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Cubic Schrodinger equation in 2D

0 1
ia—ltj + EAU = NulPu, xeRY,

with A € R.
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Cubic Schrodinger equation in 2D

8 1
s Au = NulPu, xeRY,

"ot
with A € R.

~~ Appears in various physical contexts: optics, superfluids, BEC, etc.
~~ Often, cubic nonlinearity stems from Taylor expansion: f(|u|?)u.
Conserved quantities:

Mass: M = ||U(t)||i2(]Rd)’

Angular momentum: J = Im/ a(t,x)Vu(t,x)dx,
Rd

Energy: E = ||[Vu(t )”L2 Rd) + Alju(t )”L4 Rd)
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Cubic Schrodinger equation in 2D

8 1
s Au = NulPu, xeRY,

"ot
with A € R.

~~ Appears in various physical contexts: optics, superfluids, BEC, etc.
~~ Often, cubic nonlinearity stems from Taylor expansion: f(|u|?)u.
Conserved quantities:

Mass:

M = u(t) sz
Angular momentum: J = Im/ a(t, x)Vu(t, x)dx,
Rd

Energy: E = ||[Vu(t )”L2 Rd) + Alju(t )”L4 Rd)

~> The sign of X plays a role at the level of the energy. .. but not only.
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Well-posedness

0 1
8—u + 2Au = NulPu, xeRY NeR.

M= u(8) aggeye E = [Vu(0) 2aggay + Alu(e) s zey.

Impose uj;—o = up.
o d=1: up € L?> ~ u c C(R; L?), higher regularity propagated
(Tsutsumi 1987).
o d=2 ug€L?)\>0~ uc C(R;L?), higher regularity propagated
(Dodson 2015).
e d=3: up € HY, A >0~ ue C(R;H'), higher regularity
propagated (Ginibre & Velo 1979).
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Well-posedness

0 1
8—u + 2Au = NulPu, xeRY NeR.

M= u(8) aggeye E = [Vu(0) 2aggay + Alu(e) s zey.

Impose uj;—o = up.
o d=1: up € L?> ~ u c C(R; L?), higher regularity propagated
(Tsutsumi 1987).

o d=2 ug€L?)\>0~ uc C(R;L?), higher regularity propagated
(Dodson 2015).
e d=3: up € HY, A >0~ ue C(R;H'), higher regularity
propagated (Ginibre & Velo 1979).
If A <0 and d > 2, finite time blow-up is possible.
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Finite time blow-up

if+fAu——]u]2 x € RY, Ujt—o = Uo-

= [[Vu(t )HL2 (RY) — H”(t)Hi“(R“’)'

Theorem (Zhakharov 1972, Glassey 1977)
Suppose d > 2 and uy € H* N F(H'). If E <0, then

2> 0, |Vu(t)li) 3, o

Proof
The map t — [pq [x[?|u(t,x)|?dx is C? as long as u is H', and

| N\

dt2/ Ix2|u(t, x)[2dx < 2E.
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Finite time blow up (continued)

1
Zu—i— “Au=—|uPu, xecRY Ujp—p = Up-
— IV () Bagaey — 16E) s

Gagliardo-Nirenberg:

||U||L4 (RY) S C||U|L2 Rd)HVUHI_Z RY)

~ No blow-up if d = 1.
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Finite time blow up (continued)

ou 1
afu—i— “Au=—|uPu, xecRY Ujp—p = Up-

= [V u(®) 22y — u(8) 44z,

Gagliardo-Nirenberg:

||U||L4 (RY) S C||U|L2 Rd)HVUHI_Z RY)

~ No blow-up if d = 1.
~+ No blow-up if d =2 and ||up||;2 < 1.
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Finite time blow up (continued)

ou 1
afu—i— “Au=—|uPu, xecRY Ujp—p = Up-

= [V u(®) 22y — u(8) 44z,

Gagliardo-Nirenberg:

||U||L4 (RY) S C||U|L2 Rd)HVUHI_Z RY)

