SEMI-CLASSICAL ANALYSIS ON GRADED LIE GROUPS

CLOTILDE FERMANIAN KAMMERER

ABSTRACT. This text consists in the lecture of a Spring Class given in Goéttingen in April 2024.
The material is taken from works started with Véronique Fischer and extended in collaborations
with Cyril Letrouit, Steven Flynn and Lino Benedetto. We explain how the semi-classical approach
that has been widely used in the Euclidean setting since the 70s can be extended to the case of
nilpotent Lie groups.
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1. INTRODUCTION

Semi-classical analysis has its roots in the foundations of quantum mechanics. Simultaneously

with this new theory arose the question of understanding the links between classical and quantum
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mechanics. It turned out that the Planck constant A can be understood as the obstruction to give
a classical description of a quantum particule by the simultaneous knowledge of its position and its
impulsion. This is expressed by the Heisenberg uncertainty principle that we first discuss.

1.1. Uncertainty principle. In quantum mechanics, a particule is described by a probability
measure |1 (z)|2dz, with ¢ a normalized square integrable function on the configuration space R%,
called its wave function. Denoting by x; the coordinates of x € R?, the average position of the
particule is the expectation value of the observables x;

@ho = [ wlvtPds 1<
Similarly, the average impulsion is

Vo po» _ 1Tey 29 _1
o= [ BDovta) Ba)da = [ helDE) ot Doy = 10u

where we have used the Plancherel theorem for the Fourier transform. Considering the variance of
these expectation values,

(o = (o = (@)oo = [ (@ = o)) o(e)Pde.
(dy&)* = (& — (&)e) )y = / (& — (&) 1)1 2d§
Rd

m)d’
the Heisenberg uncertainty principle reads

(

The Planck constant A reflects the difference between quantum and classical mechanics, since,
in the latter, the position and the impulsion are deterministic variables that can be known with
precision. The subject of semi-classical analysis is to understand how one can derive classical
mechanics from quantum mechanics, by letting the obstruction & go to 0, even though £ is a physical
constant. Semi-classical analysis has led to the development of asymptotic technics that are now
used in various fields of applied mathematics. For this reason, we will skip the notation ki and
denote € a small parameter that is present in some problems of interest involving PDEs. Carrying
a semi-classical analysis of a problem consists in investigating the properties of a phenomenon of
interest in the limit € — 0, when ¢ is a small parameter present in the equation.

1.2. Gaussian wave packets. The uncertainty principle is optimal in the sense that there exists a
unique family among L?-functions that saturates the uncertainty principle. This family consists in
Gaussian wave packets. They are wave functions associated with a classical state z = (¢,p) € R??
according to
g(x) = (me) M exp(— 5|z — gI* + Lp- (¢ —q)), weR™
It is normalized, ||¢5||;2 = 1, and centered in z,

(Tj)gz = q; and (§)gs =pj, 1< <d,

and saturates the uncertainty principle:

dgszj = dg: &5 = \@ l<j<ad

Gaussian wave packets have the property of being very localized in the sense that if ¢ € C3°(R?),

(12) | #@lsz@)dz = ota) + O(V2)
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They also have this property in Fourier variable

(13) |, 92 @) () = 6(5) + O(VE),

o — ~

where ¢(eD) is the Fourier multiplier defined by ¢(¢D)f = ¢(€) f(€). This results from the fact
that, after rescaling , the Fourier transform of g5 has the same Gaussian structure

Dg o~ f -(=p)-q
e''% ¢S <€> =e" 2 g7, Jz=(-p,q € R2,

The relations (1.2 and (|1.3) suggest that the phase-space point z = (g, p) is the only obstruction to
the strong convergence to 0 in L?(RY) of the sequence g<: if ¢(q) = 0, then ¢gS converges strongly
to 0, and similarly, if ¢(p) = 0, then ¢(eD)gs too.

We close this short description of Gaussian wave packets by mentioning their additional frame
property: any wave function can be written as a superposition of Gaussian wave packets according
to the Bargmann formula: for all f € L*(R%)

_d
e 2

d
2

f=tomed [ B

where the Bargmann transform [3] is the isometry from L?(R?) into L?(R??) defined by
d
B:f] = (2me)"% (f,95)2, 2 €R*
This formula has been used to construct approximated propagators for Schrodinger equations
(see [25], 24]). We refer to the book [3] for more about wave packets.

1.3. Semiclassical pseudodifferential operators. The previous analysis of the Gaussian wave
packets suggests that the description of oscillating families requires a simultaneous analysis in
position and in a rescaled Fourier variables. The theory of semi-classical pseudodifferential operators
provided a tool for performing such a program. The quantization problem, or how to associate an
operator to an energy, also called Hamiltonian, is a question from quantum mechanics. It gives a
mathematical setting for exploring the correspondence between classical and quantum mechanics,
and analyzing oscillating phenomena.

Let a(z,€) be a semi-classical observable, i.e. a function of the Schwartz space S(R??). The
semi-classical pseudodifferential operator of symbol a is the operator op.(a) defined on functions
f e S(RY) by

(1.4) op. (a)f(z) = (2me) / a(a, €)e @) )y de.

R2d
This form is called the classical quantization, also called Kohn-Niremberg quantization, of the sym-
bol a [5, 27]. Other types of quantizations are possible like the, ‘left’ quantizations, where the
symbol appears in the form a(y,§), or the Weyl quantization that has the advantage to be a
symmetric quantization [17) 27].

The operator op,(a) maps S(R?) into itself and, by duality, S’(R?) into itself. Its kernel k. can
be expressed in terms of the inverse Fourier transform of a in the variable £

(1.5) k(z,v) = (27T)d/

a(z, £)e®vde, (x,v) € R,
R4

Indeed, one has

ke(z,y) = 4 K <w ‘ ; y) , (w,y) e R*.



As a consequence of the Schur Lemma, the operator op,(a) maps L*(R?) into itself and

lop-(a)l 222z < / sup |w(z, v)|dv
R4 zcRd

for C' > 0 independent of a and ¢.
Moreover, the set of pseudos is an algebra that enjoys symbolic calculus: if a,b € S(R??), then
in £(L*(RY)),
0p.(a)op. (b) = op. (ab) + = op. (Vea- Vub) + O ().
Regarding the adjoint, one has op.(a)* = op.(@) + O(¢) in L(L?(R%)).

1.4. Semi-classical measures. Even though the quantization is not positive, the Garding in-
equality gives positivity in the semi-classical limit: if @ > 0, there exists a constant C' > 0 such that
for all f € L?(RY),

(opc(a)f, f)r2 = —Cel| f| 2.

As a consequence if (f%).s¢ is a bounded family in L?(R?), there exists subsequences ey, k—> 0
—+o00

and a positive measure p on R?? such that for all a € S(R??,

(ope(a)f™*, f*) 2 — a(x, §)p(dz, df).

k—+oo JRr2d

Such measures are called semi-classical measures of the family (f€)c~o. They characterize the
obstruction to the strong convergence of f¢. For example, when considering Gaussian wave packets,
one has

(op.(a)gz, 92)r2 — a(2).
e—0
The family (¢5)e>0 has only one semi-classical measure which is the Dirac mass in z = (g, p).

