t,z) = 9,®'(z) € R?? ou ®!(2) = (q(t),p(t)), 4(t) = p(t)
et p(t) = —VV (q(t)) vérifie bien le systéme considéré. La matrice I'(¢) peut donc se calculer
a partir des équations des trajectoires classiques, en les dérivant.

Exercice 3 - Paquets d’onde de Hagedorn. On va construire une base Hilbertienne de solutions

de I'équation (B.1)). Si Q et P sont des matrices satisfaisant & (B.3) et (B.4)), ¢, p € R?, on introduit
I’échelle de Hagedorn, c’est a dire 'ensemble de ces 2d opérateurs

1 1
A=——("Ply—q) — 'Q(D, —p)), A*=—=(P*(y—q) — Q*(D, —p)).
\/5( (y—a) — 'Q(Dy —p)) \@( (y—a) — Q" (Dy —p))
On notera A = (Ay,---,Ag) et A* = (A],---, A%). Dans la suite, on suppose ¢ =p = 0.

(1) Préliminaires. Vérifier que sid =1, @ = 1, P = i, A et A* sont les opérateurs de
création et d’annihillation associés & I'oscillateur harmonique 2% — 2. Vérifier que .A;f est
bien I’adjoint de Aj, et que [Aj, A] = 0. '

(2) On pose I' = PQ71, et, pour y € R, o[Q,P](y) = ce2¥¥ ol ¢ est choisi pour que
llpollz2 = 1. Montrer les relations suivantes

AesTVY =0, A;A5p0 = po. Ajdipo = AAgoo =0, 1<j#L<d.

(3) Fonctions de Hagedorn. On note e; le multi-index e; = (0,---,1,---,0) avec un 1 a
la j-ieme place, et on construit la famille (g )ene par récurrence en partant de ¢g et en
posant

1 .
Sok+ej = 7-’4*@0’67 ke Nd7 1 S J S d.

\/kj-f—l J
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Montrer que ¢; est dans le noyau de Aj.Ay si € # j, et est vecteur propre de Aj.A; pour la
valeur propre 1. Vérifier les relations (lorsqu’elles ont un sens)

Aj Aok = (kj + Dk, AjAjor = kjpk, Pr—e; = 7A'80k, keN, 1<j<d
J
Montrer que la famille (¢g)ene est orthonormée.
(4) Montrer qu'il existe une famille de polynomes ¢y de degrés |k| = k1 + - - - + kg tels que

or(y) = \/ﬁpk@‘ly)@o(y), y € R

Montrer que la famille (¢g)ene est une base Hilbertienne.
(5) Que se passe-t-il si g et p ne sont pas nuls?

Exercice 4 - Existence de solutions pour I’équation de Schrédinger avec potentiel
quadratique dépendant du temps. On veut résoudre 1’équation avec une donnée L2
quelconque. On considere la solution gaussienne construite a 1'Exercice 2, que 1’on note ¢o(t,y),
ainsi que les matrices Q(t) et P(t) associées. On choisit la base (¢g(t, -))zene construite a I'aide des
matrices Q(t), P(t) dans ’Exercice 3, et en prenant ¢ = p = 0. Montrer que pour tout 1 < j < d,

: 1 . 1.,
Aj(t) = S[A, H] et Aj = ——[A7, H].

Montrer que les fonctions ¢ (t,-) donnent une base hilbertienne de solutions de I’équation (B.1])
En déduire l'existence d’une solution pour toute donnée initiale dans L?(R). Que peut-on dire si
ug €S (Rd) ?

Remarque. En ajoutant au bon endroit le parametre semi-classique, en faisant varier les points ¢(¢
et p(t) et en ajoutant I’action classique, on peut construire ainsi des base Hilbertiennes de solutions
approchées d’une équation de Schrodinger semi-classique a potentiel sous-quadratique. Pour lus de
détails, on renvoie a 'article de review de Caroline Lasser et Christian Lubich, Computing quantum
dynamics in the semiclassical regime, Acta Numerica, 2020.
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Examen

30 mars 2026 — 3 heures — documents autorisés
On pourra admettre le résultat d’une question et continuer [’exercice.

