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Adiabatic Quantum Approximation

[0,1] ∋ t ↦ H(t) ∈ ℒ(ℋ)• Time dependent Hamiltonian

• Slow time scale 1/ε iε∂tψε(t) = H(t)ψε(t), ψε(0) = ψ0

CIRM, Sept. 14-18, 2020



Adiabatic Quantum Approximation

• Simple e.v. in σ(H(t))

λ(t)
t

H(t)φ(t) = λ(t)φ(t)

[0,1] ∋ t ↦ H(t) ∈ ℒ(ℋ)• Time dependent Hamiltonian

• Slow time scale 1/ε iε∂tψε(t) = H(t)ψε(t), ψε(0) = ψ0

CIRM, Sept. 14-18, 2020



Adiabatic Quantum Approximation
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Adiabatic Quantum Approximation

• Simple e.v. in σ(H(t))

λ(t)
t

H(t)φ(t) = λ(t)φ(t)

• Phase normalization

⟨φ(t) |∂tφ(t)⟩ ≡ 0, to incorporate the Berry phase

[0,1] ∋ t ↦ H(t) ∈ ℒ(ℋ)• Time dependent Hamiltonian

• Slow time scale 1/ε iε∂tψε(t) = H(t)ψε(t), ψε(0) = ψ0

Thm:

ψε(0) = φ(0) ⇒ ψε(t) = e−i ∫t
0 λ(s)ds/εφ(t) + 𝒪(ε), ∀ t ∈ [0,1]

Born & Fock ’28,
Kato ’50, …
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Vext

Gross-Pitaevskii eq.

i∂tΨ(r, t) = [−
Δr

2
+ Vext(r, t) + g |Ψ(r, t) |2 ] Ψ(r, t)

$
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Motivation for Nonlinear Extension

• Tunnelling of BEC in double well potentials
Vext

Gross-Pitaevskii eq.

i∂tΨ(r, t) = [−
Δr

2
+ Vext(r, t) + g |Ψ(r, t) |2 ] Ψ(r, t)

$

W .

φL φR

φL, φR gnd. states in each well of H = −
Δr

2
+ VL/R(r, t)

Ψ(r, t) ≃ v1(t)φL(r, t) + v2(t)φR(r, t)

E.¥
.

Ansatz

{i∂tv1 = (R + C( |v2 |2 − |v1 |2 ))v1 + Wv2

i∂tv2 = Wv1 − (R + C( |v2 |2 − |v1 |2 )v2

where R, C, W are (time-dep.) parameters

⇝ Milburn et al ‘97
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Nonlinear Setup
• H depends on t and p parameters x = (x1, x2, …, xp)

[0,1] × [0,1]p ∋ (t, x) ↦ H(t, x) ∈ ℒ(ℋ) smooth

H(t, x) = H*(t, x) ∀(t, x)s.t. & p ≤ dim ℋ
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Nonlinear Setup
• H depends on t and p parameters x = (x1, x2, …, xp)

[0,1] × [0,1]p ∋ (t, x) ↦ H(t, x) ∈ ℒ(ℋ) smooth

H(t, x) = H*(t, x) ∀(t, x)s.t. & p ≤ dim ℋ

• Nonlinear Adiabatic Schrödinger Eq. in ℒ(ℋ)

{iε∂tvε(t) = H(t, |vε
1(t) |2 , |vε

2(t) |2 , … |vε
p(t) |2 )vε(t)

vε(0) = v0, t ∈ [0,1], ε → 0

• Example in ℂ2

iε∂t (vε
1

vε
2) = (R + C( |vε

2 |2 − |vε
1 |2 ) W

W −(R + C( |vε
2 |2 − |vε

1 |2 ))) (vε
1

vε
2)

CIRM, Sept. 14-18, 2020



First properties
Shorthand

{iε∂tvε(t) = H(t, [vε(t)])vε(t),
vε(0) = v0, t ∈ [0,1]

.vε(t) ∈ ℒ(H)
(NLS)
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First properties

H(t, x) = H*(t, x) ⇒ ∥vε(t)∥ ≡ ∥vε(0)∥• Norm conservation

• Global solution vε(t) exists & is unique ∀t ∈ [0,1]