1.5. Correspondence principle. The tools developed above can be combined with evolution
problems. Consider a real-valued Hamiltonian H, for example

_gP
for some ice function V. At the classical level, one associates with h the Newtonian trajectories

z — ®(2) = (q(t), p(t)) such that
q(t) = VeH(q(t),p(t), p(t) = —VaH(q(t),p(t)),

with initial value (¢(0),p(0)) = z = (¢, p) € R?*?. At the quantum level, one considers the operator
op.(H). The following property connects the classical and the quantum picture.

Proposition 1.1. Assume (1)°).~¢ is a bounded family in L?(R?). Let p1 be one of its semi-classical
measures. Then,

(1) If op.(H)v® = o(1) then p is supported on {H(x,&) = 0}.

(2) If op.(H)¢*® = o(e) then p is invariant by the flow ®.

Property (1) is refered to as localization of the semiclassical measure and Property (2) as its
invariance. The proof comes from the analysis of (op.(aH)y*,1°) and of (op.({a, H})y*,°) for
a€S (R2d). Both quantities are related to the equation satisfied by (¢):>0.

In this lecture, our objective is to extend the semiclassical approach in the setting of graded Lie
groups. We will devote the first section to preliminaries on these groups. Then, we will introduce the
semi-classical calculus, discuss wave packets, Garding inequality, construct semi-classical measures,
and state an Egorov theorem in a simple case. We will not discuss geometric invariance of the
calculus with respect to filtration preserving diffeomorphisms and we point out the reference [?]
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on this subject. The reader interested in the semiclassical approach in the Euclidean setting will
benefit from the references [27, 24 [5].

2. PRELIMINARIES ON GRADED NILPOTENT GROUPS

The material of this section is taken from [I3], we also refer to [26]. A graded group G is
a connected simply connected nilpotent Lie group whose (finite dimensional, real) Lie algebra g
admits an N-gradation into linear subspaces,

g=®52,9; with [gi,9;] Cgitj, 1 <0<,

where all but a finite number of subspaces g; are trivial. We denote by 7 = rg the smallest integer j
such that all the subspaces g;, j > r, are trivial. If the first stratum g; generates the whole Lie
algebra, then g;;1 = [g1, g;] for all j € Ny and r is the step of the group; the group G is then said
to be stratified, and also (after a choice of basis or inner product for g;) Carnot.

Ezxample 2.1. The first examples we give below are stratified, not the last one.

(1) The Heisenberg group H. Its Lie algebra has two strata: h = v @ 3 with

v =vect(X;,Y;, ,1<j<d), j=vectZ, Z=1[X;Y;],1<j<d

(2) H-type groups. These groups are generalizations of the Heisenberg group. They are step 2
stratified groups with Lie algebra h = v @ 3, characterized by the following property: for
any A € 3, the matrix B(\) of the skew-symmetric bilinear defined on v x v by (U,V)
A([U,V]) is such that B(\)? = —|\|*1d.

(3) The Engel group E. It is a 3 step group with Lie algebra € = €; @ €y & €3,

¢ = vect(Xq, X2), € = vect X3, €3 = vect Xy,

with [Xl,XQ] = X3 and [Xl,Xg,] = X4.
(4) A non-stratified graded group G can be constructed by adding a direction V to the 3d
Heisenberg Lie algebra of example (1): one sets g = g1 @ g2 with

g1 = vect(X,Y), go =vect(Z,V), Z=[X,Y], [V,X]=[V,Y]=[V,Z]=0.

2.1. The exponential map and functional spaces. The product law on G is derived from the
exponential map

expg: 9 — G

which is a global diffeomorphism from g onto G. Let n = dimg. Once a basis X1, ..., X, for g has
been chosen, we may identify the point (x1,...,z,) € R™ with the element x = exp(x1 X1 +--- +
xnXn) € G.

The exponential map allows us to define the (topological vector) spaces C*°(G), C.(G) and
S(G) of, respectively, smooth, continuous and compactly supported, and Schwartz functions on G,
identified with R™. The resulting spaces are intrinsically defined as spaces of functions on G and
do not depend on a choice of basis.

The exponential map also induces a Haar measure dx on G which is invariant under left and
right translations and defines Lebesgue spaces on G. The non-commutative convolution is given via

(2.1) (1% fo)(@) == /G AWy o)y, zeG

for fi, f2 € Cc(G).



2.2. Adapted basis and dilations. We now construct a basis adapted to the gradation. Set d; =
dim g; for 1 < j <. We choose a basis { X1, ..., X4, } of g1 (this basis is possibly reduced to (}), then
{Xd,+1,- -, Xa,+d, } & basis of go (possibly {0}) and so on. Such a basis B = (X1, , Xg,+-+d,)
of g is said to be adapted to the gradation; and we have n = dy + - - - + d,.. The integer r is the step
of the gradation.

The Lie algebra g is a homogeneous Lie algebra equipped with the family of dilations {d;,t > 0},
6. : g — g, defined by §; X = t*X for every X € gy, £ € N [14] [13]. We re-write the set of integers
¢ € N such that gy # {0} into the increasing sequence of positive integers vy, ..., v, counted with
multiplicity, the multiplicity of g, being its dimension. The associated group dilations are defined
by

o) = tx = (t" a2, t P2y, ..., t""xy), == (21,...,2,) €G, t > 0.

In this way, the integers v1,...,v, become the weights of the dilations and we have 6;X; = t“7 X},
j=1,...,n, on the chosen basis of g.

In a canonical way, this leads to the notions of homogeneity for functions and operators. For
instance, the Haar measure is homogeneous of degree

Q= Z wy dim g,

1<t<r

which is called the homogeneous dimension of the group. Here, the wy, 1 < ¢ < r are the weights of
the gradation counted with multiplicity and the vector fields corresponding to an element X € gy
are wy-homogeneous.

An important class of homogeneous map are the homogeneneous quasi-norms, that is, a 1-
homogeneous non-negative map G 3 = + |z| which is symmetric and definite in the sense that
|z~!| = |z| and |z| = 0 <= x = 0. In fact, all the homogeneous quasi-norms are equivalent in the
sense that if | - [ and | - |2 are two of them, then

1C >0, Vz € G, Cil‘l’h < |.1I’2 < C’\x|1

Examples may be constructed easily, such as

n
|z| = (Z |2 |V U) YN for any N > 0,
j=1
with the convention above.

In the rest of the paper, we will assume that we have fixed a basis Xi,..., X, of g adapted to
the gradation. We keep the same notation for the associated left-invariant vector fields on G. For
a multi-index a = (aq,...,0p) € Nj, we set X¢ = X' ... X2, The differential operators X are
homogeneous of degree

[a] = viar + ... + vpa.

2.3. Fourier analysis. Recall that a (unitary) representation (Hr, ) of G is a pair consisting
in a Hilbert space H, and a group morphism 7 from G to the set of unitary operators on H;.
In this paper, the representations will always be assumed (unitary) strongly continuous, and their
associated Hilbert spaces separable. A representation is said to be irreducible if the only closed
subspaces of H, that are stable under 7 are {0} and H itself. Two representations 71 and my are
equivalent if there exists a unitary transform U called an intertwining map that sends Hr, on Hr,
with
m=U"lomol.

