Quantum Dynamics with Trajectories:
One-Dimensional Scattering Problems

Lucien Dupuy
PhD supervisor: Yohann Scribano

Laboratoire Univers et Particules de Montpellier
UMR CNRS 5299 - Université de Montpellier

AlgDynQua, September 137%-18*", 2020 - CIRM - Marseille



Quantum reactional dynamics

Goal : Solve Schrodinger’s equation for nuclei.

Born-Oppenheimer approximation

ov . N
iha(ml, vy Ty t) = TU(xq, ey Ty, 8) + V(21 ooy 20) U (21,

Variational principle :
® Wavefunction representation
® Few approximations ( finite basis set )

® More accurate than perturbation methods

For systems with many degrees of freedom :
Curse of dimensionality

What other approaches for quantum dynamics ?
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Outline

Time
independent

Curved space

Time
dependent

@ Time independent approach of quantum trajectories

@® Extension to curved space formulation

® Time dependent approach of quantum trajectories
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@ Time independent approach of quantum trajectories

@® Extension to curved space formulation

® Time dependent approach of quantum trajectories
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From Bohmian dynamics ...

Time
independent

One-dimensional system with rectilinear coordinate

Take Madelung-Bohm’s ansatz for the wavefunction,
U(z) = R(z)e¥@/" | R(z),S(z) real functions.
t(z)
Note that S(z) is the classical action : S(z) = / L(z',&")dt

to

This allows the definition of a velocity field :

dS(z)
dx

=max

Insert both in Schrédinger’s equation,

)
2m  dx?

+V(z)¥(x) = EY(x)



From Bohmian dynamics ...

Time
independent

SITAZ L One gets two equations :

e
d

. (R2(a:)x) = 0| = Continuity equation ( incompressible flow )
x

1
E= Emirz + V(z) + Qu(z) |= Energy conservation

2 2
Quantum potential |Qu(x) = _%R(m)%x(f)

B dV (z) B dQy(x)

It implies the c.o.m. : | m& =
impli e.0.m . .

David Bohm Phys. Rev. 85, 166 (1952)



From Bohmian dynamics ...

Time

independent ® Coupled evolution of R(x) and #.
® Hydrodynamics of the density probability fluid.
® Time independent process — Eulerian and Lagrangian
frames are equivalent.

Eulerian frame Lagrangian frame
d o 10
v =v(x,t) a - ot Jr;% v =v(xo,1)
=~
fixed grid ° go with the flow

® Trajectories unchanged by a time translation.

s

Position(a.u.)




No-wave Lagrangian formulation

Time
independent

d 1d
Writing R?(z) = % and noting that — = =2 | one gets
T de adt

R (% 542
Q(i,iam):Mn(;—?;):Qyﬁ

B. Poirier, Chem. Phys. 370, 4 (2010)

Equation of motion :

corresponds to the quantum Lagrangian :

1
Lo(z,d,%, %) = §m¢2 —V(z) —Q(i, &, T)

—
Lo




Variational principle

Time
independent

A T W2 /w52
L, &, 8) = gmi® = V(e) = 4o <x - 2554>

58:6LﬁL@¢jM4:O

to
_ 0L _d(OL\ @ (0L & (oL
Ox dt \ 0% dt2 \ 9% A3 \ 9t )
Gauge invariance :

L—+D:L+%Um&$m

Take f(z,z,%,t) = h—z <x)

4m \ @3

= Q(&, %) I (ﬁ)

" 8m \@



Ostrogradski’s Hamiltonian

Time
independent

Loy,8) = gm® Vi) - 1 (1)

-~ 8m it
9L _d (9L & (9L
dr  dt \ 0% dt2 \ 0% |

Can we build a Hamiltonian whose coupled equation are
equivalent to the equation of motion ?

Ostrograski’s method



Ostrogradski’s Method

Time
independent

= AN
e () -

i= a(:?
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Ostrogradski’s Hamiltonian

Time
independent

L = L(z, &, %)
oL _d (OL\ & (OL\
Oxr dt \ 9% dt2 \ 9% |

H(x,&,p,p') =pi+p'é—L
,_OL _ W [F
P =%~ "am \ it

_%_g 87[/ —mm'—i—ﬁ i_gﬁ
P=%: " at\oz )~ am \it b




Ostrogradski’s Hamiltonian

Time
independent

/
Introducing s=ma, r= _p

m

s(2p—s 2r2g4
H(z,s,p,7) = (22977)’1) +V(z)— .