Le but de ce probleme est d’analyser un systeme de deux équations aux dérivées partielles couplées.

A) On travaille dans L?(R). Déterminer s'il existe un état cohérent solution de ’équation
ie0)®(t,x)) = (eDy + )Y (t,z), ¢¥i(0,-) = WP, (¢), = €R,

o1 p € S(R) et z9 = (qo,po) € R%. On notera z(t), ¢(t,-) les parametres du paquet d’onde et S(t)
I’action.

B) On travaille maintenant dans L?(R,C?). On dit que f = *(f1, f2) € L*(R,C?) si f; € L3(R) et
fo € L?(R), et, en notant | - |c2 la norme hermitienne sur C2, on pose

112w c2y = 1f1ll72w) + I f2ll72g) I/le(t, 7)|Zeda.

Dans L2(R,C2), pour z € R2, ¢ € S(R) et V = (V4,V5) € C°(R,C?), on notera WP, (¢V) la
fonction & valeurs dans C2 dont les composantes sont WP, (V) et WP, (pV5).

Dans cette partie, ) est une fonction C'*° bornée, de R dans I’ensemble des matrices symétriques
réelles, et dont les dérivées a tout ordre sont bornées,

(1) Montrer que si z = (q,p) € R?, ¢ € S(R) et V € C2, on a les propriétés suivantes
(a) QUz)WP,(p)(2)V = Q(z)WP,(oV)(z), Vz € R,
(b) IOWP.(o)V | 2r,c2) < Sg%‘Q(w”(cmH‘?H@H‘PHL??

(¢) Q) WP, (p)(2)V = WP.(¢)(@)q)V + Ver(z), Yz €R,
avec [[r€||p2m,c2) = O(1),
ou l'on a noté |M|c22 = supy<; j<o |M; ;| la norme matricielle.

Dans (¢) peut-on pousser le développement a lordre € ? Si oui, écrire le terme d’ordre /.
(2) Soit s € R. On considere ’équation différentielle sur I’ensemble des matrices 2 x 2

i0U(t,s) = Qt)U(t,s), U(s,s)=Idce.

Montrer qu’il existe 7 > 0 tel que pour tout s € R cette équation a une solution sur
I'intervalle [s, s + 7]. Montrer que pour tout s € Ret ¢t € [s,s + 7], U(t, s) est unitaire. En
déduire que 'on peut prendre 7 = +o0.

C) On considere le systeme d’équations dans L?(R, C?) donné par
(B)  ie0"(t,2) = (eDs + 2)ldeo +e0(2)) ¥2(t,2), (£,2) R X R,
Y5(0,) = WP, (p)é, ¢ € S(R), 2 =(0,0), &€ C%
(1) Vérifier que sous condition d’existence, on a bien [[¥°(t,)||r2r,c2) = [[¥°(0, )l z2(r,c2) et

exprimer cette norme en fonction de ¢ et €.
(2) Montrer que

VT >0, 307 >0, sup [[0°(t,) — e SOWP,((t, )e(t) |22y < Orve,
te[0,7
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ot p(t,-) € S(R), S(t) € R, z(t) € R? sont les parametres de la question A pour un
certain zp que 'on précisera, et €(t) = U(t,0)e (U(t, s) est la matrice unitaire introduite &
la partie B).

(3) On cherche a améliorer cette approximation. Trouver des conditions que doivent vérifier
u(t,-) et V(t,-) pour que la fonction

(Z) wiapp = eéS(t) (WPz(t) ((p(t, ))U(t)5+ \/EWPz(t) (U,(t, ))V(t))

approche ¥¢(¢,-) & O(g) pres (on établira une ODE pour V (£), on les résoudra en utilisant
Papplication (¢, s) — U(t, s) et la formule de Duhamel).

(4) Que devient ce résultat si 'on prend zg = (¢q,p) quelconque pour la donnée initiale de
I'équation (E) ?