The dual set G is obtained by taking the quotient of the set of irreducible representations by this

equivalence relation. We may still denote by 7 the elements of G and we keep in mind that different
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representations of the class are equivalent through intertwining operators. The dilations extend to
the dual set G via
wn(z) =7n(0x), € G, TG, t>0.

The Fourier transform of an integrable function f € L!'(G) at a representation 7 of G is the

operator acting on H, via
fm) = F()m) = [ ) ()" s
G
Note that if f1, fo € C.(G) then
(2.2) fieb=hh

If 71, ™9 are two equivalent representations of G with m; = U
operator U, then

~l oy 0 U for some intertwining

F(f)(m) =U"" o F(f)(m2) o U.
Hence, this defines the measurable field of operators {F(f)(m), 7 € é} modulo equivalence. The
unitary dual G is equipped with its natural Borel structure, and the equivalence comes from quo-
tienting the set of irreducible representations of GG together with understanding the resulting fields
of operators modulo intertwiners.

We now recall the Plancherel Theorem due to Dixmier [6, Ch. 18]. It states the existence and

uniqueness of the Plancherel measure, that is, the positive Borel measure p on G such that the
Plancherel formula

(2.3) 1) = [ @)= [ 17 s dite).

or equivalently
(o) = [ @ R@deds = [ Tou, (RmF())) dutr)

holds for any f € C.(G). Here || - [|g5(3,) denotes the Hilbert-Schmidt norm on H,. This implies

that the group Fourier transform is a unitary map from L'(G) N L?(G) equipped with the norm of
L?(G) to the Hilbert space

LG = /@ My @ HE du(r).

We identify L2(é) with the space of u-square integrable Hilbert-Schmidt fields on CAJ; its Hilbert
norm and scalar products are then given by

1712, /m s, dn(m), 7€ LX),

<mmh%3:LTmAn<><>>w<» n.m € (@),

Here Try, denotes the trace of operators on the Hilbert space H,. The group Fourier transform F
extends unitarily from L?(G) onto L?(G). The dual set G and the Plancherel measure p can be
explicitly described via Kirillov’s orbit method [4].

Finally, we denote by L”((A?) the space of measurable fields (modulo equivalence) of bounded
operators 0 = {o(m) € Z(H,) : m € G} on G such that
01l e @y = 510 ()6t

TeG
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is finite; here the supremum refers to the essential supremum with respect to the Plancherel mea-
sure p of G. In fact, LOO(@) is naturally a Banach space and moreover a von Neumann algebra,
sometimes called the von Neumann algebra of the group G.

The set L(G) acts naturally on L2(G) by composition on the left:

(o7)(x) = o(m) (), we@, oeL™@)and 7€ L*(G),
(it also acts on the right) and this action is continuous
lomll 2@y < ol e Il 2

Dixmier’s Plancherel theorem implies that LOO((A?) is isomorphic to the von Neumann algebra
ZL(L*(G))% of linear bounded operators on G that are invariant under left translations. The
1somorphlsm is given by the fact that the Fourier multiplier with symbol o, i.e. the operator
f=FYo f) is an operator in .Z(L?(G))%.

Note that FLY(G) C L®(G) with HfHLN(é) <\ fllzr(q) for all f e LY(G).

2.4. Rockland operators. We associate with the left-invariant vector fields X;, 1 < j < n, their
Fourier symbol 7(X;) = dw( ;). They sat1sfy

this definition extends to any left-invariant differential operator.

A Rockland operator R on G is a left-invariant differential operator which is homogeneous of
positive degree and satisfies the Rockland condition:

(R) for each unitary irreducible representation m on G, except for the trivial representation,
the operator m(R) is injective on H°, that is,

Yo e HY, TR)v=0 = v=0.
In the stratified case, any (left-invariant negative) sub-Laplacian, that is
L=27¢+.. . + Zi, with Z1,..., Z,s forming any basis of the first stratum gy,

is a positive Rockland operator.
More generally, on any graded group G, the operator

Yo

(2.5) R = Z )% e X ;7 with ¢ >0,

is a positive Rockland operator of homogeneous degree 2v, if v, is any common multiple of
Viy.-.,Un.

3. SEMI-CLASSICAL PSEUDODIFFERENTIAL CALCULUS

In this section, we introduce a semi-classical pseudodifferential calculus on graded Lie groups.
Main ideas are taken from [10, [1T], 12, [1].

3.1. The algebra of semi/—\classical symbols. We define Ay, the space of reqularizing symbols
o={o(x,n): (z,7) € G x G} of the form

o(@,m) = Frg(r) = /G o () (1)),

where (z,y) — kz(y) is a function of the topological vector space S(G x G) of Schwartz functions on
G x G. The function z — k, is called the convolution kernel of o. The notation Ag is reminiscent
to the set of symbols A introduced in [2I] in the Euclidean setting.

8



We endow Ay with the norm

(3.1) lollag = lsup £z ()l L1 ()
zeG

In view of (2.2)), the set Ay is an algebra. Moreever, it is stable via the action of the left-invariant
vector fields X, and via the difference operator A, associated to ¢ € C*°(G) and defined by:

(3.2) Agk = F(qk), k € Co(Q).
We set Aj = Ay,

3.2. Semi-classical quantization. With the symbol o € Ay, we associate the (family of) semi-
classical pseudodifferential operators

Op.() = [ Tong, (r(a)o. 6.0 () ()
In other words, we have
Op.(0)f(z) = /7re@ Try, (m(2x)o(z,oom) Ff(m))dp(n), feS(G), xed.
In terms of the convolution kernel x, = F~'o(x,-), we have

Op.(0)f(z) = f+kl(x), feSG),zed.

Above, /-ﬁ:(f) is the convolution kernel of o (-, d. -) and is given by a rescaling of the convolution kernel
of o:

£ (2) = e kp(6712), z,2€G.

T

Proposition 3.1. Let o € Ay, then Op.(c) is bounded in L*(G). Moreover, there exists a constant
C > 0 such that for all

Vo € Ay, Ve >0, [[Op.(0)llzz2ay) < C ol

We point out that other estimates can be useful, in particular those implying the symbol norms
introduced in [13].

