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Euler’s totient function — 1

Definition: Euler’s totient function
We define Euler’s totient function as ¢ : N\ {0} — N\ {0} defined by

pn)=#{keN : 1<k <nand ged(k,n) =1}
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Euler’s totient function — 2

Proposition

an,nz eN \ {O}, ng(l’ll,nz) =1 = (p(nlnz) = go(nl)(p(nz)

Proof. If n, = 1 or n, = 1 then there is nothing to prove. So let’s assume that n ,n, > 2.
SetS;={reN :1<r<nand ged(r,n)=1}andT = {keN : 1 <k <nn,and ged(k,nn,) = 1}.
For k € T, write the Euclidean divisions k = n,q, + r, with 0 < r, < n, and k = n,q, + r, where 0 < r, < n,.
Let’s prove that r, € S;:
® Assume that r, = 0 then n,|k and n,|n,n, so that n,| gcd(k, n;n,) = 1: contradiction. So 1 < r, < n,.
e ged(r;, n,) = ged(k — n,q;,n;) = ged(k, n,)| ged(k, nyn,) = 1, hence ged(r;, n;) = 1.
Therefore we can define f : T — S, xS, by f(k) = (r,,r,). Let’s prove that f is a bijection.
Let (r,r,) € S, X .S,.
By the Chinese remainder theorem, 3!k € {1,2, ..., n,n,} such that k = r, (mod n,) and k = r, (mod n,).
Note that ged(k, n,) = ged(r, + In,, n,) = ged(r,,n,) = 1 (for some I € z).
Similarly ged(k, n,) = ged(r,,n,) = 1.
Thus ged(k, n,n,) = 1 (see Ex 3 of PS2), sothatk € T.
We proved that V(r,,r,) € S, X .S,, 3k € T, (r|,r,) = f(k), i.e. that f is bijective.
Therefore, #T = #(S, X S,) = #S|#5,, i.e. p(nn,) = @(n))p(n,). [
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Euler’s totient function — 3

Proposition

Let py, ..., p. be pairwise distinct prime numbers and oy, ..., a, € N\ {0}, then

r r
@ (pr") =11 (p?" —pf"_l)
i=1

i=1

Proof.
* First case: let p be a prime number and « € N\ {0}.
Then ged(p®, m) > 1 if and only if p|m.
Hence ¢(p*) = #({1,2, PN {1 Xp,2Xp,...,p° ! Xp}) =p* —p* L.
* General case: using the previous proposition and the first case, we get that

w(}ljp}’") = gw () =TT (2" -2")

i=1 |

i=1 i

_ r o B r _l
|tn—gpi themp(n)_nH(l p). J
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Euler’s theo

Euler’'s theorem
Letn e N\ {0} and a € Z such that gcd(a,n) = 1. Then

a®™ =1 (mod n)

Proof. Write S = {k €N : 1<k <nand ged(k.n) =1} = {kj.k,. ... ,k(p(,,)}.
(i) Fact. Given k; € S, there exists k; € S such that ak; = k; (mod n).
Let k; € S then ged(ak;, n) = 1 by Exercise 3 of Problem Set 2. Thus ak; = k; (mod n) for some k; € S.
(i) Fact. Vi, k; € S, ak; = ak; (mod n) = k; = k.
Indeed, then nla(k; - k;) and hence n|k; — k by Gauss lemma. Thus k; = k; (mod n).
Finally, k; = k; since 1 < kik; <n.
Forie{1,2,... ,(p(n)} there exists a unique /; € {0, 1,...,n — 1} such that /; = ak; (mod n). Then, {I;,1,, ..., 1,4} = (ki Ky, oo kg )
Indeed, by (i), (il ool C Lk ks, e W}} And by (ii), #{ (il oo Ly} =k ks kg )
@(n) @(n) @(n) @(n) @(n)
Hence [ =] =[] ak: (mod n) = a*® [ k; (mod n). Therefore nj@® — 1) [] k.-
i= i= i=1 i=1 i=1
@(n)
Since ged n,H k;| = 1 by Ex 3 of PS2, Gauss' lemma gives n|a®™ — 1, i.e. a*® =1 (mod n). [ ]

i=1

Remark
Fermat’s little theorem is a special case of Euler’s theorem: if p is prime then ¢(p) = p —
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