. OH p—s 8r?s?
"T85 T m | mm
s O __av

4 coupled equations : . (‘?:I 475;5
T T or T mPm
. OH s
p= ===




Hamiltonian formalism

Time
independent

s(2p—s 2254
H(z,s,p,r) = % +V(z) - 2

4 variables (z,p,r,s) instead of 2 (z,p).

Classical limit : » — 0 and s — p

p is the Noether Momentum for space translation
— If V(z) = cte, then p = cte

First order coupled equations



1D Scattering processes

Time
independent

Reactants Products

Vh—

1 ) 1 .
v ——eRT  Wp(r) o e T k= 2m(E -V
I(m)oc\/ae r(x) o \/AT( I m( )
1 -
Wr(z) o \/T—REZ}“M kr = /2m(E — Vg)

Product side corresponds to a classical-like behaviour.
r=20 s =p=hkp

Method : Begin in the products asymptote and propagate
backwards in time.



1D Scattering processes

Time
independent

Reactants Products

VAf—

Goal : Compute the Cumulated Reaction Probability N(E).

NE) =35 |Sum, (B)|”

In one dimension, N(E) = T(E) = 4‘\11(3%) - zhgigggg ‘

T(FE) is obtained through the asymptotic value of p.

2hkr,
T(F) = —————
(E) pr + hkr,



From simple barrier

Time
independent

Grmved Emse Eckart barrier

Time
dependent 450

=7 300

N
o
(=}

Potential (cm
N
o o
o O

—2 —1.5 —1 —0.5 0 0.5 1 1.5 2
Position (a.u.)

Vo
Viz) = cosh(ax)?

Vo = 400 cm™* a=3a.u. m = 2000 a.u.

[m] = =



From simple barrier

Time
independent
1 ™
1
08T : |
1
0.6 + : |
= |
Z 1
0.4 + ! |
:
2l : Analytical
+ Quantum trajectories  «
0 : Classical case - - -

0 0.001 0.002 0.003 0.004 0.005
Energy (a.u.)



Time
independent

From simple barrier

(E/Vb) Exact T'(E) Relative error
1x10712 285078 x 10713 4.92 x 10712

1x107°7 2.85078 x 10710 4.893 x 1012
1x107% 2.85079 x 1077  4.909 x 1012
1x107% 285757 x 107%  4.795 x 10712
1x 107!  3.56449 x 1072 1.211 x 10712
0.5 0.31898 2.941 x 10712
1.0 0.71664 5.645 x 10713
1.5 0.90059 8.751 x 10713
2.0 0.96361 2.154 x 10~13
10.0 0.99999 3.252 x 10714




To deep-tunneling regime

Time .
independent Double rectangular barrier model
05
04 |
03|
3
=
g
E 0.2
0.1
~15 —1 —0.5 0 0.5 1 15

Position (a.u.)

V(z) = ﬁfad) [Vr(z — 21) + Vr(z — 22)]

Vr (33) = th[a(d+z)]ith[a(d*1)]

m « d X To

1060 10° 0.125 —0.625 0.625




To deep-tunneling regime

Time
independent .
e Double rectangular barrier model

Time 100

dependent

Relative error

1072

CRP

1073

1074

0.2 0.4 0.6 0.8

10*5 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

Energy (eV)




Time
independent

Curved space

Time
dependent

To deep-tunneling regime

4

Relative error

02 04 06 08 1 e o
Kinetic Energy [eV] Fuergy (6V)

Mandra S., Valleau S. and

Ceotto M., Int. J. Quantum

Chem. (2013)

Present work

1




To deep-tunneling regime

Time

Dime .
el Double eckart barrier model
Curved space 0.35 ‘ ‘ ‘
Time

dependent 0.3

Potential (eV)
o S
)
o M) )]

o
pt

o
=)
&

(=3

Position (a.u.)

V(z)=Vy x

1 2
(cosh2 (x4 a) + cosh?(x —a)  cosh?(a)cosh? (:1:))

Vo =0.310 eV a =2 a.u. m = 1834 a.u.

(=] [ = =

DA



Time
independent

100

107>

1071

CRP

10—15

10720

1072

To deep-tunneling regime

Double eckart barrier model

Fit
Calculauons .