Proof. We observe that if f € S(G) then

Op. (o |—/f yawm</u [ sup [w5, (5712 dy = 1f]+ sup I, ()](@)

T1€

so the Young convolution inequality implies

10p:(@)Fll2c) < I/l sup Iz, Clllr ey
x1

We recognise this L'-norm as ||o|| 4,:

I sup Iz, Ol = Il sup ke Clllzve) = llollao:

x1€ T1E€



3.3. Symbolic calculus. The semi-classical pseudodifferential operators enjoy a symbolic calculus.
In the next statement, if & = (a1, -, a,) € N, we denote by A, the difference operator A,
associated with the function g, (z) = 27" --- 28", We recall that d; denotes the dimension of the
first strata of he group G. The homogeneous length of the multi-index « is the integer

[a] = aqvr + -+ - + AUy,

Theorem 3.2. Let 0 € Ag. Then, in L(L*(G)), for e € (0,1],

dy
Op.(0)" = Op.(c") — " Z Op.(XjA;0%) + O(e ).
=1
Let 01,09 € Ayg. Then in ,C(L2(G))7
dy
Op.(a1) © Op.(02) = Op. (01 02) — ™ ZOPE (Ajor - Xjo2) +O(eHh).
=1

The proof of this result requires Taylor estimates adapted to graded groups (see [14] and its
extension to graded groups in Theorem 3.1.51 in [I3]). We associate with a function f € C*(G)
its Taylor polynomial of order N at x, Py, n, i.e. the unique linear combination of monomials of
homogeneous degree < N satisfying

XPPs . n(0) = XP f(2)
for any 5 € Njj with [] < N. With these notations in hands, we have the following result.

Theorem 3.3 (Folland & Stein’s Taylor formula). We fiz a quasi-norm |-| on G and take € € (0, 1].
There exists n > 1 such that for any N € Ny, there exists Cy > 0 such that for any f € C’[NJ(G)
we have

Vo,y € G, |f(ay) —Pran@)|<Cv > Wyl sup  [(XOf)(22)],
[a]<[N]+1 2| <nNI+1]y|
[a]>N

where [N | = max{[a] : o € Nj with [a] < N}.

Proof of Theorem [3.3. Let us start with the adjoint. Let o € Ay with convolution kernel ;. The

kernel of Op, (o) is the function (z,y) — E_Q/i;x(dgl(y_lx)) with

H:,:p(z) = EIJE(fz)(_Z)'

Therefore Op,.(0)* = Op®(of) with of = Fk},. We thus focus on the asymptotics in € of the

£

symbol o} for the norm || - ||.4,- By Theorem applied with N = 1, there exists C,C’ > 0 such
that for z, z € G,

dy
Foor(2) = Fa(=2) +€" Y X aRn(—2)| SCeH 30 sup [N (—2)
=1 [a]<[2)+1 1/ |<nNIF 2]
[o]>2

< Olenrtt Z |2/ sup | X2F, (—2)|.
[a]<[2]+1 z'eC

Using the properties of k., we deduce that for all N € N there exists a constant ¢y > 0 such that
forall z,z € G

d1
1+ 2™ Ky or(2) = Ra(—2) + szXmEx(—z) < enetth
J=1

10



We then recognize in %, (—z) the convolution kernel of the the symbol ¢* and in Z;ll:l 2 XjaFa(—2)
the convolution kernel of the symbol 2?1:1 A;X;o and we conclude to the boundedness of the
quantity e 1Y |oF — o 4 ¥t 2?1:1 A X0l 4,

We argue in a similar manner for the composition. Denote by k1 and o the convolution kernels
of the symbols o1 and o2. The kernel of the operator Op,(o1) o Op,(o2) is the function

(z,y) — S_ZQ/ /ﬁlw(é;l(u_l:p))/@,u(és_l(y_l ))du.
G
Therefore, Op, (1) o Op,(02) = Op.(0c) with 0. = Fre 4,
Keg(2) = a_Q/ Hl,x(égl(u_l:r))ngu(zd;l(m_lu))du
G
— [ K1) a5z
G

We now use the Taylor formula of Theorem [3.3] and write

dy
/{2@55(,@)(21)71) = kg p(zv7) — ¥ Zvamlig,x(zv*l) + 7 (z, 207 1)
j=1
with
[ (x, 207 1)| < Ot Z sup ]v|[a}|X§‘n27x55v/(zv_1)|, z,v,z € G,
[a]<[2)+1 o<+ el

[@]>2
for some constant C' > 0. Using the properties of k3, we obtain the existence of C’ > 0, and then
of ¢y associated to N € N, such that for all z,v,x € G, we have
¥ (x, zo7 )| < CTevr T Z sup |v\[a]\X§‘/§2,x/(2v_l)|
o] <f2)+1 7 €¢
< ene" 1 + |20 2) TN o) 2
We now identify fG K1,2(V)k2z(2071)dv as the convolution kernel of the symbol o109, and in the

function fG vjm,z(v)ij/ﬁg,x(zv*l)dv as the convolution kernel of the symbol Ao X 00. We
deduce

d1
loe — o100 + ™ Z Ajor Xjoa|l4 = / sup| [ kKi1z(v)re(z,v)dv|dz

= zeGzeG JG
< ene oup (L 0P Yhaa@)] [ [ PN o ) ol P v,
zv’ zeG JveG
whence the conclusion. ]

Remark 3.4. The reader will have noticed that one could have used Taylor formula at higher
order and obtain asymptotics at any order for both the adjoint or the composition of semiclassical
pseudodifferential operators.

3.4. Differential operators and the symbolic calculus. The symbolic calculus of the preceding
section extends to the product of differential operators and pseudodifferential ones. Indeed, the
notation Op, allows to write for all o € N,

el X = Op,(m(X®)),
11



where 7(X®) = 7(X1)* - -m(X,)* and the operators m(X;) are defined in (2.4). Moreover,
differential operators of the form

Pf = Z ca(az)e[a]X”‘
[a]<N
can be written in a symbolic way:
pPe = Z ellOp, (calz)m(X?)).
[a]<N
The formula of Theorem [3.2] then also hold.

Proposition 3.5. Consider the operator H® given by
. 1
HE = &2 Z Xo (bag(7)X5.) + ic? Z (ca(x)Xa — 2Xaca(x)) ,
[o]=[B]=1 [0]=2, |a|=1

where the functions c, and by g are smooth, real-valued and bounded, have bounded derivatives, and
satisfy b g(x) = b o(x) for all x € G. Then, the operator H® is formally self-adjoint and

H® = Op,.(ho +¢h1 + €2h2)

with
ho(z,m) = Y bag@)m(X)m(X) +i Y calz)m(X?),
la)=[8]=1 [0]=2, |al=1
hiz,m)= Y X%qg(x)m(XP),

[o]=[8]=1
h =_2 o).
o(x, ) ) M;(ﬂlX Co(x)
Proof. We take a and /3 of homogeneous length 2 and of length 1. Then, for f € S(G),
Xy (basXsf) = €00 s XaXsf + 2 Xaba s X5 f
Op, (ba,s7(Xa)™(Xp)) f + 0P (X ba 57(Xp)) f-
The result follows. U
Let us now consider a Rockland operator R of homogeneous degree 21 as in . Then
e?"R = Op,(7(R)).

Lemma 3.6. Let x € C°(R) and consider the operator x(R) defined by the functional calculus.
Therefore, for any ¢ € S(G), the symbol ¢(x)x(w(R)) is in Ay and one has

Op.(6(2)x(7(R))) = d(z)x(e**7(R)).
Proof. Tt is proved in [19] that the operator x(R) has a Schwartz convolution kernel symbol x(R)do.