• Gauge invariance H(t, [eiθv]) ≡ H(t, [v])

Shorthand

{iε∂tvε(t) = H(t, [vε(t)])vε(t),
vε(0) = v0, t ∈ [0,1]

.vε(t) ∈ ℒ(H)
(NLS)
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Nonlinear Eigenvectors
• Gap assumption ∀(t, x) ∈ [0,1] × [0,1]p

∃ λ(t, x)  simple ev. σ(H(t, x))

φ(t, x) ∈ ℒ(H)H(t, x)φ(t, x) = λ(t, x)φ(t, x),
. t

x

λ(t, x)
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Prop: ∃ 0 < τ ≤ 1 andIf  small,δ

[0,τ] ∋ t ↦ ω(t) ∈ ℋ, normalised, s.t.∃ smooth
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Nonlinear Eigenvectors

• “Technicality” max
1≤ j≤p

∥∂xj
H(t, x)∥ ≤ δ

Moreover, ⟨ω(t) |∂tω(t)⟩ ≡ 0 & ω(t) ∝ φ(t, [ω(t)])
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Nonlinear Eigenvectors
• Example in  with ℂ2 p = 1, x ∈ [0,1]

H(t, x) = (cos(2tθ(x)) sin(2tθ(x))
sin(2tθ(x)) −cos(2tθ(x)))

x ↦ θ(x) ∈ ℝLet and

s.t. σ(H(t, x)) = {−1,1}
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Nonlinear Eigenvectors
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x ↦ θ(x) ∈ ℝLet and
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Nonlinear Adiabatic Theorem
∀(t, x) ∈ [0,1] × [0,1]p• Real Hamiltonian

H(t, x) = H(t, x)
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αjej ψ = ∑
j

αjejif
• Generalized gap assumption

σ(H(t, x) − λ(t, x)) ∩ σ(−H(t, x) + λ(t, x)) ≡ {0}

true for  ground or most excited stateλRem:

σ(H(t, x)) simple and finite ( -dim. cases below)∞



Nonlinear Adiabatic Theorem
∀(t, x) ∈ [0,1] × [0,1]p• Real Hamiltonian

H(t, x) = H(t, x)

Thm: ∃ 0 < τ0 ≤ 1 s.t. the sol. to If  small,δ

{iε∂tvε(t) = H(t, [vε(t)])vε(t), t ∈ [0,τ0]
vε(0) = ω(0)

vε(t) = e−i ∫t
0 λ(u,[ω(u)])du/εω(t) + 𝒪t(ε)

(NLS)

t ∈ [0,τ0]ε → 0,

satisfies
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Energy Content of a Solution

• Definition
Euε(t) := ⟨uε(t) |H(t, [uε(t)])uε(t)⟩

For uε(t) sol. to (NLS) with uε(0) = u0
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Energy Content of a Solution

• In general − sup
∥x∥≤∥u0∥

∥H(t, x)∥∥u0∥2 ≤ Euε(t) ≤ sup
∥x∥≤∥u0∥

∥H(t, x)∥∥u0∥2

• Definition
Euε(t) := ⟨uε(t) |H(t, [uε(t)])uε(t)⟩

For uε(t) sol. to (NLS) with uε(0) = u0

Euε(t) imiiimi: 𝒪(1)

t

𝒪(ε)

Cor: vε(t) = e−i ∫t
0 λ(u,[ω(u)])du/εω(t) + 𝒪t(ε)For an adiabatic sol.

Evε(t) = λ(t, [ω(t)]) + 𝒪t(ε)

Thum
Evε(t)
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• PDE setting ∃ similar results for weak nonlinearities  
and/or small initial data Carles et al ’11-'12, Sparber ’16, Gang et al ‘17
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Remarks

• Method of proof

Schauder fixed point theorem for ω(t)

Linear approx.  non self-adjoint generator⇝

“Integration by parts” & control of remainders

• Extensions to

dim ℋ = ∞ H(t, x) unbounded, &  discreteσ(H(t, x))

• PDE setting ∃ similar results for weak nonlinearities  
and/or small initial data Carles et al ’11-'12, Sparber ’16, Gang et al ‘17
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ℬ1(ℋ) = {v ∈ ℋ | ∥v∥ ≤ 1}

S : ℬ1(ℋ) → ℬ1(ℋ) s.t. S(v) = φ([v])
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ℬ1(ℋ) = {v ∈ ℋ | ∥v∥ ≤ 1}

S : ℬ1(ℋ) → ℬ1(ℋ) s.t. S(v) = φ([v])

Fix , lett convex
continuous

⇒ Kφ = {φ([x]) | x ∈ [0,1]p} compact

and S(ℬ1(ℋ)) ⊂ Kφ compact

By Schauder: ∃ω ∈ ℬ1(ℋ) s.t. φ([ω]) = ω .

