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Linear systems and time integration
@ Hamiltonian linear systems :

Oy =iAy yeCN, A=A

@ Preservation of the energy y*Ay = (y|Aly) € R.

@ Solutions oscillate at the frequencies of the matrix

A=Q"QQ, Q'Q=1, Q=diag(wk), wkeR.

y(t) = exp(itA)y(0) Q" diag(exp(itwk))Q y(0)

N
> exp(itwy)zp.
k=1

@ Stability for all times : |y(¢t)| < C.
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Linear systems and time integration
Time integration : y, ~ y(7n) = exp(iTnA)y(0).

Yn+1 = Yn + ITAYn, Euler
+
Yns1 = Yn +ITA (%) Midpoint rule
In both case
¢(z)=1+z Euler
1=0(ITA 1+%
Y1 = LTA)s o(z) = - z Midpoint rule
2

A=Q"QQ = ¢(iTA) = Q" ¢(iTQ)Q = y, = Q" ¢(iTQ)"Q y(0).

Hence we have an approximation

(1+iTwk)™  Euler

exp(iTnwi) = p(itwe)” = | (1+iTx\"
— Midpoint rule
1-i=
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Linear systems and time integration
Stability problem :

) ) L+i55k
lexp(iTwi)| =1, |1+ iTwy|>1, m‘ =1
2

|ynll — +o00  Euler
n—oo

ly(®)] <C,  but

lyall < C V¥ n Midpoint rule.

Shadow equation :yp.1 = exp(iT% log(#(iTA)))Yn.
Numerically, we see the exact solution of

1
A; = —log(1+itA) Euler
: iT

1 .
y= (.f log ¢>(ITA))y =Ary
T 2 TA o
Ar=— arctan(T) Midpoint rule.
T

14i
. * I,X = exp(2i arctan(x)). A> = A, for midpoint.
- ix
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Linear systems and time integration
Time integration : Modified equation

y = iAy g y =IiAry

time grid

o A; symmetric if and only if the method is symplectic

@ Symplectic methods are always implicit and stable.
RK4 not symplectic.

@ Order of the method : |[A-A;| = O(7P).
@ High Frequencies are smoothed

2 TW s
wr —> 00 but  wg,= —arctan(—k) <— Vk.
T 2 T

k—o0
Always a difference between exact frequencies and numerical
frequencies, except when A is diagonal or easily diagonalizable.
e Modified energy (y|A;|y) preserved for all times.
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Splitting and modified energy

Oty = iAy + iBy, A, B symmetric
o Exact flow : u(t) = exp(it(A+ B))u°
@ Splitting methods : order 1 (Lie)

Vi1 = exp(iTA) exp(iTB)yn, = exp(iT(A+ B))yn + (9(72)

@ Order 2 (Strang, Stormer-Verlet)
Vsl = exp(/gA) exp(iTB) exp(i%A)yn = exp(iT(A+ B))yn + O(73)

o Idea : exp(iTA) and exp(iTB) easy to compute.
Typically : A operator diagonal in frequency,
B multiplication potential. Inbetween : FFT.
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Splitting and modified energy

Schrodinger systems :
Otu = iAu + iBu

Baker-Campbell-Haussdorf formula

exp(iTA) oexp(iTB) = exp(iZ(7))
Z(1) =7(A+B) + 3iT?[A B] + -

o [A,B] = AB - BA = ad4(B)
e Convergence of the series for 7(|A| + |B]) < 27.

o Modified energy :
1
VI=Z(T)ly) = {ylA+ Bly) + O(7).
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Linear Hamiltonian PDEs

Main examples : Schrodinger equations. u(t,x) solution of

iu=-Au xeT?  Torus

iu=Hu=(-A+|x]*)u xeR? Full space
To define the solution : diagonalization of the operators

_Aelkx = |k|2efk'x keZ9  Plane waves in T¢

Hpn = (2|n| + d)p, = wnp, neN9,  Hermite functions on R,

Solution preserve the Sobolev norms H* (torus) or
H® = {u](x)Suel® (V)°uel?} (harmonic oscillator).

=i 2, itk- A .
u(t) = Z e tlKl Uge'th u2 Fourier transform of u°
kezd |
u(t) = Z e 'twn ugcp,,(X) ug Hermite transform of u°.
neNd
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Linear Hamiltonian PDEs : Space and time discretization

Finite differences on TY.
Space grid x; = jh on T, K =~ 1/h points.