Moreover, one has Op.(é(z)x(m(R))) = ¢(z)Op.(x(7(R))) and, by homogeneity of R, é.m(R) =
201 (R), whence Op.(x(7(R))) = x(e?°7(R))). d

4. BARGMAN TRANSFORM AND APPLICATIONS

In this section, following [1], we introduce a Bargmann transform on the group G and derive con-
sequences of the introduction of this concept: a notion of Wick quantization, a Garding inequality,
and a families of wave packets that realize a frame of L?(G).

12



4.1. The Bargman transform. Let a € S(G) such that |la[|z2() = 1. We set
agzzef%aoéfl, e >0,
g 2

so that a. € S(G) with ||ac||z2(q) = 1. All the quantities we are going to define in the following will

depend on the choice of the function a. In the Euclidean case, one chooses the normalized centered
||

Gaussian function: a(z) = %ef 2, x € R". To mimic this case, we could ask that

a(r) =a(z™) >0, Yz €G.
We will mention it whenever we make additional assumptions on a.

For each (z,7) € G x CAJ, we define an operator on ‘H, depending on the point y € G,
(4.1) WP; [a](y) = ac(z™'y)d.17(y).

The function y — WP; _[a](y) is a smooth map from G to the set of fields of operators on G x G
Moreover,

(42) L IWPE g dadt) = ) = 1
The Bargmann transform on G is the operator B¢ defined on S(G) via
5 -Q € * A
@) BUlem =T [ JOWPLLd) . [eSE). (nm) €GxE.

The Bargmann transform associates with a function f € S(G) a field of operators on the set G x G

In the following, it will be convenient to consider the e-Fourier transform that we write
For(n) = e 3 Fr(0.am) = e~ /Gf(y)5517r(y)*, ke S(G), med.
Then, for all f € S(G), we have the Plancherel relation
26y =@ [ N7 Flrlrsdn(r).

and B°[f] is the field of operators on G x G given by
(4.4) B [f(z,m) = F° (fac(z™ ) (x),  (z,m) € G x G,

The Bargmann transform on the group G enjoys properties similar to those of the Bargmann
transform in the Euclidean setting.

Proposition 4.1. (1) The map B¢ estends uniquely to an isometry from L2(G) to L*(G x G)
for which we keep the same notation.
(2) The adjoint map B5* : L*(G x G) — L*(G) is given by
B lrl(y) =% [ Tew, (r(z.m)WPS [a](y)) dedu(n), 7€ LAG % G), y€G.
GxG
(3) Moreover B=*B° = id2(q) while BSB** is a projection on a closed subspace of L?(G x CAJ)

Proof. Point 1. From (4.4) and the Plancherel formula (2.3), we obtain

LB U@ Dyt = I acla™ . @ €.
13



Integrating against dz yields Point (1). Point (2) follows from

[ o om0 ) V() = [ T, () (5 (Facla™ ) (r)”) ddutr),
GxG GxG
by (4.4). By Plancherel Theorem, if 7(z,7) = Frg(m),

/ Ty, (T(x, ) (F* (fac(z' ")) (71'))*) dwdp(r)
GxG

/ )0 (219 i (Bory)dyda
GxG

vlo

3

—= % [ T, (r(e yrte (o )y,
GxG

and one gets Point (2).
Finally, Part (3) follows from Parts (1) and (2) since they imply for any f,g € L*(G)

(F9)i2c) = B B9 oy = (BB 9120,
O

In the next sections, we use the Bargmann transform for defining a positive quantization that
we will compare to the semi-classical quantization introduced in the previous Section [3] That will
allow us to prove positivity in the limit € — 0 for semi-classical pseudodifferential operators with
non-negative symbols. Finally, we will construct wave packets that consists in e-dependent families
microlocalized in the phase space.

4.2. Wick quantization. We define the semi-classical Wick quantization for o € L>®(G x (3)
OpW1ck( ) -— BS*g IBE.
Proposition 4.2. The symbolic quantization OleCk is well defined on L (G x (A;) and satisfies

Vo € L®(G x G), 10pY ()]l 220y < 191l ooy

Moreover, it is a positive quantization in the sense that if o > 0, then OleCk(U) > 0.
Proof. We have for any f € L?(G):

10p2"* (@) fll 2@y = 1B=* o BIf]ll ()

< ”BE’*Hz(B(GxG),L?(G))HUHLOO(Gx@)”BEH,%(L‘A’(G),L?(Gxé))||f||L2(G)'

Since B¢ is an isometry, the operator norms of B and B** are equal to 1.
Let us now suppose that o(z,7) > 0 for all (z,7) € G x G. Then
(0P *(0)1.5) 11 = @B UL B U 2y 2 0, ¥ € L(G)
O
We can also compute the convolution kernel of OpYi ()
classical pseudodifferential operator.

Lemma 4.3. If o € Ay, then

in order to compare it with a semi-

Omek( ) _ OpE(U‘E’WiCk),
where 05 Vi ¢ Aq has the convolution kernel

Ki,Wick(w):/Ga(zlé\/gw—l)a(z/)/{x(sﬁzl—l(w)dz’.

14



Moreover, for all o € Ag, [|0=Vi¥|| 4, < l|o||.4,-

Proof. Let f € S(G). By the definition of the Bargmann operator and Properties (2.2)) and by
Part (2) of Proposition we obtain

OpYieK(o) f() =% /GXéTrH,T (o(z, m)B°[f](z, T) WP r[a] (z)) dzdp(T)
=g ¢ /G fW)a-(z""y)ac(z" ") (/@ Tra, (0(z,m)m(d1(y~ ') dﬂ(ﬂ) dz
= aQ/ F@)ac(z""y)as (2" @) ko (9.1 (y ' 2))da.
G

We recognize f * (szni’WiCk(dsfl-D for the function

k& Wick (1) :/Gaa(z_lxdaw_l)aa(z_la:)liz(w)dz
(4.5) :/C;ae(zldew1)a€(z’)/§zz,1(w)dz’
_/Ga(z’(s\/gw_ Ya(2' )k Ks o 1(w)d2'.

For concluding the proof, we check that x%WVi°k € S(G' x G) and we observe, using (4.5)),

/Sup|/<;€wmk( )|dw§/ sup |/€x/(w)|(/ a: (2w Ha. () dz >dw
G zeG Gzr'eG G
< [ sup i w)o,
G

' eG

by the Cauchy-Schwartz inequality (we have also used a. > 0 and ||ac||z2(q) = [lallz2@y =1). O

As a corollary, we obtain that the semi-classical Wick quantization coincides at leading order
in € with the standard quantization.