Then, Implicit Function Thm. for δ small

Nonlinear eigenvector

∀(t, x) ∈ [0,1] × [0,1]p

∃ λ(t, x)  simple ev. σ(H(t, x))

φ(t, x) ∈ ℋH(t, x)φ(t, x) = λ(t, x)φ(t, x), . t

x

λ(t, x)

• Setup dim ℋ = ∞ H(t, x) ∈ ℒ(ℋ)& smooth
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Linearisation I
• Normalisation 

(via H(t, x) ↦ H(t, x) − λ(t, x))λ(t, x) ≡ 0,w.l.o.g:

⇒ H(t, [ω(t)])ω(t) ≡ 0 & ⟨ω(t) | ·ω(t)⟩ ≡ 0.
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Δ(t) := vϵ(t) − ω(t),

iϵ ·Δ(t) = H(t, [vϵ(t)])vϵ(t) − iϵ ·ω(t)

Δ(0) = 0

Linearisation I
• Normalisation 

(via H(t, x) ↦ H(t, x) − λ(t, x))λ(t, x) ≡ 0,w.l.o.g:

⇒ H(t, [ω(t)])ω(t) ≡ 0 & ⟨ω(t) | ·ω(t)⟩ ≡ 0.
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Δ(t) := vϵ(t) − ω(t),

iϵ ·Δ(t) = H(t, [vϵ(t)])vϵ(t) − iϵ ·ω(t)

Δ(0) = 0

Linearisation I
• Normalisation 

(via H(t, x) ↦ H(t, x) − λ(t, x))λ(t, x) ≡ 0,w.l.o.g:

⇒ H(t, [ω(t)])ω(t) ≡ 0 & ⟨ω(t) | ·ω(t)⟩ ≡ 0.

= H(t, [ω(t))]Δ(t) +
p

∑
j=1

∂xj
H(t, [ω(t)])ω(t) 2ℜ(Δj(t)ωj(t))

−iϵ ·ω(t) + O(∥Δ(t)∥2)
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(via H(t, x) ↦ H(t, x) − λ(t, x))λ(t, x) ≡ 0,w.l.o.g:

⇒ H(t, [ω(t)])ω(t) ≡ 0 & ⟨ω(t) | ·ω(t)⟩ ≡ 0.

= H(t, [ω(t))]Δ(t) +
p

∑
j=1

∂xj
H(t, [ω(t)])ω(t) 2ℜ(Δj(t)ωj(t))

−iϵ ·ω(t) + O(∥Δ(t)∥2)

ωj(t)Δj(t) + ωj(t)Δj(t)
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Δ(t) := vϵ(t) − ω(t),

iϵ ·Δ(t) = H(t, [vϵ(t)])vϵ(t) − iϵ ·ω(t)

Δ(0) = 0

Linearisation I
• Normalisation 

(via H(t, x) ↦ H(t, x) − λ(t, x))λ(t, x) ≡ 0,w.l.o.g:

⇒ H(t, [ω(t)])ω(t) ≡ 0 & ⟨ω(t) | ·ω(t)⟩ ≡ 0.