D) On veut maintenant construire un opérateur intégral de Fourier approchant les solutions de
I'équation (E) pour des données 1) € L*(R, C?) quelconques.

N

(1) Expliquez pourquoi il est suffisant de traiter le cas ¢ (z) = f(x)€ ou € est n’importe quel
vecteur fixé de C? et f € L*(R) quelconque.
(2) En utilisant la famille des gaussiennes (g5).~¢, .cg2 Proposer une représentation intégrale

des solutions de (E) avec donnée f(x)é & O(g) pres dans L?(R, C?).
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APPENDIX C. FREQUENCY LOCALIZED FAMILIES

The estimate (1) of Theorem [5.1| suggests to consider families of initial data for which the frame
identity (2.5) can be taken compactly supported with a reasonable (controlled) error. This is
realized by the notion of frequency localized families.

Definition C.1. Let (¢°).~0 be a bounded family in L*(R%). We say that (¢f).~o is frequency
localized at the scale B > 0 if there exists constants Rg,Cg,eg > 0, Ng € N, Ng > d + % such that
for |z| > Rg and € € (0,¢eg],

B°[67](2)] < Cpe” (2) 2.
In other words, if (¢°)c0 is frequency localized at the scale § > 0, its Bargmann transform has
polynomial decay at infinity and is controlled by & outside a ball B (0, Rg).

The set of frequency localized functions is a subspace of L%(R?). Moreover, in view of

(9200 69 = [{9p.—g F°6°)]

it is stable under the action of the e-Fourier transform. Moreover, one has the two following
properties:

(1) If (¢5)e>0 and (¢5)e>0 are two frequency localized families at the scales 81 and 2 respec-

tively, then for all a,b € C, the family (a¢] + b¢§)->0 is frequency localized at the scale

min(S1, Ba).
(2) If (¢°)e>0 is frequency localized at the scale 8 > 0, then it is also frequency localized at the

scale 8’ for all 5’ € |0, 3].
The relation of this notion with respect to the decomposition on the Gaussian frame stated as

follows.

Lemma C.2. Let (¢°)->0 be a frequency localized family at the scale B > 0. Let Rg,Cg and Ng
be the constants associated to (¢°)e>o according to Definition . Let k € N with Ng > d + k.
Then, for all x € L*(R) supported in [0,2] and equal to 1 on [0,1], there exists C > 0 such that
for R> Rg and e € (0,1],

1/2
£ _ € |Z’>:| € <CC B —2(Ng—k:)d

In the following, we will use the notation

(©1) = oo ()] 0 = 5 (i)

Remark C.3. Lemma can be used in different manners.
(1) If B > 0, then J[g5x(|2|/R)](¢°) approximates ¢° in L2(R?) as £ goes to 0 in any space
Yk (RY) with k € N such that Ng > k + d, and uniformly with respect to R > Rg.
(2) If 8 > 0 (including 8 = 0), then the same approximation holds by letting R go to +o0, and
it is uniform with respect to €. In particular, when g = 0 we have

o -7 e ()] @)

f@%%%@”jpéﬁw%ﬂ@w
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< CR~(Ns—k—d),

lim sup ‘
e—0

2E(RY)

Proof. We set



and consider k € N. For R > Rg, a,v € N¢ with |a| + |y| = k, we have

”5Ua(5Dz)v7“€”2L2(Rd) < (27T5)_2d/Rd/| R/ | R<9§a¢a> (95, ¢%) 92 (x) g2 (2) dow dz d2'.
z|> 2>

where

(C.2) 920 = *(eDy) g5 = WPS (g + Vey)* (p + VEDy)'g0) , 2 = (q,p).
We will use that for all n € N, there exists ¢, > 0 such that for all z € R2d
(C.3) 1987 lsn < cnpl2)".