~ No blow-up if d = 1.
~+ No blow-up if d =2 and ||up||;2 < 1.
~» No blow-up if d =3 and ||uo||1 < 1.
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The 2D case

E = [Vu(t)|22(z2) — lu(t)][fse)-

2 2
”U”L4 RR2) C||U||L2(R2)||vu||L2(R2)‘
Best constant?
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The 2D case

E = [Vu(t)|22(z2) — lu(t)][fse)-

”U”L4 RR2) CHUH%Q(RQ)HVUH%Q(RQ)‘
Best constant? M. Weinstein 1983,

2
||U||L2(R2) 2
< | = \%
”u”L4 R2 X <||Q||L2(R2) || u||L2(R2)7
where @ is the unique positive, radial solution to

1
~50Q+Q= Q3, xeR2
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The 2D case

E = [Vu(t)|22(z2) — lu(t)][fse)-

”U”L4 RR2) CHUH%Q(RQ)HVUH%Q(RQ)‘
Best constant? M. Weinstein 1983,

2
[ ull12(r2) 5
u < AT Vu ,
where @ is the unique positive, radial solution to
1
—50Q+Q=Q% xeR%
~ If [Jugll 2 < || Q] 2, GWP.

~ If Juoll2 = || Q|| 2, blow-up may happen. (M. Weinstein, Merle,
Merle-Raphaél, etc.)
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Solitary waves

i— + =Au=—|uu, xcR%
Special solution u(t, x) = e'“t¢(x):
L 2
586+ ws = 6%,

A priori estimates (Pohozaev identities):

1 L

5IVolE +wlléllf — [lo]fs =0 (multiplier 3),

1 o -
wllolz = Slelle  (multiplier x - Vo).

~ Nec. w > 0. Conversely, 3 H! solution if w > 0, with exponential decay.
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Solitary waves

i— + =Au=—|uu, xcR%
Special solution u(t, x) = e'“t¢(x):
L 2
586+ ws = 6%,

A priori estimates (Pohozaev identities):

1 L

5IVolE +wlléllf — [lo]fs =0 (multiplier 3),

1 o -
wllolz = Slelle  (multiplier x - Vo).

~ Nec. w > 0. Conversely, 3 H! solution if w > 0, with exponential decay.
~> Any solution satisfies E(¢) = 0: instability by blow-up.
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Cubic-quintic Schrodinger equation

i— + =Au=—|uPu+ |u*u, xeR9

1 1
= SIVuONEaay = 5160 s + HU(t)HLe (R9):

~» Defocusing quintic term: stabilize 2D and 3D solitons (optics, BEC)..?
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Cubic-quintic Schrodinger equation

i— + =Au=—|uPu+ |u*u, xeR9

1 1
= IV U0 gy — O ey + 3 100) ey

~» Defocusing quintic term: stabilize 2D and 3D solitons (optics, BEC)..?

~ GWP in HY(RY), for d < 3 (X. Zhang 2006 for d = 3).
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Cubic-quintic Schrodinger equation

i— + =Au=—|uPu+ |u*u, xeR9

1 1
= IV U0 gy — O ey + 3 100) ey

~» Defocusing quintic term: stabilize 2D and 3D solitons (optics, BEC)..?
~ GWP in HY(RY), for d < 3 (X. Zhang 2006 for d = 3).
~~ Caution: two notions of orbital stability!
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Cubic-quintic Schrodinger equation

i— + =Au=—|uPu+ |u*u, xeR9

1 1
= IV U0 gy — O ey + 3 100) ey

~» Defocusing quintic term: stabilize 2D and 3D solitons (optics, BEC)..?
~ GWP in HY(RY), for d < 3 (X. Zhang 2006 for d = 3).
~~ Caution: two notions of orbital stability!

~> In 1D, explicit solitary waves, for 0 < w < 13—6,

w

1+w/1—16Twcosh(2X\/ﬂ).