= H(t, [ω(t))]Δ(t) +
p

∑
j=1

∂xj
H(t, [ω(t)])ω(t) 2ℜ(Δj(t)ωj(t))

−iϵ ·ω(t) + O(∥Δ(t)∥2)

ωj(t)Δj(t) + ωj(t)Δj(t)

⇝ System for (Δ, Δ) Recall: H(t, x) = H(t, x)
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• System

Set μj := (
∂xj

H(t, [ω(t)])ω(t)

−∂xj
H(t, [ω(t)])ω(t)) νj := (

ωj(t)ej

ωj(t)ej)
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• System

Set μj := (
∂xj

H(t, [ω(t)])ω(t)

−∂xj
H(t, [ω(t)])ω(t)) νj := (

ωj(t)ej

ωj(t)ej)

with

Δ(0) = 0iϵ (
·Δ
·
Δ) = − iϵ ( ·ω

·ω) + F(t)(Δ
Δ) + O(∥Δ∥2),
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• System

Set μj := (
∂xj

H(t, [ω(t)])ω(t)

−∂xj
H(t, [ω(t)])ω(t)) νj := (

ωj(t)ej

ωj(t)ej)

with

Δ(0) = 0iϵ (
·Δ
·
Δ) = − iϵ ( ·ω

·ω) + F(t)(Δ
Δ) + O(∥Δ∥2),

F(t) = F0(t) + G(t)

F0(t) = (H(t, [ω(t)]) 0
0 −H(t, [ω(t)])) = F0(t)*

σ(F0(t)) = σ(H(t, [ω(t)]) ∪ −σ(H(t, [ω(t)])

s.t.

and
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• System

Set μj := (
∂xj

H(t, [ω(t)])ω(t)

−∂xj
H(t, [ω(t)])ω(t)) νj := (

ωj(t)ej

ωj(t)ej)

G(t) =
p

∑
j=1

|μj(t)⟩⟨νj(t) | ≠ G(t)* finite rank

with

Δ(0) = 0iϵ (
·Δ
·
Δ) = − iϵ ( ·ω

·ω) + F(t)(Δ
Δ) + O(∥Δ∥2),

F(t) = F0(t) + G(t)

F0(t) = (H(t, [ω(t)]) 0
0 −H(t, [ω(t)])) = F0(t)*

σ(F0(t)) = σ(H(t, [ω(t)]) ∪ −σ(H(t, [ω(t)])

s.t.

and
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• System

Set μj := (
∂xj

H(t, [ω(t)])ω(t)

−∂xj
H(t, [ω(t)])ω(t)) νj := (

ωj(t)ej

ωj(t)ej)

G(t) =
p

∑
j=1

|μj(t)⟩⟨νj(t) | ≠ G(t)* finite rank

with

Δ(0) = 0iϵ (
·Δ
·
Δ) = − iϵ ( ·ω

·ω) + F(t)(Δ
Δ) + O(∥Δ∥2),

F(t) = F0(t) + G(t)

F0(t) = (H(t, [ω(t)]) 0
0 −H(t, [ω(t)])) = F0(t)*

σ(F0(t)) = σ(H(t, [ω(t)]) ∪ −σ(H(t, [ω(t)])

s.t.

and

• Fact: ( ·ω
·ω) ∈ ker F⊥ & ∥G(t)∥ = O(δ)



Integration by parts I
• Spectral prop.
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Lemma 

If H(t, x) matrix case

σ(H(t, x)) ∩ σ(−H(t, x)) ≡ {0}Assume H(t, x) real,

 has    simple eigenval.N
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Lemma 

If H(t, x) matrix case

σ(H(t, x)) ∩ σ(−H(t, x)) ≡ {0}Assume H(t, x) real,

 has    simple eigenval.N

( or p = 1 )#{σ(F(t))∖σ(F0(t))} = 2(N − 1), ,σ(F0(t)) essential
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Lemma 

If H(t, x) matrix case

σ(H(t, x)) ∩ σ(−H(t, x)) ≡ {0}Assume H(t, x) real,

 has    simple eigenval.N

Then, for 

σ(F(t)) = {−lN′ (t) < … < − l1(t) < 0 < l1(t) < ⋯ < lN′ (t)} ⊂ ℝ

δ small enough,

all simple, except 0 of mult. 2

( or p = 1 )#{σ(F(t))∖σ(F0(t))} = 2(N − 1), ,σ(F0(t)) essential
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Lemma 

If H(t, x) matrix case

σ(H(t, x)) ∩ σ(−H(t, x)) ≡ {0}Assume H(t, x) real,

 has    simple eigenval.N

Then, for 

σ(F(t)) = {−lN′ (t) < … < − l1(t) < 0 < l1(t) < ⋯ < lN′ (t)} ⊂ ℝ

δ small enough,

all simple, except 0 of mult. 2
and, with

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)

l−j(t) = − lj(t)

(F(t) semisimple)

( or p = 1 )#{σ(F(t))∖σ(F0(t))} = 2(N − 1), ,σ(F0(t)) essential



Integration by parts I
• Spectral prop.