By (3.4), we obtain
2 (D) |22 gy

/
2 e28 (27me)~ / / 2) N6 ()~ NﬁWgz,g < z>dzdz'.
|z|>R J|Z|>R [ : EZ] \/‘g

Besides, by (3.5 , there exists a constant C] , such that

Wlg22, g2 21(0)] < G (O () (NE

We deduce the existence of ¢ > 0 such that

o
o (€De 1 g < eCh et [ [ gy Nk Nt (222 g
2>k J)2 >R Ve
<ecqer® [ [l kit RNk g s,
|z|>R
Since —Ng + k < 0, Peetre inequality (3.6) gives

(2 + VEQ) Natk < 975 ((/aq)Nak(z) Ntk <

by restricting ourselves to € < 1. Therefore, there exists a constant ¢ > 0 such that

|12%(eD2) 7% |32y < cC5 ™ ( / <c>—"+Nﬁ—’“d<> ( / <z>‘2<Nﬂ"“>dz>
R2d |z|>R

and we conclude the proof by choosing n = Ng + k + 2d + 1. O

(N k() N,

Let us conclude this section by some examples.

Example C.4. (1) Let (¢°).0 be a bounded family in L?(R%) such that ¢° = Idj; <9 and
Fe¢® = Idjg<p Fo¢° for some M > 0. Then, (¢°)c>0 is frequency localised at any scale
> 0.

(2) Let o € S(RY and zp = (qgo,po) € R??. Then, the family (WP, (¢))e>0 is frequency
localized at the scale 8 for any 8 > 0. ‘

(3) Let a € C°(R%) and S € C®°(RY). Then, the family (e=*®a).~¢ is frequency localized at
the scale g for any g > 0.

An important consequence is related with the notion of compacity and of e-oscillation that are
often considered in semi-classical analysis. We recall that the uniformly bounded family (¢%).~0 is
said to be compact if
limsup/ |6 (z)Pdz — 0.

e—0 |z|>R R—+00
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It is said to be e-oscillating when

: " 2
th(lle/gpfj |#°(€)I"dg  — 0,
or, equivalently, when its e-Fourier transform (F©¢°).~¢ is compact. Therefore, a family which
is simultaneously compact and e-oscillatory can be approached by frequency-localized families,
uniformly in e. In view of its importance, we terminate this paragraph by discussing the case (1) of
bounded families that are compactly supported and have e-Fourier transform compactly supported.
The two other ones are treated in the Appendix.

Analysis of case (1) in Example . Without loss of generality, we may assume M > 1. We start
with the observation that by assumption, for all z = (g, p) € R%*

(C.4)
R 2
B (7] (2) 2 < (2m2) g5 L gy cnr) |22 = (2me) / e da < (2me)~ Mo EM I
x|<M
Similarly, by Plancherel theorem,
(C.5)
l&—p|? Ip|®
B°[6°)(2)]? < (2me) ™| Fegiligjenn) 72 = (27T€)d/ e dg < (2me)d Mo MY
[€l<M

We now consider for n € N, |z| > 4M? and 8 > 0, the quantity e=%|z|?"|B%[¢°](2)]?.
(i) If || > 2M? and |p| > 2M?, then we find constants C,C’ > 0 such that
e 12 |B @] (2)” < C e (g™ + [p*™)|B[¢7](2)

2
|

_4_ _lal® 2 _p? 2
< C,MdE B—d <|q’2ne —+ZM|q| + ’p|2ne - +5M|p|) ’

where we have used (C.4) and (C.5). The estimate comes from the observation that the
right-hand side converges to 0 uniformly in € on the set {|q| > 2M?} N {|p| > 2M?}.
(ii) If |q| < 2M?, then necessarily |p| > 2M?2. We follow the same line of discussion and write

e |2 B[0%)(2)]7 < Cem P (MM + |p*™)|B°[¢°] (=) >
We then use (C.5) to obtain

2
B2 B [65] ()2 < CePd(M*  |p[27) Mo~ B +EMIP,
and conclude similarly.

(iii) If |p| < M?, then necessarily |q| > 2M?, and we argue as in the preceding step exchanging
the roles of p and gq.

This terminates the proof. (|
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