¢(x) =2
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2D cubic-quintic case: small mass dispersion

0 1
ia—’: + EAU = —|u)?u + |ul*u, x€R? Ujg—o = Up-

Let d =2 and up € T = {f € HY(R?), x > xup(x) € L2(R?)} . If
lluoll2 < ||@]| 2, then u is asymptotically linear,

i _
Juy € X, e "2%u(t) uint_E)OOO.

~~ Not surprising if ||uo|/;2 < ||@||2: X. Cheng 2019, in H!(R?).
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2D cubic-quintic case: small mass dispersion

ou 1
5u+ “Au=—|ufu+|ul*u, x€R? up_o=uwo.

Let d =2 and up € T = {f € HY(R?), x > xup(x) € L2(R?)} . If
lluoll2 < ||@]| 2, then u is asymptotically linear,

i _
Juy € X, e "2%u(t) uint_E)OOO.

~~ Not surprising if ||uo|/;2 < ||@||2: X. Cheng 2019, in H!(R?).
~+ Hint: virial computation.

o | WP = 280+ 10 oy > 28 ) > 5 ol ey
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Dispersion: Strichartz estimates

2 2
2D admissible pairs: —+ - =1, 2 < g < o0.
qg r

€22 F || jarsirr2)) < CallFlli2re),

tos
‘/ e 2 AF(s)ds
0

<
L1 (1:L (R2)

Cq11q2 H FHLQS(Ileé(RZ))'
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Dispersion: Strichartz estimates

2 2
2D admissible pairs: —+ - =1, 2 < g < o0.
qg r

€22 F || jarsirr2)) < CallFlli2re),

tos
‘/ e 2 AF(s)ds
0

LWP & GWP: we know that u € L?

loc

<

C F / ! .
Ld1(/;L/1(R2)) q11q2H Hqu([;Lz(RZ))

(B; L (B2)).
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Dispersion: Strichartz estimates

2 2
2D admissible pairs: —+ - =1, 2 < g < o0.
qg r

€22 F || jarsirr2)) < CallFlli2re),

tos
‘/ e 2 AF(s)ds
0

LWP & GWP: we know that u € L] (R; L"(R?)).

Asymptotically linear behavior: prove u € LI(R; L"(R?)).

<
L1 (1:L (R2)

Cq11q2 H FHLQS(IvL,é(RZ)).
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Dispersion: Strichartz estimates

2 2
2D admissible pairs: —+ - =1, 2 < g < o0.
qg r

€22 F || jarsirr2)) < CallFlli2re),

tos
‘/ e 2 AF(s)ds
0

LWP & GWP: we know that u € L] (R; L"(R?)).
Asymptotically linear behavior: prove u € LI(R; L"(R?)).
~~ Classically obtained thanks to:

<

C F / ! .
Ld1(/;L/1(R2)) q11q2H Hqu([;Lz(RZ))

@ Bootstrap argument (small data).
@ A priori estimates:

o Pseudo-conformal conservation law.
o Morawetz estimates.
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Pseudo-conformal conservation law

0

87“4_ “Au=—|u]Pu+|ul*u, xeR? Ujt—o = Uo-
d |1 . ot e 2t 16
S0 iz = ot Sl | = =25 ol

=J(t)u
Standard factorization: J(t)u = it e/ 2ty (ue_i‘xlz/(Zt)> .
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Pseudo-conformal conservation law

0

87“4_ “Au=—|u]Pu+|ul*u, xeR? Ujt—o = Uo-
d |1 . ot e 2t 16
S0 iz = ot Sl | = =25 ol

=J(t)u

Standard factorization: J(t)u = it NP/ (ue_i‘xlz/(Zt)> .
Sharp Gagliardo—Nirenberg inequality:

2
1 Nu(®)]l 22 , 2
)[4 <5 | ———— + itV .
HU( )”L“(R2) 2 ( HQHL2(R2) ”(X ! )UHL2(R2)
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Pseudo-conformal conservation law

0

87“4_ “Au=—|u]Pu+|ul*u, xeR? Ujt—o = Uo-
d |1 . ot e 2t 16
S0 iz = ot Sl | = =25 ol