Corollary 4.4. We choose a function a € D(G) that is even, i.e. a(z™!) = a(z). Then for any
o € Ay, there exists C > 0 such that for all € € (0, 1],

|0p.(0) — OpY'™(0) | 2 (12(q)) < Ce-
Proof. By Proposition using the Ap-norm defined in (3.1)), we have

|0p.(0) — OpY ™ (o)l 2(12(cy) < llo — 0= ViHK|| 4y < Ii(e) + Lz(e),

where

1P (relw) = s o () d | o,

/G(a(z) - &(zé\/gwfl))a(z)nm;ﬁfl(w)dz

15
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By the Taylor estimates due to Folland and Stein (see Theorem , we have:

ne =< [ supz / —2))la(2)Pdz X pra(w)| dw + O),

zeG

12(8)

5U21/Gsup Z/G(—wj)a(z)Xja(z)nx(w)dz dw + O(e)

zeG =1

ni
vl

2

| /\

a(z)dz

|wj| sup |k (w)| dw + O(e).
G z'eG

We recall that n; denotes the dimension of the first strata (see Section where the basis (X;)1<j<n
has been introduced), and v; the associated weight. We have used that v; > 1 to estimate the rest
as O(e). If v; > 1, then the result holds. If v; = 1, we have to analyze the first term given by the
Taylor formula. We then observe the following facts

(i) As a is even, for any polynomial ¢ satisfying ¢(2~!) = —q(z) we have [, |a(z)[*q(z)dz = 0.
This holds in particular for the coordinate polynomials z;.
(ii) As a is real valued, for any left or right invariant vector field X, an integration by parts
shows [, Xja(z)a(z)dz = 0.
Consequently, I1(¢) = O(e) and Iz(e) = O(e) if v; = 1. O

4.3. Garding inequality. Let us now state Garding inequality.

Theorem 4.5. Let o € Ag. If o is non-negative, then there exists a constant C > 0 such that
(4.6) Vfe L}G), VYee (0,1,  R(Op.(0)f. [z = —Celfltz )

This inequality is typical from the semiclassical setting. For Garding inequality on groups in a
non semi-classical setting, the reader can refer to [2].

Proof. We choose a even and consider the associated Wick quantization. We write

R(OD.(0)f. Npz) 2 (00X (@)1.1) , . = 10p.(0) = OB (@)l 2 w26/ (6

> _||Op.(0) — OpW‘Ck( o)l (2 anllf 2

By Corollary |OpEN (o) — OpYVick(q o)l #2(@) = O(e). This concludes the proof of Theo-
rem 4.0 u

4.4. Wave packets. In this section, we use the operator WP _[a](y) in order to define some
families of Wave packets satisfying a frame relation analogue to the Bargmann formula . We
will not always need strong hypothesis on a, which was supposed to satisfy a > 0, a is symmetric
and |lal[z2(q) = 1 in the preceding section. We now only assume a € S(G) with [|a||z2q) = 1.

We set for (z,7) € G x G,
(4.7) G i) = (WP clal(y)en(m), 0e(m)),, ¥ €G,

where (-,-)3,, denotes the inner product of H, and (¢r(7))ker,, Ir C N is an orthonormal basis
of H.
We shall call such a family a wave packet on G with core (xo,Ao), profile a and harmonics
(@k:@f)
The frame properties in Proposition (3) implies the following decomposition.
16



Corollary 4.6. Assume ||| 2y = 1. Then any function f € L*(G) decomposes in L*(G) as

f Z f’ga:wkf)LQ(G) gwﬂkﬂd‘rdu( )
GxG 1 el

i the sense that

126 = [ S0 1 ham) o P,

Gy Lelr

or equivalently for any f1, fo € L*(G)

(flan L2(G /G Z flag:(:ﬂk'f L2(G) (f2ag:i,7r,k,€)L2 d$diu’(7r)

%G yieel, (@)
Note that wavelets have been constructed on stratified groups in [I5] (see also [20]).

Proof. By Proposition we have for any f € L*(Q)

113 0) = BNy = [ IBLAE: Ml i)
The Hilbert-Schmidt norms may be written in the basis (py) as

1B L1, ) Frs ) = DB (@, T)prs p0)n, |
k.t

with  (B[f](x, m)pr: 00 / F) (WP (4)*[a)on, 00)a. dy

_ / F() (o, WPE L [al(y)*0k),,_dy

= [ 1P ey, d = (. gemid o

We then conclude on (fi1, f2)r2(g) by considering || f1 £ f2l|? and || f1 £ ifo]?.

O

The frame of wave packets provides with a family of functions that enjoy smoothness properties
that we will analyze in the next section. These properties also depend on the properties of the

functions (¢y)een.

5. SEMI-CLASSICAL MEASURES

The semi-classical pseudodifferential theory developed in Section [3| may be used to analyse the
oscillations of families (uf).~o that are bounded in L?(G). Following ideas developed in the Eu-
clidean setting [16] and adapted in [I0] to the group setting, we develop in this section a manner
to analyze the obstruction to strong convergence of families of square integrable functions on G
that have oscillations no larger than some fixed scale % in a sense that we will make precise. The
semi-classical pseudodifferential calculus is then particularly adapted and provided with a picture

of the obstructions in the phase space G x G.
17



5.1. Definitions. Let (uf).~0 be a bounded family in L?(G). One considers the functionals £,
defined on Ay by

65(0') = (Op(U)UE,UE)LQ(G) , O S AO.
The limit points of /. as € goes to 0 have some structures. When the family (u®).~g is L?>-normalized,

and after possibly further extraction of subsequences, the limit points of £, define states of the C*-
algebra A obtained by completion of Ag for the norm

0l = s llo(e,Mllcgun)
(z,m)eGXG

For describing the structure of these limit points, we consider the set of pairs (v,I') where 7 is
a positive Radon measure on G x G and
I = {[(x,7) € L(Hqx): (z,7) € G x G}

is a positive y-measurable field of trace-class operators satisfying
| T @) d(om) < +ox.
GxG

This set is then equipped with the equivalence relation: (v,T') ~ (7', I") if there exists a measurable
function f: G x G — C\ {0} such that

dy = fdy and TV = f7'T

for v-almost every (z,7) € U x G. The equivalence class of (7,T) is denoted by I'dy, it is called
a positive vector-valued measure. We denote by M}, (G x G) the set of these equivalence classes.
The positive continuous linear functionals of the C*-algebra A is naturally identified with M, (G x

G). We will choose representants (I',v) of the class Tdy with Try, I'(z,7) = 1, dy(z,7) almost
everywhere.

Theorem 5.1. If (uf).~q s a bounded family of L?(G), there exist a sequence (i )ren in (0, +00)
with e, k—+> 0 and a pair T'dy € M} (G x G) such that we have
—+00

Vo € Ay, (Op,, (0)u", ue’“)LQ(G) k_)—+> g éTrHﬁ (o(z, m)L(z,)) dy(z, ).
0 X

Moreover, given the sequence (gx)ken, one has
[ o (O d(om) < timsup [ )
UxG e>0

The positive vector-valued measure T'dy is called a semi-classical measure of the family (uf)e~q for
the sequence ey,.

5.2. Link with the weak limits of the energy density. We want to link here the weak limits of
the measure |u®(z)|?dz and the semi-classical measures of the family (u®).~o. For this, we introduce
the definition of an e-oscillating family of L?(G). We consider a positive Rockland operator R of
homogeneous degree 21y (see for example in ([2.5)).