CIRM, Sept. 14-18, 2020
⇝ consequence of Aronszajn-Weinstein theory

Lemma 

If H(t, x) matrix case

σ(H(t, x)) ∩ σ(−H(t, x)) ≡ {0}Assume H(t, x) real,

 has    simple eigenval.N

Then, for 

σ(F(t)) = {−lN′ (t) < … < − l1(t) < 0 < l1(t) < ⋯ < lN′ (t)} ⊂ ℝ

δ small enough,

all simple, except 0 of mult. 2
and, with

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)

l−j(t) = − lj(t)

(F(t) semisimple)

( or p = 1 )#{σ(F(t))∖σ(F0(t))} = 2(N − 1), ,σ(F0(t)) essential
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Integration by parts II
• Kato's approach of linear approx.

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)iϵ (
·Δ
·
Δ) ≃ +F(t)(Δ

Δ) − iϵ ( ·ω
·ω) where
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Integration by parts II
• Kato's approach of linear approx.

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)iϵ (
·Δ
·
Δ) ≃ +F(t)(Δ

Δ) − iϵ ( ·ω
·ω) where

iϵ∂tTϵ(t, s) = F(t)Tϵ(t, s), Tϵ(s, s) = 𝕀

Adiabatic approx.
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Integration by parts II
• Kato's approach of linear approx.

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)iϵ (
·Δ
·
Δ) ≃ +F(t)(Δ

Δ) − iϵ ( ·ω
·ω) where

iϵ∂tTϵ(t, s) = F(t)Tϵ(t, s), Tϵ(s, s) = 𝕀

Adiabatic approx.

W(t) s.t. ·W(t) = ∑
j

·ℙj(t) ℙj(t) W(t), W(0) = 𝕀 (Kato's op.)
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Integration by parts II
• Kato's approach of linear approx.

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)iϵ (
·Δ
·
Δ) ≃ +F(t)(Δ

Δ) − iϵ ( ·ω
·ω) where

iϵ∂tTϵ(t, s) = F(t)Tϵ(t, s), Tϵ(s, s) = 𝕀

Adiabatic approx.

W(t) s.t. ·W(t) = ∑
j

·ℙj(t) ℙj(t) W(t), W(0) = 𝕀 (Kato's op.)

Vϵ(t, s)ℙj(s) = ℙj(t)Vϵ(t, s) = W(t)ℙj(0)e−i ∫t
s lj(σ)dσ/ϵW−1(s)

Vϵ(t, s) s.t.Let
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Integration by parts II
• Kato's approach of linear approx.

F(t) =
N′ 

∑
j=−N′ 

lj(t)ℙj(t)iϵ (
·Δ
·
Δ) ≃ +F(t)(Δ

Δ) − iϵ ( ·ω
·ω) where

iϵ∂tTϵ(t, s) = F(t)Tϵ(t, s), Tϵ(s, s) = 𝕀

Adiabatic approx.

W(t) s.t. ·W(t) = ∑
j

·ℙj(t) ℙj(t) W(t), W(0) = 𝕀 (Kato's op.)

Vϵ(t, s)ℙj(s) = ℙj(t)Vϵ(t, s) = W(t)ℙj(0)e−i ∫t
s lj(σ)dσ/ϵW−1(s)

Vϵ(t, s) s.t.Let

Lemma
Tϵ(t, s) = Vϵ(t, s) + Os,t(ϵ) & ∥Tϵ(t, s)∥ = O(1)
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Integration by parts III
• Duhamel's formula

(Δ(t)
Δ(t)) = − ∫

t

0
Tϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
Tϵ(t, s)O(∥Δ(s)∥2)ds
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Integration by parts III
• Duhamel's formula

(Δ(t)
Δ(t)) = − ∫

t

0
Tϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
Tϵ(t, s)O(∥Δ(s)∥2)ds

= − ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
O(∥Δ(s)∥2)ds + Ot(ϵ)
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Integration by parts III
• Duhamel's formula