=J(t)u

Standard factorization: J(t)u = it NP/ (ue_i‘xlz/(Zt)> .
Sharp Gagliardo—Nirenberg inequality:

2
1 Nu(®)]l 22 , 2
)[4 <5 | ———— + itV .
HU( )”L“(R2) 2 ( HQHL2(R2) ”(X ! )UHL2(R2)

~ If Jugl2, < [|Q]|Z., then Ju € L3°L2: OK.
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Critical mass

0 1
37u+ “Au=—|uPu+ul*u, xeR? Ujt—g = Up.
E <2||(X+ ItV)UH%z - E”U”‘b + 3”“”?6) = _?HUH%
If |ugl|;2 = || Q]| 2, we just have

. t2 t2 t2
I(x + itV)ul|f. — gHUH‘b + gHUH?e > gIIU\Ife

We infer [|u]|% < : we cannot assert u € L3L% (Strichartz).

1+t2
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Critical mass

0 1
37u+ “Au=—|uPu+ul*u, xeR? Ujt—g = Up.
E <2||(X+ ItV)UH%z - E”U”‘b + 3”“”?6) = _?HUH%
If |ugl|;2 = || Q]| 2, we just have

. t2 t2 t2
I(x + itV)ul|f. — gHUH‘b + gHUH?e > gIIU\Ife

We infer [|u]|% < : we cannot assert u € L3L% (Strichartz).

1+t2

10/3
s u e 19315

jou 1Au——|u|2u+’U’3 ”““LSN ite
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Critical mass

0 1
37u+ “Au=—|uPu+ul*u, xeR? Ujr—o = Up.
E <2||(X+ ItV)UH%z - E”U”‘b + 3”“”?6) = _?HUH%
If |ugl|;2 = || Q]| 2, we just have

. t2 t2 t2
I(x + itV)ul|f. — gHUH‘b + gHUH?e > gIIU\Ife

We infer [|u]|% < : we cannot assert u € L3L% (Strichartz).

1+t2

10/3
s u e 19315

1L + 3Au=—|uPu+|ufPu:

Ioe T ”““LS ~ 1+t2

~» Way out: conformal transform and rigidity properties for the
mass-critical blow-up.
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Conformal transform

P(t,x) = %u <_tl’ X> ei‘X\z/(2t)7 t#£0.

t
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Conformal transform

B(tx) = Lu (—1, X> P20 2

t tt
Problem at infinite time for u = problem at t = 0 for .
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Conformal transform

B(tx) = Lu (—1, X> P20 2

t tt
Problem at infinite time for u = problem at t = 0 for .

1
i) + S A% = — [0 + 2|

By assumption, [|1)(t)||;2 = ||uoll2 = || Q|| 2. It suffices to show
Ju € L°®(Ry; L2(R?)) (stronger property than what we need).
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Conformal transform

B(tx) = Lu (—1, X> P20 2

t tt
Problem at infinite time for u = problem at t = 0 for .

1
i) + S A% = — [0 + 2|

By assumption, [|1)(t)||;2 = ||uoll2 = || Q|| 2. It suffices to show
Ju € L*°(Ry; L2(R?)) (stronger property than what we need). We argue by
contradiction: Suppose on the contrary that

[J(tn)ull 2(w2) .00 for some t, — oc.

This is equivalent to:

90, )l 2gaz) = HJ ()

Tn

12(R2) n—oo t, n—oo

that is, finite time blow-up, with the mass of the ground state.
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Based on the approach of Keraani-Hmidi (rewriting Merle's proof),
Pneionw(TnaPnX‘FXn) v Q(x) in Hl(Rz)'

We then show:
@ (xn)n is bounded, because [ |x|?|¢(t, x)|?dx < 1, hence xy — X,
@ A priori estimate (based on virial and V. Banica's trick):
J1x = xPPl(t x)]Pdx < 2,

@ Hence (uncertainty principle) ||Va(t)|[2 > 1

?.
Therefore, |pn| < |7nl, and we obtain a contradiction with the a priori
property [lu(t)[[§s < iz
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Stability of solitary waves: two notions

—2BG+wp— |66+ |61*6 =0, ¢ € HI(RY)\ {0).