Definition 5.2. Let (uf).>0 be a bounded family in L?(G). We say that (u®).s¢ is e-oscillating if

I 1 2 € — 0.
Hgl—%lpu or>m? ) M—400

18



Let x € C*°(R) such that
(5.1) 0<x<1, x=0 on | —o0,1], and x =1 on [2,+o0[.
Equivalently, (uf)c~¢ is e-oscillating if and only if

e (57) ¢
limsup || x U

— 0.
e—0 M

Intuitively, a family is e-oscillating it its scale of oscillations are not larger than é This can be
understood thanks to the following Lemma that links the size of the derivatives of a family with
its scale of oscillation.

Proposition 5.3. Let s > 0. Assume that there exists C > 0 such that
Ve >0, [[(e*°R)** |12 < C.
Then (uf)esq is e-oscillating.

Proof. We use the Plancherel formula and the fact that for s > 0, we have
2vg 2vp s 2vg 2u9 s
R (eR) € (e R)
X(M)— M X(MR>_ Mo
as soon as the function x is supported in [1, 4+00) and satisfies 0 < y < 1. O

The interest of the notion of e-oscillation relies in the fact that it gives an indication of the
size of the oscillations that have to be taken into account. It legitimates the use of semi-classical
pseudodifferential operators and semi-classical measures. In particular, we have the following result.

Proposition 5.4. Let (uf)e~ be an e-oscillating family admitting a semi-classical measure T'dry
for the sequence (ep)ken, then for all ¢ € S(G)

i %k (2)2dx = T T, 7).
lim /qu(:v)]u (z)|d /Gxa(b( )dy(z, )

k—+4o00

Proof. Note that it is enough to prove the result for smooth compactly supported functions ¢.
Consider the function y defined in (5.1)) We write for M > 0

/qu(x)rufk (2)2de = 1™ + 17,

where

Ig’M = /qu(x) X (M_lezl’o”l?,) uk(x) utk(x)dx,

M= /G é(z) (1) (M*lgz”m) w (z) v (z)da.

As (u®) is e-oscillating, we have
. . ke, M
lim lim [, =0.
M —+00 k—4-00
For the other integral, it is known that ¢(x) (1 — x) (M_lﬂ(R)) € Ay, see Section ??. So, by the
definition of I'd~y, Theorem [5.1] implies

. . EM . _ —1
M1—1>I—n|—oo kgrfoo I = Mli>n+100 G ¢(x)Try, (1= x) (M~'7(R)) T'(z, 7)) dy(z, )
— [ @) T, T dro. ).
GxG
Combining the limits shows the statement since Try (I'(z, 7)) = 1. O
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5.3. Examples. Let us first describe different examples of bounded families of L?(R¢) with differ-
ent types of semi-classical measures.

5.3.1. Concentration on a given point of G. Let a € S(G) and xy € G, we set
u®(x) = s_%a(éeq(acglw)), x e G.

Proposition 5.5 (Concentration). The family u® is a bounded family in L*(G) with v 2 ) =
”CLHL2(G)- Moreover, u® is e-oscillating and any semi-classical measure of the family u is equivalent
to the pair (T, ~y) with

I(m) = Fa(m)Fa(m)", v(z,m) = bzy(x) ® p(m).

Proof. The calculus of [[u®||2(qy is straightforward. Moreover, u® satisfies the Sobolev criterium
of Proposition and thus is e-oscillating. Let us now calculate its semi-classical measures in the
case rg = 0. We have

(Op(0)uf, uf) 2y = &2 / b (01 (y ™' 2))a(0.-1y)a(d.—12)da dy.
GxG

The change of variable d.—-1z — x, -1y — y gives

(Op(a)ua,ue)Lz(G) = /GXG/@55$(y_1x)a(y)a(x)dxdy.

By Lebesgue dominated convergence, we obtain
ity (Op(0)u*, )2y = [ ioly™ w)a(y)ala)dad,
e—0 GxG

whence the result in view of

[ sy wetwaaldedy = [ Ten (x(y )a(0,m) aly)alededydi(n)
GxG GxGxG

:/éTry.[,r (o(0,m)Fa(m)Fa(m)*) du(r).
O

5.3.2. Spectral or dual concentration. We assume that the group G admits a (unitary irreducible)
representation my which is square integrable modulo its centre.

Let us introduce some notations. We may assume that the basis { X7, ..., X, } of the Lie algebra
g has been chosen so that a subset {Xj,..., X Ging }, form a basis for the centre 3 of g. Therefore

we can write any element x as

z =expg(m1 Xy + ... + 2, X,) = 2'z; = 20/,

where x; = expg(zj, Xj, + ...+ 2n,Xp,) and 2’ = expg Z x;X; | . Naturally, we iden-

j¢{jlv“'7jn5}
tify the centre of the Lie algebra 3 and the centre of the group G; := expg 3 with R™. Note that
we still consider anisotropic dilations in those directions. The quotient group G’ := G/G; is also
graded and we denote by @’ its homogeneous dimensions, also given by

Ql = Z Uy.
jg{jl""vjna}

Let ¢ € Hn,, in the domain of mo(R) for a Rockland operator R, and set

eo(®) = (m0(2) P, ©) Ha, -
20



Ao i)\omz

On the one hand, on the centre G of the group, mg coincides with a character e je. m(z;) =e
where we identify x; with an element of R™ and where Agz; denotes the standard scalar product
of the two elements \g and x; of R™. Thus for any z = 2/z; in G we have

(5.2) eo(x) = (mo(2';) 0, 01, = €% (mo(2)p, ©)1n, = €0 (2).

On the other hand, eg|,, € S(G’). See [, p. 169 and Theorem 4.5.11].
We denote by dr, the formal degree of my for which we have for any @1, p2, p3, P4 € Hr,:

(5.3) dm)/ (m0(2") P15 P2) oy (70 ()03, 1)1, AT = (P15 P2) 3, (93, P4) oy »
Gz

see again [4, p. 169 and Theorem 4.5.11].
Finally, we fix a € S(R™). The family (v°)c> is defined by

ve(x) = 6_%/a($5)60(55_1:p).

Proposition 5.6. The family (v¥)->o is uniformly bounded in L*(G) and e-oscillating. Moreover,
it has only one semi-classical measure I'dy such that

alx 2
7(1'777) = ”SDH%L,\.O <| Eia)| dl’j X 5x/:0> & 57r:7'l’07
T

and ' being the orthogonal projection on Cep.