0.05 01 0.15 02 0.25 0.3 0.35 04 045 0.5
Energy (eV)




To deep-tunneling regime

Time
independent

Breit-Wigner distribution

(Tr/2)?
T FE) =
o) = BB+ (2P
Peak Result E, (a.u.) I, (a.u.)
1 TIQT 1.09002 <1072 2.97763 x10™'°

Mandra et al.  1.08998 x10~3 2.93595 x1071°

9 TIQT 3.24570 x1073  9.61459 x10~12
Mandra et al.  3.24695 x107%  9.53968 x10~'?

3 TIQT 5.35610 x102 3.30849 x107°
Mandra et al.  5.35792 x1073 3.27995 x107°

4 TIQT 7.40497 x1073 3.68954 x10~"7
Mandra et al.  7.40790 x107%  2.663962 x10~"




Application to isomerisation
Time

independent prOCeSS

Curved space

dependent

Ketene photo-isomerization

J. D. Gezelter and W. H. Miller: Ketene isomerization

C'Hz*y\ N +CH,

H{:'=C=O O=C'=CH2

Gezelter & Miller, J. Chem. Phys., Vol. 103, No. 18 (1995)



Application to isomerisation

Time

independent prO CeSS

Ketene photo-isomerization

)

2
Via(z) = apz? + aszt + aga’ + Bale "

V(z,q) = Via(z +Zk (qj

x is the reaction coordinate

o2 o 6 B vy

-2.3597 x10™% 1.0408 x107% -7.5496 x107° 7.7569 x10~3 1.9769

Gezelter & Miller, J. Chem. Phys., Vol. 103, No. 18 (1995)



Application to isomerisation
Time

independent prOCQSS
Discrete Variable Representation (DVR)

® Base of sinc functions

bn(x) = A 25inc {w(% - n)}

Potential operator : Diagonal representation

® Kinetic operator : Block representation

CRP as a sum of eigenvalues
N(B) =Tr [P(B)| = 482 G(B)" ¢, G(B) &/

G(E)=(E+ie— H)™!

Complex absorbing potential e(x)
— Needs to be optimized for a given E window

Gezelter & Miller, J. Chem. Phys., Vol. 103, No. 18 (1995)



Application to isomerisation

Time

independent prO CeSS

Ketene photo-isomerization

10° — S

1072 |

1074 L

CRP

1076 L

108 “N 0.2 -
»

0 L L
1500 1700 1900 2100 2300
10-10 DVR, polynomial CAP
DVR, Woods-Saxon CAP
L L L L L L L TIQT L
1500 1600 1700 1800 1900 2000 2100 2200 2300 2400
Energy(cm—1')
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@ Time independent approach of quantum trajectories

@® Extension to curved space formulation

® Time dependent approach of quantum trajectories
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Exact kinetic energy operator

Curved space  Body-fixed frame :

N ~ K2 g i iy
T:T(x,ax)z—? [G”@% + (Gjaj[ﬁn(J)]—F@j(G]))ai]
ij
D. Lauvergnat, A. Nauts, J. Chem. Phys., 116(19) 2002
with G(x) = G xn(x) the metric tensor for internal coordinates

= i 92 = o2
Oxt ' Y Qxtdi

J(x) = v/det(G—1(x))

In general, T = (%)71/2 (x, 8) (5)1/2

o is the volume element

0;



One-Dimensional case

Curved space

We restrict to a 1D curvilinear reaction coordinate z(q).

_da"dg

-1
G (z) = dr dx

a=1{q1,..-,qn} is the primitive (rectilinear) set of coordinates

In the polar form of the wavefunction, ¥(z) = R(z)e*S@)/",
t(z) )
S(z) = / L(q, q)dt

L(q,q) = =mo&® — V(q)



Velocity field

Curved space

) 0g; _ = Jq;
Z c')qZ oxr ;p[h Oz

n

az.az
*Zmoq’ *Z; aq a(i




Curved space

I'im
dependent

New equations

Inserting the polar form in Schrédinger’s equation with a
curvilinear kinetic operator yields :

% |:Q(1‘) GR2Zi] =0= % [o(z) R?%] =0

d
e <g(x)R2 (x)x) = 0| = Continuity equation
x

1 K2 d d 1
E= im(a: lnm dt < 7 <Q(;1?);1':>>
R?G(x) | 1 [do 2 2§ do

v(z)

= Energy conservation




Curved space

Hamiltonian form
We derive the associated Lagrangian :

£ () gamie

1 @2 7h2G(x) &
4 dx 2 dx

L(z, %, %) :§m0G<x) -

= V(z) - ()

