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Exercise 1.
Compute gcd(3!% - 5,25).

Exercise 2.
Prove thatVn € Z, 6|n(n + 1)(n + 2)

Exercise 3.
1. Prove thatVn € Z, gcd(2n,2n +2) = 2.
2. ProvethatVn e Z, gcd(2n—1,2n+1) = 1.
3. Prove that for a, b € Z not both zero, gcd(5a + 3b, 13a + 8b) = gcd(a, b).

Exercise 4.

Find all the integer solutions of

(a) xy =2x+3y (b)%+i=% () x+y=xy

(d) 9x + 15y =11 (e)9x+ 15y =18 (f) 1665x + 1035y = 45

Exercise 5.

1. Prove that if a, b € Z are not both zero then there exist a’, b’ € Z such that gcd(a’,b’) = 1,and a = da’
and b = db" where d = gcd(a, b).
2. Prove thatVa,b,c € Z\ {0}, clab = ¢|(ged(a, ¢) ged(b, ¢))

Exercise 6.
1. Prove Sophie Germain’s identity: a* + 4b* = ((a + b)* + b*) ((a — b)* + b?).
2. Prove that 3* + 4% is a composite number.
3. Prove that for every natural number n > 1, n* +4%is a composite number.
Hint: study the parity of n.

Exercise 7.

Prove that there are infinitely many integers that can’t be written as the sum of a square with a prime
number.
Hint: look at (3k + 2)2for ke N\ {0}.

Exercise 8.
Prove that Vn € N, n|(n — 1)! + 1 = nis prime.

Exercise 9.
Let n € N\ {0}. Find n consecutive natural numbers such that none of them is a prime number.

Exercise 10.

Prove that the following numbers are not rationals using the prime factorization theorem.
1. log,,2

2. V2

For this question you can use what you know about Q and R.
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Exercises 11 to 14 are more difficult!

Exercise 11.
Prove thatVn € Z, 49 4 n* —n> = 2n + 1

Exercise 12.
Prove that there are infinitely many prime numbers of the form p = 4k + 3 where k € N.

Exercise 13. Goldbach’s theorem about Fermat numbers
k—1
1. Prove thatVn € N, Yk € N\ {0}, 22" -1 = (22” _ 1) < (22"“ n 1),
i=0

2. Let m,n € N. Prove that if m # n then 22" 4 1and 22" + 1 are coprime.

Exercise 14.
Let a, n > 2 be two natural numbers.
1. Prove that if a" — 1 is prime then a = 2 and » is prime.
A number of the form M, = 2" — 1 is called a Mersenne number.
2. Is the converse true?

Exercise 15.

Three brothers inherit n gold pieces weighing 1,2, ..., n.
For what n € N\ {0} can they be split into three equal heaps?

Exercise 16.

A sea pirate wants to share a treasure with its sailors.

The treasure is made of 69 diamonds, 1150 pearls and 4140 gold coins.

He is able to share fairly the treasure such that everyone (including himself) receive the same amount of
each object.

How many sailors are there?
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Sample solutions to Exercise 1.

The positive divisors of 25 are 1, 5 and 25. Hence, gcd( —5,25) has to be equal to one of these numbers.
Assume by contradiction that gc:d(3123 —-5,25)=50r gcd(3123 —5,25) = 25. In both cases, 5|32 — 5 and so
513123 = (312 — 5) + 5. Contradiction.

Therefore gcd(3123 -5,25)=1.

3123

Sample solutions to Exercise 2.

Letn e Z.

Since n, n + 1 and n + 2 are three consecutive integers, one is divisible by 2 and one is divisible by 3.
Hence n(n + 1)(n + 2) = 2k and n(n + 1)(n + 2) = 3/ for some k,! € Z.

Then 2k = 31, so that 2|3]. Besides gcd(2,3) = 1 thus 2|/ by Gauss’ lemma, i.e. I = 2m for some m € Z.
Therefore n(n + 1)(n + 2) = 31 = 6m and 6|n(n + 1)(n + 2).