Uiyl — 2uj- +Uj-1

iOru=-Au Spa?grid i0¢uj = — 2
2 -1
-1 2 -1
o _ 1 W . (. K
iy = Apy, Ah—p S with y = (u;) e C".
-1 2 -1
-1 2
. _ ) 4 h| 2 _ o
Eigenvalue of the matrix : |k|* ~ n?(—=-). After time discretization

hl |2

2
- arctan(— sin( )) midpoint

, 2
y= AT,h.y7 |k| ~
wth’k + /’hh’k Explicit method Yr.hk F 0.
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Linear Hamiltonian PDEs : Space and time discretization
Spectral methods. Grid x; = jh on T9, K =~ 1/h points.

U(t,X)l‘ Z lkx K(t)

k(5T 5)

o After discrete FFT on the grid x;, the equation is
v k i0:ul (t) = |k[?ulf (t) diagonal matrix.

Exact up to spectral approximation.

e On R : we embed in a large torus of size L.
(or with Dirichlet boundary condition)
And hope for not to much error... (boundary effects)

@ Advantage : Easy to switch from the frequency space to the physical
space O(K log K') operation (potential evaluation, nonlinearity).
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Linear Hamiltonian PDEs : Space and time discretization

@ Problem with the Harmonic oscillator : No Fast Hermite transform.
u(t,x)= > pa(x)uf(t)
ne{0,...,K}

The “Hermite grids” are not included and change when K vary.
No divide and conquer algorithm.
o Idea of splitting ?

i —iZ|x|2 i —iT|x|?
e /TH:,e i x| e/TAe i5|x|

but A and |x|?> are operator of the same order : Large error .
@ Quadratic evolution operator : Bernier splitting of the form

e—itH _ eioc(t)|x|2ei,@’(f:)Aei’y(f:)\x\2

Exact with explicit formulas for a(t), 5(t)... Using FFT O(K log K)
Preliminary results by Blanes & Bader (2018), full generalization by
Joackim Bernier (2020) for any quadratic operator.

Only error comes from the large torus approximation.
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A numerical example
Focusing Schrodinger equation on R

iOeu(x, t) = —Au(x, t) - |u(x, t)]Pu(x, t)

@ Preservation of the L2 norm |u(t)| i2 = |u(0)|| i2 and of the energy

H(w) = [ xu(P - S lux)ffdx = T(u) + P(u)

@ Pseudospectral discretisation : Large torus T; = R/(27LZ).

Pru)=e™u (ph(u))(x) = € u(x)
Two parts are "explicit” up to FFT and space discretization.
@ Splitting schemes : For small T,

Oh = T.p =T odp, = op (u°) = (87 0p)" ().
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Solitary waves
iBeu(t,x) = —Owu(t, x) = u(t,x)[Pu(t,x), wu(0,x)=u’(x), xeR.

e Family of solutions (solitary waves)
1 1
u(t,x) =p(x—ct-xp) exp(i(zc(x —ct—xp)+00))exp(i(a+ Zcz)t)

a, ¢, xo and fg are real parameters,

(x) V?2a
X) = ———.
P cosh(+/ax)
@ Stable solitons (orbital stability)
@ Very particular solution :
2 it
u(t,x) = V2e .
cosh(x)
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Solitary waves

@ Space discretization : large window [-7/o,7/c] (o small).
Fourier pseudo spectral methods with K equidistant points.

@ First case : Explicit splitting method.

O = OTep = 67 0 B

@ K =256, 0 =0.11. Courant-Friedrichs-Lewy number :

K2
— 2
cfl=710 ( > ) .
» 7=0.1 (cfl = 19.8),
» 7=0.05 (cfl =9.9),
» 7=0.01 (cfl = 1.9).
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Solitary waves
Evolution of the energy

Ao, ) = [ 10u(o? - 1Ju(x)ax

Energy

~ 200 400 600 800 1000

Time

e 7=0.1 (cfl =19.8) : Energy drift
e 7=0.05 (cfl =9.9) : Energy drift
e 7=0.01 (cfl =1.9) : No drift.
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Solitary waves

Profile of the solution : |u"(x)|
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o cfl = 19.8 at time t = 300 (left)
e cfl = 1.9 at time t = 10000 (right)
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Solitary waves

Plot of the Fourier coefficients |d,(t)|? for k € Z in log scale.