(Δ(t)
Δ(t)) = − ∫

t

0
Tϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
Tϵ(t, s)O(∥Δ(s)∥2)ds

= − ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
O(∥Δ(s)∥2)ds + Ot(ϵ)

ℙ0(t)(
·ω(t)
·ω(t)) ≡ 0

• Integration by parts

⇒ ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds = Ot(ϵ)
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Integration by parts III
• Duhamel's formula

(Δ(t)
Δ(t)) = − ∫

t

0
Tϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
Tϵ(t, s)O(∥Δ(s)∥2)ds

= − ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
O(∥Δ(s)∥2)ds + Ot(ϵ)

ℙ0(t)(
·ω(t)
·ω(t)) ≡ 0

• Integration by parts

⇒ ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds = Ot(ϵ)

sup
0≤t≤τ

∥Δ(t)∥ ≤ aϵ + bτ( sup
0≤t≤τ

∥Δ(t)∥)2/ϵ

• Control of remainder
yields 

4abτ ≤ 1 ⇒ sup
0≤t≤τ

∥Δ(t)∥ ≤ 2aϵ
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Integration by parts III
• Duhamel's formula

(Δ(t)
Δ(t)) = − ∫

t

0
Tϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
Tϵ(t, s)O(∥Δ(s)∥2)ds

= − ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds +

i
ϵ ∫

t

0
O(∥Δ(s)∥2)ds + Ot(ϵ)

ℙ0(t)(
·ω(t)
·ω(t)) ≡ 0

• Integration by parts

⇒ ∫
t

0
Vϵ(t, s)(

·ω(s)
·ω(s)) ds = Ot(ϵ)

sup
0≤t≤τ

∥Δ(t)∥ ≤ aϵ + bτ( sup
0≤t≤τ

∥Δ(t)∥)2/ϵ

• Control of remainder
yields 

4abτ ≤ 1 ⇒ sup
0≤t≤τ

∥Δ(t)∥ ≤ 2aϵ ⇒ vϵ(t) = ω(t) + Ot(ϵ)



Unbounded extension
• Unbounded case dim ℋ = ∞

where

H0 = H*0 ≥ 0 on 𝒟 ⊂ ℋ
W(t, x) = W*(t, x) ∈ ℒ(ℋ) smooth } real

H(t, x) = H0 + W(t, x)
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σ(H0) = {λj}j∈ℕ simple, and λj+1 − λj ≥ c0 jα α > 1/2, c0 > 0for
∥W(t, x)∥ ≤ δ, ∥∂xj

W(t, x)∥ ≤ δ

Unbounded extension
• Unbounded case dim ℋ = ∞

where

H0 = H*0 ≥ 0 on 𝒟 ⊂ ℋ
W(t, x) = W*(t, x) ∈ ℒ(ℋ) smooth } real

H(t, x) = H0 + W(t, x)
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σ(H0) = {λj}j∈ℕ simple, and λj+1 − λj ≥ c0 jα α > 1/2, c0 > 0for
∥W(t, x)∥ ≤ δ, ∥∂xj

W(t, x)∥ ≤ δ

• Perturbation in δ

Same holds for σ(H(t, x)) = {λj(t, x)}j∈ℕ

Unbounded extension
• Unbounded case dim ℋ = ∞

where

H0 = H*0 ≥ 0 on 𝒟 ⊂ ℋ
W(t, x) = W*(t, x) ∈ ℒ(ℋ) smooth } real

H(t, x) = H0 + W(t, x)
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σ(H0) = {λj}j∈ℕ simple, and λj+1 − λj ≥ c0 jα α > 1/2, c0 > 0for
∥W(t, x)∥ ≤ δ, ∥∂xj

W(t, x)∥ ≤ δ

• Perturbation in δ

Same holds for σ(H(t, x)) = {λj(t, x)}j∈ℕ

Unbounded extension
• Unbounded case dim ℋ = ∞

where

H0 = H*0 ≥ 0 on 𝒟 ⊂ ℋ
W(t, x) = W*(t, x) ∈ ℒ(ℋ) smooth } real

H(t, x) = H0 + W(t, x)
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• Same statement generated gap hyp.
weak derivatives