Sample solutions to Exercise 3.
In my solutions I use that gcd(a, b) = ged(a + kb, b) (see Proposition 35 of Chapter 2).

1. ged(@n,2n +2) = ged(2n, 2n + 2) — 2n) = ged(2n,2) = ged(2n — 2 X n,2) = ged(0,2) = 2.
2. ged(2n—1,2n+1) = gcd(2n—1, 2n+1)—(2n—1)) = gcd(2n—1,2) = ged((2n—1)—2%n,2) = gcd(-1,2) = 1.
3. gcd(Sa + 3b, 13a + 8b) = gcd(5a + 3b, (13a + 8b) — 2 X (5a + 3b))

= gcd(5a + 3b,3a + 2b) = gcd((5a + 3b) — (3a + 2b), 3a + 2b)

= gcd(2a + b,3a + 2b) = gcd(2a + b, 3a + 2b) — (2a + b))

=gcd(2a+ b,a+ b) = gcd((2a + b) — b, b)

= gcd(a + b, b) = ged(a, b)

Sample solutions to Exercise 4.
(a) Letx,y € Z. Then

xy=2x+3ye x-3)(y—-2)=6
< (x - 3,)’_ 2) € {(1’6)’ (2’ 3)7 (3’2)’ (67 1)’ (_17_6)’ (_2’ _3)’ (_3’ _2)’ (_6’_1)}
< (xv .V) € {(47 8)7 (595)’ (6’ 4)9 (9’3)9 (25 _4)5 (1’_1)’ (0’ 0)9 (_35 1)}

(b) Letx,y € Z\ {0}. Then

l-l'l=l<i>5y+5x=xy
x y 5
S x=50@y-5=25
< (x - S’y - 5) € {(1725)a(5,5)9 (25, 1)’(_1’ _25)’ (_25’ _1)} since X,y ?é 0

< (x,y) € {(6,30),(10,10), (30, 6), (4, -20), (=20,4)}

(c) Letx,y € Z. Then

x+y=xyex+y—xy+1=1
skx-Dy-H=1
sx-lLy-1)=(-1,-Dor(x-1,y—1)=(,1)
< (x,») =(0,0)or (x,y) =(2,2)

(d) For the next questions, look at the slides from Feb 2 and/or the last part of Chapter 2.
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Sample solutions to Exercise 5.
1. Let a, b € Z not both zero. Set d = gcd(a, b).
Since d|a and d|b, we know that a = da’ and that b = db’ for some a’, b’ € Z.
Then d = gcd (a,b) = ged (da’,db’) = d ged (a’,b). Hence ged(a’, b') = 1.

2. Method 1: Let a,b,c € Z \ {0} be such that c|ab.
Set d = gcd(a,c) and 6 = ged(b,c). Thena =da’, c = dc’, b = 6b", ¢ = 6¢" where ged(a’,¢’) = 1 and
ged(®”,¢") = 1.
Therefore c|ab becomes dc’|da’6b", hence ¢"|a’6b". Since ged(a’, ¢') = 1, by Gauss’ lemma, ¢'|6b".
Hence 6¢” = ¢ = dc’|déb”, so that ¢” |db". Since ged(c”, b") = 1, by Gauss’ lemma, ¢”|d.
Finally ¢ = 6¢"|6d|da’5b" = ab.

Method 2: Let a,b,c € Z \ {0} be such that c|ab.