-2

Log10 of the actions
e

0 5‘0 1 60 150 200 250 300
Time

First case : cfl = 1.9
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Solitary waves

Plot of the Fourier coefficients |, (t)|? for k € Z in log scale.

N

Log10 of the actions
o
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Second case : cfl = 19.8. Leak of energy in the high modes.
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Solitary waves
Symplectic splitting, cfl = 5.7.
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Solitary waves

Non symplectic integrators : exp(7A)
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Solitary waves
Symplectic splitting : cfl = 0.57.
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Solitary waves

Same computation with the implicit-explicit (IMEX) integrator :

O = F.p = R(ITA) 0 6h
with
1+iTA)2

RUTA) = 1A

~ exp(iTA)

Midpoint rule applied to the free Schrodinger equation

n+1 n
. ) u™
iOu=-Au = u"t=u"+ /TA(—)

We use cfl = 19.8.
E. Faou (INRIA)
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Solitary waves

0.5]

Log10 of the actions

o

-20 -10 10 20

x o

No energy drift, preservation of the regularity, even with cfl = 19.8.
Results for discrete solitons :

@ Symmetric case : Bambusi & Penati (2010) (space discretization),
Bambusi, Faou & Grébert (2013)

@ Moving discrete solitary waves : Bernier & Faou (2019)

@ CFL condition must always be imposed, except for some energy
preserving schemes (Delfour, Fortin & Payre (1981)).

@ Weinstein conjecture ?
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Backward error analysis : principles

Schrodinger systems :
Otu = iAu + iBu

A and B real operators (possibly unbounded, possibly nonlinear)
Exact flow : u(t) = exp(it(A+ B))u®
Splitting methods

ut = exp(iTA) o exp(iTB)u® = u(1) + O(7?)

@ Global order 1, Existence of high order splitting.
e preservation of the L2 norm

@ Convergence in H® under smoothness assumption in H**"
(for finite times).
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Backward error analysis : principles

Schrodinger systems :
Ot = iAu + iBu

Baker-Campbell-Haussdorf formula

exp(iTA) oexp(iTB) = exp(iZ(T))
Z(1) =7(A+B) + 3iT?[A B] + -

e Convergence of the series for 7(|A| + |B]) < 2.
A=-A or A= H : no convergence to hope.

| exp(iTA) 0 exp(iTB)y —exp(iT(A+ B))yll = O |yl on)-

Need an a posteriori bound of the numerical solution in all the H®.

Not true in general.
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BCH with unbounded part

A=-A, writing exp(iTA) = | +iTA- %QAZ +--+ not an option.

exp(iTA) o exp(iTB) = exp(iZy) o exp(iTB) = exp(iZ(7))??

e 7 = diag(\k) bounded but not small.

o Explicit integrators : A\, = 7|k|> modulo 27 in Fourier.
exp(—iTA) = diag(exp(iT|k[?))

o implicit-explicit integrators : A\, = 2arctan(h|k|?/2)

1-itAJ2

R(-irh) = —T2/<
CITA) =15 A

=exp(2iarctan(-7A/2)) =: exp(iZp).

E. Faou (INRIA) Discretization of Hamiltonian PDEs CIRM 26 / 50



BCH with unbounded part
Find Z(t) such that

Vte[0,7], exp(iZy)oexp(itB)=exp(iZ(t)), Z(0)= 2.

Equation
/ _ -1 : _
Z'(t) = (dexpiz(y)) " exp(-iZ(t))B = Z adiz () (B).
n>0 N

[ee)

e B, Bernoulli numbers. Z X = )
o n! ex-1

X

@ Expansion : Z(t) = Zy+ tZy + -+
@ Second term : B,
2=y —tiadl,(B).

n>0

Nonlinear case : ady(K) = {H, K} (Hamiltonian).
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Linear Schrodinger equation

Oru(t,x) =—iAu(t,x) +iV(x)u(t,x), wu(0,x)=up(x).

o x €T In Fourier A=-A =diag(|k*) . B = (Vk—t) ke -
o Zy = diag(\x) with Ax = 7|k|? or A\, = 2arctan(7|k[2/2).