(@) e d [G(x)dﬁncgi/g)]

~4my dx
(dﬁgx(g)>2 - <d€gij))2]

B h2G(z)
Using Ostrogradski’s method, we build the modified Hamiltonian :

8

s(2p—s/G(z)) 2r2g @dﬁn(g)
2mo BmoG(x) mo dx

+V(z) +o(z)

H(z,s,p,r) =




Curved space

Hamiltonian equations

s(2p—s/G(x)) 2r2st n ﬁdﬁn(g)
2mg moG(x) mo dx
+V(z) +o(z)

H(m7 s7p’ T) =

. OH av 1 dG [s? n 2r2st ,d*tn(o) dv
== ——— = —_-—— | — —rgf—= — —
P Oz de  G?(x) dx | 2 h? dx? dx
f_aiH_L_ s 8r2s3 2rs dtn(o)
0s  mg  meG(z)  R2meG(z)  mo dx
) oOH 4rst s? dtn(p)
§= - =
ar  h2meG(z) mo dx
. OH s
T=—-—=—



1D-Scattering Problem

Curved space 1 ma?:?)iPJS R —
r mass b=0.0 —— ]
_ Potential ———
312 ¢ ,
s
o 10 + 7
(7]
[22]
[
€ 8t 7
@
£ 6t 1
c
b
£ a4t 1
9l |
0 ‘ s VU ‘
—4 -3 -2 —1 0 1 2 3 4

Position (a.u.)

Eckart Barrier : V(x) = 15 sech?(3x)

m(z) =mg <1+b><e*'”2/2)



independent
Curved space

Fime

1D-Scattering Problem

CRP

Energy (a.u.)
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@ Time independent approach of quantum trajectories

@® Extension to curved space formulation

® Time dependent approach of quantum trajectories
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Time-dependent equations

x =x(xo,t), x(x0,t=0)=u1
Time
dependent d_9oy .9 9

— = = T—| = 4

dt Otz ox It ot o)

U(z,t) = R(x, t)e!S@D/h

OV (x,t)

ih ETa HY(x,t)

2 _ R%(l‘o) ’ 8733
R*(z,t) = 0 = B
as| 1,

Srl. = TmEt = V(z) = Qu(z,1)

i — V(z) IQu(z,t)

ox ox



Time
independent

Curved space

Time
dependent

Time(a.u.)

10

Lagrangian

frame

Position(a.u.)

Free gaussian wavepacket

1 et
pO(xU):\/gw
0

e 0




Quantum potential

Time
dependent

9
Ox

109

t a’ Oxg

t

h? Ry (zo) th{)(xO) x

" 2ma’ Ro(zo) = m Ro(xo) 23
552 .%‘//2 ﬁ2 "

8m x4+ 4dm 2’3

Q(JL‘/7 1'//, '1:”/’ '1;0) =




Lagrangian formulation

Time
dependent

1
Llx, i, 2" 2" x0) = polxo) <2ma'32 - V(z) - Q2" 2", 11:0))

T “+o00
S(T) = /0 / Lxyi, 2" 2" xo) dro dt
— 00

%7£ % B 89% /+ ag //7 a$ ///70
ox dt \ 0t ox’ ox" ox'" -




Uniform density label

z(xo,t) = 2(C(x0),t)

Time
dependent

pc(C)dC = p(z,t) dx

zo
C(z0) =/ po(zp) dzy = pc =1

— 00

pc

0 0.25 0.5 0.75

Every trajectory bears the same density



Uniform density label

Initial distribution follows the initial density profile
Time
dependent

1

08 ¢

C(xo)

04 ¢

—6.6 —6.4 —6.2 —6 -5.8 —5.6 —5.4

o



Uniform density label

Time
dependent 9 i
81‘0 oC
hz .,L,/// 5 .,L,I/2
roonN
= Qlaale”) =30 (w w4>

fo

fo is the Quantum force



Uniform density label

Time
independer

Curved space . . . .
i ‘ Quantum force between neighboring trajectories
Time

dependent

® Density core : finite differences

h2
fQ(xn—Za Tn—1yTnyTn+1, xn+2) = % X

1 < 1 2 n 1 >
(anrl - xn)z Tn+2 — Tp+1 Tn+1 — Tn Tp — Tp-1

1 1 2 n 1
(xn - xn71)2 Tn+l — Tn Tn — Tp—1 Tnpn—1 — Tn-—2

M. J. W. Hall, D.-A. Deckert, & H. M. Wiseman, Phys. Rev. X 4,
041013 (2014)

Density core > 95 % of total trajectories.