Definition (First notion)

. 1 1 1
Action: S(¢) = SVolZz + wliéllz = 5l1¢llte + 3l8lis = £ +wM.
Ground state: S(¢) < S(ip) for any solution ¢.
The standing wave e™“t¢(x) is orbitally stable in H(R9), if Ve > 0,
36 >0,

o — ¢ll i < 6 = sup inf ||u(z, ) — e”6(- — y)
teR 0cR

<e
HL(RY)
yERd

Otherwise, the standing wave is said to be unstable.

v

Galilean invariance: ii(t, x) = e*=ilvPt/2giwt 4(x — vt solution, Vv € R€.
[u(0) = @(0) [ < [vl, but [[u(t) = d(t)[[mr = (@]l for > 1.
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Stability of solitary waves: two notions

Definition (Second notion)

For p > 0, denote '(p) = {u € H}(RY), M(u) = p}, and assume that the
minimization problem

(1) uefl(p), E(u)=inf{E(v); veTl(p)}

has a solution. Denote by £(p) the set of such solutions. We say that
solitary waves are &(p)-orbitally stable, if Ve > 0, 36 > 0,

inf |lug — 60 = sup inf |lu(t)— <e¢
i [uo — @l < sup _in ()H (t) = Bl 2 (re)

Lagrange: an element of £(p) solves

—2BG+wo— |6+ I6*6 =0, 6 e H(RY)\ {0}

for some w € R.
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Stability of solitary waves

For a given w, uniqueness results are available for a large class of
nonlinearities (positive, radial solutions).
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Stability of solitary waves

For a given w, uniqueness results are available for a large class of
nonlinearities (positive, radial solutions).
However, it is not known in general:

@ Does a ground state belong to £(p), where p denotes its mass? In
particular, it is not even clear that the first notion is stronger than the
second.

o If solitary waves are £(p)-orbitally stable, and if the ground state
belongs to £(p) but is unstable, what is the nature of the instability?

When the nonlinearity is homogeneous, the two notions are known to be
equivalent, and instability well understood (blow-up or dispersion).
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Orbital stability

Two methods of proof:
@ Cazenave-Lions 1982: based on concentration-compactness property.

Second notion.

o Grillakis-Shatah-Strauss 1987, after M. Weinstein : coercivity of the
action. First notion. Typically, up to spectral assumptions (of the
linearized operator about the ground state),

o If §||¢||i2 > 0, then orbital stability holds.
W

0
o If a—w||¢||f2 < 0, then instability holds.
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2D cubic-quintic case: existence of solitary waves

Let d = 2. For all w €]0, X[, 3 solution u(t, x) = e™*¢(x).

Q For any M > HQH%2 3 a ground state such that Hng%Q = M.

@ The ground state solution is unique, up to translation and
multiplication by €'®, for constant 6 € R.

| N\

RENEILS

In 3D, existence for the same range of w, minimal mass not explicit: Killip,
Oh, Pocovnicu, Visan 2017.

v
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Ground state

1
—506 =876+ [9|"¢ + ws = 0.

~~ Pohozaev: necessarily, w > 0.
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Ground state

1
—506 =876+ [9|"¢ + ws = 0.

~~ Pohozaev: necessarily, w > 0.
Berestycki-Gallouét-Kavian 1983: F(s) = 1s* — &5

— =s°.
6
Existence+exponential decay for 0 < w < w*,

*:sup{w>0; %sz—F(s)<0forsomes>0}.
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Ground state

1
—506 =876+ [9|"¢ + ws = 0.

~~ Pohozaev: necessarily, w > 0.
Berestycki-Gallouét-Kavian 1983: F(s) = +s* — £s°.
Existence+exponential decay for 0 < w < w*,

w* :sup{w>0; §s2—F(s) < 0 for somes>0}.

Direct computation: w, = 3/16.
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Ground state

1
—506 =876+ [9|"¢ + ws = 0.