. a; @ a, B P b, 71 Y,
Write a = p,'p,” - p,", b = p|'py> -+ p, and ¢ = p'p;’ -

a, By, vi €N.
Then gcd(a,c) = p

- p” where the p; are prime numbers and

rlnin(al,rl)p;nin(az#z) pinin(ar,yr) and ged(b, ¢) = prlnin(ﬂm'l)pmin(ﬂwz) pinin(ﬁ,,yr)'
Hence gcd(a, ¢) ng(b, ¢) = pflmn(al>}’1)+mln(ﬁ1,}’1)pmln(az,J’z)‘me(ﬂzaYz) . pimn(ar%)"'mm(ﬂr%)'

Thus c| ged(a, ¢) ged(b, ¢) if and only if y; < min(ey, ;) + min(f,,y,), ..., ¥, < min(a,., y,) + min(g,, y,).
First case: if min(e;, y;) = y; or min(f;, ;) = y; then y; < min(a;, y;) + min(g;, 7;).

Otherwise: min(e;, y;) + min(f;, y;) = @; + p; but since c|ab, we know thaty, < a; +p;, ..., 7, < a, + ,.

Sample solutions to Exercise 6.
1. ((a+b)* +b?) ((a—b)* + b*) = (a* +2b* + 2ab) (a* + 2% — 2ab)

= (@ +202)° = (2ab)
= a* + 4a°b* + 4b* — 4a*b* = a* + 4b*

2. 3% 442 = 3" 14 x @ = <(3“ + 47)2 + 414> ((3“ - 47)2 + 414> is non-trivial (i.e. none of the

factor is +1, check it).

3. If n = 2k with k € N'\ {0} then n* + 4" is even and greater than 2, so it is composite.
If n =2k + 1 with k € N\ {0} then n* + 4" = 2k + 1)* + 4 x (2%)* which has a non-trivial factorization
using Germain'’s identity (check it), so it is a composite.

Sample solutions to Exercise 7.
Let k € N\ {0}. Assume by contradiction that (3k + 2> =n’+pwhereneNand pisa prime number.
Then p = Bk +2)> —n?> = Bk —n+2)3k + n+2).
o If3k—n+2=1thenn=3k+1sop=3k+n+2=06k+3 =32k +1)is not prime, which leads to a
contradiction.
o If3k +n+2=1then 3k = —n—1 < 0, which is not possible since k > 0.
Therefore p admits a non-trivial factorization. Which is a contradiction.

Sample solutions to Exercise 8.

Compare with Wilson’s theorem from Chapter 4.

We are going to prove the contrapositive: Vn € N, n is not prime = n{(n—1)! + 1.

Let n € N. Assume that n is not prime. Then there exists k € N such that 1 < k < n and k|n.
Assume by contradiction that n|(n — 1)! + 1. Then k|(n — 1)! + 1. But k|(n — 1)! since 1 < k < n.
Thus k|(n — 1)!+ 1 — (n = 1)! = 1. Which is a contradiction.

Thereforen} (n — 1)! + 1.
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Sample solutions to Exercise 9.

Let n € N\ {0}. Consider the following n consecutive natural numbers
m+D!'+2,(n+D!'+3,(n+ D! +4,...,.(n+ D'+ (m+1)

Take (n + 1)! + k in the previous list (i.e. k =2,...,(n+1)). Then k|(n+ 1)! + kbut 1 <k < (n+ 1)! + k.
Therefore (n + 1)! + k has a non-trivial divisor.

Sample solutions to Exercise 10.

1. Assume by contradiction that log,,2 = % € Q. Then

log2 _ a & blog2 = alog 10 & log(29) = log(10?) & 2% = 10° & 29 = 2°5°
log10 b

By uniqueness of the prime factorization, a = b = 0. Contradiction.

2. Assume by contradiction that \/_ = % € Q. Then 2b* = d°.
The prime factorization of the LHS has an odd number of primes (counted with exponents) whereas
the RHS has an even number of primes (counted with exponents). Which is impossible since the
prime factorization is unique up to order.

Sample solutions to Exercise 11.

Assume by contradiction that 49|n> — n> — 2n + 1 for some n € Z.

Note that n® —n?> —2n+ 1= (n+2)> = 7n* — 14n - 7.