(adzW),, = ((Z0)uk — (Z0)er) W,

(Ak = Ae) W

i(Ak = Ae)
exp(i(Axk—Ap)) -1

® (Z1)ke = Bre well defined for [Ag — Ag| < 27
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Modified energy
Theorem (Debussche & Faou 2008)

For the implicit-explicit integrator, there exists a symmetric operator S(T)
such that for all T < 19

R(—iTA)exp(iTV) = exp(iTS(T))
Moreover 5
S(r) = - arctan(-7A/2) + V(1)

V() modified (bounded and smooth) potential

(u|S(7)|u) invariant of the numerical scheme

]
o
@ No residual term.
o

Backward error analysis result.

@ Same result for explicit splitting with CFL.
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Modified energy

S(r) = 2 arctan(-7A/2) + V(1)
T
We have for the numerical solution u" :
(u"|S(7)|u") = (u®|S(r)[u®)

Corollary
for all n we have

1 2
2 2 2 0

D {7/ R S 17/ e @ 7
|K|<1//7 T k>1/v/7

o Fully discrete system : aliasing problems

e Under CFL conditions : H' bounds of the solution independent on K.
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Cubic nonlinear Schrodinger equation

oH

iOru=—-Au+ |u|2u T
i

(u, @)
Wave function u(t,x) € C, x e T.

@ Hamiltonian )
H(u, d) = A(|VU|2+§|U|4)dx.

e Decomposition 1= .7 ue™™,
H(u,a) = T(u,a)+ P(u,0)
2 2,1 _
= Z|k| |uk| + — Z ukumueuj'.

keZ 2 k+m—£—j=0
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Cubic nonlinear Schrodinger equation
@ Hamiltonian system : for all k € Z,

Ok = —ilkPuk—i > ukplm.
k=k—l+m

e A=-A, B =P Polynomial Hamiltonian P

P= Z Uk U Up U

k+m—{—j=0

N | —

Action of Zy = ¥ Al ux? :
{20, uumpli;} = iQpmej Ui Um0

where
Qumej = Ak + Am = Ao = A
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Modified energy

First term :

i1 kmej _
Z]_ = Z (m ukUngUj
k+m—f-j=0 \ €

N —

Z1 : Control of the small denominator at the order 4.

Z> : defined similarly, but of degree 6.

H . 2m
Construction of Z, : A\, < 275

In general : CFL condition 7|k|? < n+1 or 7|k[? < 2tan(-%;)
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Modified flow

Theorem (Faou & Grébert 2009)

There exists a polynomial Hamiltonian H; such that for all
ueB,\/,:{ueﬁl|||u||g1 <M}, we have

[6p 0 62, (u) = 8. ()] <7V H(CN)™.

In general, N is given by the CFL condition. |ul| a = ke |uk]-

_ 1 , 1 1Qkemej _
H-(u,a) =) —Ailue]”+ = ————UUmip; + O(T
- (u, ) /;ZT il ] 2k+m§_j=0 iy 7 Ukim el + O(7)
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CFL conditions

Splitting or implicit explicit method : CFL condition
For cubic NLS : cfl numbers

E. Faou (INRIA)

TN+t X 2arctan(x/2)
72 3.14 00
3 2.10 3.46
T4 1.57 2.00
- 1.27 1.45
78 1.05 1.15
7 0.90 0.96
8 0.80 0.83
70 0.70 0.73
710 0.63 0.65
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Fully discrete case

The discretized Hamiltonian writes (in dimension 1)

1
Z |k|2|uk|2+— Z Ukumﬁgﬁj.

keBy 2 k,m.,C.jeBy
k+m—{—jeKZ
where Bk = {j € Z| ——<J<——1}

Modified Hamiltonian for the explicit splitting with CFL (A = 7|k[?).