~~ Pohozaev: necessarily, w > 0.
Berestycki-Gallouét-Kavian 1983: F(s) = +s* — £s°.
Existence+exponential decay for 0 < w < w*,

w* :sup{w>0; §s2—F(s) < 0 for somes>0}.

Direct computation: w, = 3/16.
Uniqueness of positive radial ground state: J. Jang 2010.
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Ground state

1
—506 =876+ [9|"¢ + ws = 0.

~~ Pohozaev: necessarily, w > 0.
Berestycki-Gallouét-Kavian 1983: F(s) = +s* — £s°.
Existence+exponential decay for 0 < w < w*,

w* :sup{w>0; §s2—F(s) < 0 for somes>0}.

Direct computation: w, = 3/16.
Uniqueness of positive radial ground state: J. Jang 2010.
A consequence of Pohozaev:

] . el
/|<z>| /| o 7= gt

~+ 7 > 1, hence (sharp Gagliardo-nirenberg inequality) ||®[/;2 > || Q|| 2.
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Asymptotic w — 0

To prove that ||¢,|2 — || Q|2 > 0 is arbitrarily small, let

Regular limit w — 0 in terms of :

1
_§A¢w + Yy, — 1/13 + W¢Z =0,

One can check:
@ w > @, is analytic.
® 1, — Qin HY(R?) as w — 0.
o |lPwllizre) = Ywlli2(2)-

As w — 3/16, ||¢w][;2 — oo: otherwise, bounded in H (Pohozaev) +
radial + definition of w, = ||¢w |2 — 0.
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Orbital stability

In 1D, orbital stability of ground states (first notion): Ohta 1995, thanks
to an explicit formula derived by lliev & Kirchev 1993.
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Orbital stability

In 1D, orbital stability of ground states (first notion): Ohta 1995, thanks
to an explicit formula derived by lliev & Kirchev 1993.
In 2D, for p > [|Ql|2,, solitary wave are £(p)- orbitally stable. First,

inf { E(u); ue H'(R?), M(u) = p} <O0.

Rémi Carles (CNRS & Univ Rennes) Cubic-quintic Schrédinger equation



Orbital stability

In 1D, orbital stability of ground states (first notion): Ohta 1995, thanks
to an explicit formula derived by lliev & Kirchev 1993.

In 2D, for p > [|Ql|2,, solitary wave are £(p)- orbitally stable. First,

inf { E(u); ue H'(R?), M(u) = p} <O0.

A2 2
() = M) E) = 5 (Wl ~ lullta + 532001

1/2
Pick u € H! so that [|Vu[[2, — [lu]|% <0, e.g. u = (%) Q.
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Orbital stability

In 1D, orbital stability of ground states (first notion): Ohta 1995, thanks
to an explicit formula derived by lliev & Kirchev 1993.
In 2D, for p > [|Ql|2,, solitary wave are £(p)- orbitally stable. First,

inf { E(u); ue H'(R?), M(u) = p} <O0.

A2 2
() = M) E) = 5 (Wl ~ lullta + 532001

_ 1/2
Pick u € H! so that [|Vu[[2, — [lu]|% <0, e.g. u = (%) Q.
Then, use scaling in space to rule out dichotomy in concentration
compactness.
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Extensions and (more) open questions

@ 2D case: it is expected that ground states are orbitally stable
(GSS+numerical simulation, see e.g. Lewin-Rota Nodari 2020).
@ 3D case:
o Solitary wave are £(p)-orbitally stable for p sufficiently large.
o There exists 0 < wp < % such that for 0 < w < wy, ¢, is unstable.

o There exists wg < wy < 13—6 such that for all w1 < w < %, o is
orbitally stable.

o Conjecture (from numerics, Killip, Oh, Pocovnicu, Visan 2017,
Lewin-Rota Nodari 2020): wo = wy.
o Nature of the instability?

@ What if we add an external potential, e.g. harmonic?

x|

1 2
—5D¢+ 56— 190 + |¢]*¢ + wé = 0.

E(p) for p sufficiently large: OK. Range for w? Ground state?
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