Since 749|n> — n* —=2n+ 1 and 7|7n* + 14n+ 7 then 7|(n® = n> = 2n+ )+ 70> + 14n+7 = (n + 2)>.
By Euclid’s lemma, since 7 is prime, 7|(n + 2)* and similarly 7|n + 2.

Therefore, there exists k € Z such that n = 7k — 2.

Then n® — n? = 2n+ 1 = 49(7k> — 7k? + 2k) — 7.

Therefore 49|49(7k> — 7k* + 2k) — (n®> — n* = 2n + 1) = 7. Which is a contradiction.

Sample solutions to Exercise 12.

It is a special case of Dirichlet’s theorem on arithmetic progressions.

Assume that there are only finitely many primes 3 = p; < p, < -+ < p, such that p,, = 4k, + 3 with k,, € R.
Setn=4p,p,--p,— 1. Thenn=4(p;py - p, — 1)+ 3

Write n = [];_, ¢; as a product of prime numbers.

Note that each g, is not one of the p,, nor 2 (otherwise ¢;|1 or 2|1).

Therefore g; = 4r; + 1 (the only possible remainder is 1).

Hence n = [];_,(4r; + 1) = 4a + 1 for some a € N.

We obtain a contradiction with the uniqueness of the Euclidean division (the remainder of the Euclidean
division of n by 4 can’t 3 and 1).

Sample solutions to Exercise 13.

1. Let n € N. We are going to prove by induction on k > 1 that

kol
—_

Vk e N\ (0}, 22" — 1= (22" - 1) x (22"” + 1)

i

Il
o
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0
n n+i n n n2 n
Basecaseatk=1:<22— >><||<22Jr >=<22—1)x<22+1>:<22> _2=02"

Induction step. Assume that

(k+1)-1

i=0

22"+k -1= (22n - 1) X <22n+i + 1) holds for some k > 1. Then

Eren) 0T ()= (=)< [T (1)

i=0
k-1
_ n _ n+i n+k
= (2 1)><[10 (2" 1) | (2" +1)
= (22n+k - 1) X <22n+k + 1) by the induction hypothesis

Which ends the induction step.

2. We may assume without lost of generality that n < m, i.e. m = n + k for some k € N'\ {0}.

Write F; = 22" + 1 then from

Let g = gcd(F,,, F,). Then d
So either d =2 or d = 1. Sin
Therefore gcd(F,,, F,) = 1.

m>—n

Sample solutions to Exercise 14.

the first question we get that

k-1

F, +2—<22 —1>><H "

divides F,, and F, thus d divides 2 = (22" - 1) X (Hf:ol FH_H-) - F,.
ce F, is even, we get thatd = 1.

1. Assume that a" — 1 is prime.
Note thata”"—1=(a—-1) (an_l + an—Z + e+ ta+ 1)

Since a" — 1 is prime, then it has no trivial divisor, therefore eithera—1=1ora—-1=4a" - 1.
The latter is not possible since a,n > 2, thusa—1=1,i.e. a =2.

Assume that n = pg with p,g € N. Then2" -1 =2 -1=(27-1) ((2")‘1_1 + Q2P 4 2P 4 1).

Since 2" — 1 is a prime number, then either 2 — 1 =1o0r2? -1 =277 - 1.

In the first case p = 1 and in

the other case p = pg = n.

Hence the only positive divisors of n are 1 and itself, i.e. n is a prime number.

2. No, 2" —1 =2047 = 23 x 89.

Sample solutions to Exercise 15.
Since | +2 434 - 4 p = 2otD

must be divisible by 3, either 3|n or 3|n + 1. It is easy to check that this

necessary condition is also sufficient when n > 3.

Sample solutions to Exercise 16.

Note that 69 = 3 x 23, 1150 = 2 x 5% x 23 and 4140 = 2% x 32 x 5 x 23. Note that only positive common

divisors are 1 and 23. Assuming
are 22 sailors.

the pirate is not alone, the treasure is shared between 23 people so there