_ 1 iQpeme(T) _
H-(u,d) = ). | k|2 g |? + > > #ukumuwj +0(1)
keBy komytjest €M) =1
k+m—l-jeKZ

Aliasing problems and resonances.
Classical splitting : Qume; (7) = T([k|? + [m[> = €] = |j]?).
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Numerical experiments

iOeu=-Au+V xu+|uu, xeT

V (k) = 10+2k2 Linear frequencies of the operator Hp = -A + Vx :
2
= k* - keZ
ok 10+2k2"
Initial value :
0 0.1
U =———-
4 — 2 cos(x)

We use a collocation space discretization with K = 400 Fourier coefficients.
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Numerical experiment : Standard splitting

Plot : Fourier coefficients |T|? in logarithmic scale. Splitting algorithm.

A ‘AA]

E L S PANAT
o 200 400 600 800 10 o 200 400 600 800 1000 1200 1400 1600
TIME TIME

2
FIGURE — Right : 7= —— ~0.17459. .., Left : 7 = 0.174
w7 — w1
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Implicit-explicit integrator

iOeu=—-Au+V xu+|uu, xeTh

1 R(z) = 1+ 2/2’
u™ = R(=iTHp) o op(u™), with 1-2z/2
() () = e T u(x)

We consider as initial value the function

0 0.1

= ———— +0.05(2* - 2e°* + 3¢"").
4 — 2 cos(x) (2e ¢ ™)

u

Collocation space discretization with K =200 Fourier modes.
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Implicit-explicit integrator

Evolution of the sum of the numerical actions |47|? in logarithmic scale.

-15
2
o -2r -
E
S 25 :
=
5 -3t 1
o
8_3'57 WY |
_40 1000 2000 3000 4000 _EIS_QOO 6000 7000 8000 9000
ime

Stepsize 7 = 0.13. Long-time behavior as expected.
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Implicit-explicit integrator

w-15
L i
.g 25 ‘“V‘H‘\UHUNV“‘\“VV\“ H‘ A
g ST
‘(:;;,—3.57w N

_40 1000 2000 3000 4000 _E'IJ_QOO 6000 7000 8000 9000
ime

Stepsize 7 = 0.1278... such that
arctan(7Twy/2) + arctan(7ws/2) — arctan(Tw_7/2) = 0

Cancellation of the small divisor

exp(2iarctan(Twy/2) + 2i arctan(Tws/2) — 2i arctan(7w-7/2)) - 1
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Midpoint rule

iOeu=—-Au+V xu+|uu, xeT

n+1 n n+1 n
u™t =y iTHQ(—u 2+ u ) - iTg(—u 2+ = )

g(u) = |ufu.

. 2iT u™tgoyn
u™t = R(=iTHp) o (u" - 5~ iTHog( 5 ))-

Remark : can be interpreted as a splitting schemes !
Same parameters as before
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Numerical experiment

!
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Non-resonant step size.
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Resonant step size with the arctan
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Physical resonances.
Same problem, but we construct a resonant situation :

wy =10, ws=30 and w_7 =140,

so that the (“physical”) resonance relation holds :

Exact solution :

Log10 of the actions

4l

E. Faou (INRIA)

wo +ws —w_7 =0.

energy exchanges (Splitting scheme, CFL = 1)
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Breaking physical resonances

Log10 of the actions

_ . . . . . . . . .
40 1000 2000 3000 4000 i’)_QOO 6000 7000 8000 9000
ime

Implicit-explicit integrator with 7 = 0.0812... such that

1
2arctan(7wy/2) + 2arctan(7Tws/2) — 2arctan(Tw-7/2) = 5>
|exp(2i arctan(Twy/2)+2i arctan(Tws/2) -2/ arctan(Tw-7/2)) —1| ~ 0.485...
but wy + ws —w7 =01
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Breaking physical resonances
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Undesired actions preservation by the midpoint rule.
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Energy cascades

NLS on the two-dimensional torus
i0;u=—-Au+elufu, xeT?
and we take as initial data
u(0,x) =1+2cos(x1) +2cos(x2).

There exists energy cascaces (Carles & Faou, 2012).
Resonant modulus

2 B2 (2 A2 -
{|:|+;|_b|c_c|,c|_oe|dz|2 0 = (a,c,b,d) rectangle.
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Energy cascade

Numerical reproduction of these energy exchanges is not guaranteed in
general. Explicit scheme, CFL = 0.1
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log10 of the modes
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Energy cascade

Explicit scheme, 7 =0.1, grid 128 x 128.

log10 of the modes
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Midpoint barrage

Implicit explicit integrators : No energy cascade.
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