Uniform density label

SIS SRt e Tails : gaussian fit
Time
dependent
1 _(z=s)?
p(x,t) = ¢ 20?2
2mw(t)

O(x,t) = % {1 +erf (Ji/;j((:)))}

z(C,t) = V2 w(t) erf~H(2C — 1) 4 6(t)

@ Fit the parameters between each pair of neighbors.
@ Place virtual trajectories inbetween the neighbors.

@ Compute fg using finite differences formula.



Scattering process

Curved space

Application : scattering through Eckart Barrier

12

Time
dependent

Eckart parameters : Vo=8000cm™', a=04au

Gaussian wp parameters : wo =0.25au., d=-—-5a.u

400 trajectories, 5 fitted at each border, m = 2000 a.u.



Scattering process

F'ime

independent

Application : scattering through Eckart Barrier

Curved space

Time

dependent P(E) — proportion of transmitted trajectories.

J. Chem. Phys., Vol. 119, No. 12, 22 September 2003 This work :

09
08t R B
07t
06| | R
05+ |

04 [

031 / o

.

Probability
e
=
CRP

Temps (fs)

" Time ()

Kendrick (2003) :
Artificial viscosity force



Time
dependent

Scattering process

Application : scattering through Eckart Barrier
P(E)
E This work Kendrick Kendrick
(Quantum Trajectories)  (Crank-Nicolson)
0.4 0.0250 0.02378 0.02374
0.5 0.0625 0.06325 0.06323
0.8 0.3475 0.34782 0.34749
1.0 0.5975 0.59773 0.59736
1.2 0.7950 0.79498 0.79473
1.4 0.9125 0.91194 0.91179
1.8 0.9950 0.98938 0.98943




Scattering process

Time

frdlepomdlen; Application : scattering through potential ramp
Curved space 0.04
dependent 0035
003
Z 002
= 0.02
=
£ 0015
o
~ om
0.005
0
~10
Position (a.u.)
A
V)= ——
( ) 14 e—bz
A=3.65x10"2 a.u., b=15au.  m= 2000 a.u.
Gaussian wp parameters : wo=0.25au., d=-1lau
300 trajectories, 5 fitted at each border
=} 5 = E E 9DaA¢e



Scattering process
Application : scattering through potential ramp

100 80

60 |

50 20 L

20 |

X [ao]
=)
X (a.u.)

—20
-50
—40 +
_100 1 1 1 1 - 760 ; ' 5 :
0 100 200 300 400 0 50 100 150 200 250
t [fs] Time (fs)
Cruz-Rodriguez et al., This work

Chemical Physics (2018)



Iime

independent

Curved space

Time
dependent

0,16
0,12
0,08
0,04

o
—0,16
‘£ 0,12
£ 0,08
‘20,04

o
0,16
0,12
0,08
0,04

Scattering process

Application : scattering through potential ramp

£
3

— N=301

~
J
<

This work :

&4

LI L L L L L L L Y L L L B

P NP N Y S AP A A

-10 o 10
X [ao]

Cruz-Rodriguez et al.,
Chemical Physics (2018)

W
=}




Scattering process

independent

Curved space

Application : scattering through Potential ramp

Time
dependent
—— . —
0,16 - @
012 wp This work :
0,08 — N=301
0,04 |- B 0.16 - - - T T
0 F+—+ +—+|
?0,16 - (b) 0.14
‘E0,12 [ -
= F 1 0.12
"E 0,08 - —
‘20,04 - 7 0.1
0O =
0,16 — ] 2 0.08
012 [ E
008 h 0.06
0,04 [ ; 3 ot
o A T 1 I 1 N
-10 o 10 20 30 ;
x [ao] 0.02
0 ‘
. -20 -10 0 10 20 30 40
Cruz-Rodriguez et al., x(au)

Chemical Physics (2018)



Perspectives

Time Strengths

dependent

Accurate

Numerically stable

What’s next ?

® Time independent : Approximate multidimensional dynamics
s2p—s) 22t pl
H ) s 1y 9y Yy = - P |4 )
(@,p2, 75,4 2y) 2m h2m * 2m +Vi(@y)
[ ]

Extension to nD from Time-Dependent approach.

® Extension to non-adiabatic problems ?
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