This example can be generalised (see Section 6.4 in [I0]) in order to prove that one can find
families that admits as semi-classical measure a Dirac mass on a given representation. If the
representation is finite dimensional, then it is of dimension 1 (see [4]) and we may proceed as in
the Euclidean case. If 7y is any irreducible representation of infinite dimension, the properties of
square integrability can be replaced by concepts introduced by Pedersen [22] and general results
obtained therein about representations of nilpotent Lie groups

Proof. First let us show that each function v* is square integrable:

Hv€||%2(G) == /G’ /an leo (6,126, -17;)a(x,)|*da,da’

_ @ / leo(0—ra’)2da’ / la(a,) [2de,
G’ R™s

- / eo(a’)Pd’ / ala) 2dzs,
(€4 R"™s

having used the change of variable 2/ — d.-12’. As the functions ¢y and a are Schwartz on G’
and R™ respectively, the quantity above is finite, and v* € L?(G). Moreover, by (5.3),

1
[ e’ = =l
G’ T

We deduce )

0%l 22y = \/TTOHSOH’%-[WOHQHLQ(GZ)'
Let us now consider the Rockland operator R for which ¢ € Dom(mp(R))
eMORYE = E*Q’a(xa)(Wo(éa_lx)m(R)go, ©)Hn, T O(e)

in L?(G) and is thus bounded uniformly in ¢ therein. Therefore (v¥).~o satsifies the Sobolev
criterium of Proposition [5.3] and thus is e-oscillating.
21



Let us now compute the semi-classical measure of (v%)c~0. Let 0 € Ay with convolution kernel k.
We have

(Op(0)v", v°) () = Y /Gxg tia (01 (y ™ 2))0° ()" (y) ddly
— g_Q_Q,/ Ko (01 (y~2))eo(6.-12)e0 (3.—1y)a(x;)a(y; ) dady
GxG
= aQI/ ,%(w)meo((éaflx)wfl)a(xé)a((xégwfl)é)dxdw
GxG

e [ el e ooy P+ O().
GxG

We have taken advantage that the functions (z, z) — Kk (w) is Schwartz, which justifies the approx-
imation. We observe that for =,z € G, we have

| meweazuiw = (m(z) ( /| 'fac<w>”0<‘“>*d“’) - w) He

= (WO(Z)O'(ZL‘, 7r0)907 90)’}-[7\.0 ’
where we have used the Fourier inversion formula for the regular symbol . We are left with
(Op.(0)0,0%) 2(cp) = /G laley) P00 12) (mo(8.-12)0 (@, m0)p, 9y da + O(c).
The property (5.2)) yields that for z = 2'x;,

eo(0e—1) (mo(de—17)0 (T, T0) P15 902);4,,0

= (m0(0e-12"), )3, (To(der2)or (@, o), ),

Therefore, after a change of variables, we obtain

(0p-(0)0, vz = [ laay) PTral@ons vy, (mla)o 0w’ ), ). 0)y do'd, + O()

G'xG,
0 g T2 P, (ol o o))y,
- -l / la(ay)? ({2, m)p. 0, do,
where we have used , This terminates the proof. O

5.3.3. Wave packets. Let a € S(G), (xg,m) € G X CA?, ©1, 92 € Hr,. We assume that there exists
a Rockland operator R of homogeneous degree 2vg such that the harmonics ¢; and @y are in the
intersection of the set HZ defined as

= ﬂ dom (WO(R)E) .

leN
One defines g5 . as in (4.7):
oo 0) = (WPS, ol (w)or, 22),, v € G,

Note that we have made no assumption on the function a, such as being normalized is non-negative
or satisfies some symmetries relations. We are interested here in the properties of the function
Gao,mo itself.
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Wave packets are bounded families in LZ(]Rd) that enjoy localisation properties. In the next

statement, we assume that ¢; and @9 enjoy enough regularity so that everything makes sense,
which is meant by o1, 02 € Ho.

Lemma 5.7. Assume ¢1,02 € HZ. The family (gi,n)s>0 1s a bounded e-oscillating family in
L?(G) and satisfies the following properties

(1) For o € Ay, we have in L*(G),
OPe(0)9z0.m0 = (WP molalo (20, m0) 01, 02),  + O(VE).
More precisely, if N € N and Py o n = E[a]SN caz2*X%a(0) denotes the Taylor polynomial
associated with a in 0 at order N, then in L*(G),

o] [N]+1
Op.(0)gz0.my = Z £2 co (WP 1 [X¥a]Ano (20, m0) 1, (pz)Hﬁo +0 (6 2 ) .
[a]<N

(2) Let R a positive Rockland operator of order 2vy, then
Va e N", Vk €N, 3Coy >0, Ve >0, 2% R)* ¢ 1ll12(c) < Ch
(3) Any semi-classical measure T'dy of the family (g5 )e>0 satisfies
v=cd(zr—x9)®4(m —mp), ¢>0.
Proof. In view of , we have

920,70l 22 < llall L2 1[92, 12120, -

Moreover, the e-oscillation comes from the Sobolev criterium of Proposition [5.3] as for the dual

concentration of Proposition Points (2) and (3) are consequences of the calculus of Point (1).
It remains to prove Point (1). We write

Op:(0) g 7o ()
—= 0t [ T (s 00w m) a (54 (05"9)) (o0 s)ien. ), dydi(r)
GxG
=1 /Gx@ Try, (7(2)o(x,m))a (55*% (:z:glzz:)és%zA) (m0(8.—12) 0 (2~ )1, @2)?{#0 dzdp()

Set x. =6 _ 1 (xy 13!:) and consider the Taylor polynomial P, .. n of a at x. at order N. Then, the
I3
function

re(x) := Ops(a)gioﬂro

')

o /GxéTrH” (m(2) (@, ™)) Paz.,n (=0 3 2) (mo(e™ 2)mo(z7)en, @2)%0 dzdp(m)

satisfies

[N]+1
re(@)] < " F oo, lallain, /G Plaity

[N]+1

< " o gy, o2l /G 12N+ |, (2)] dz

/A Try, (7(2)o(x, m)dp(r)| dz
G

where Fry(m) = o(z, 7). We deduce that e~ g |7l z2(@) is uniformly bounded and we observe

that, using mo(271) = mo(2)* and

/ 2%Try, (n(2)o(x, 7)) mo(2) dp(m)dz = Aqo(x,m), o€ N,
GxG
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we obtain the result. O

5.4. Semi-classical measures and PDEs. We assume here that the family (¢°).~0 in which we
are interested satisfies a PDE. We consider a differential operator that reads

H® = Opa(ho)
with the notations of Proposition For (z,m) € G x @, we denote by P the projector on Ker hg
and we assume hj = hy.
Proposition 5.8. Let (1)°).~q be a bounded family in L*(G).
(1) Assume HY® = o(1) in L*(G), then any semi-classical measure T'dy of (1¥°)c~0 satisfies
Iz, m) =P(x,m)T'(z,7)P(x, ), dy(z,7)— a.e.
(2) Assume H®® = o(e") in L*(G), then any semi-classical measure T'dy of (1°)e>0 satisfies
the additional relation
dy
ZthOAjI‘(a:,W) — Xz, m)Ajhg =0, dy(z,m)— a.e.
j=1
Remark 5.9. The nature of the group plays a role in the information given by this equation and

property (ii) may reduce to 0 = 0. The case of step-2 stratified groups is treated in [?] for evolution
equations. The arguments therein can be easily adapted to the context of Proposition

Proof. Point (1). Let o € Ag, then

(Op.(0)H Y, %) = 0(1) and (Op.(0)y°, H*Y®) = o(1).
We deduce that if I'dy is a semi-classical measure of H¢, then hol’ = 0 and I'hg = 0, which implies

RanI’ C Kerhg and I'(Id — P) = 0. The result follows.
Point (2). One chooses o such that o = PP and observes that

1
o (OD(0) H® — (H*)"Op.(0))u*, ¥) = o(1).
o [OP(0) B0 = 3 0p 80 o = Ajha i) + o)
j=
O
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