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Recall the two problems discussed in Charles Fefferman’s talk.

Whitney’s extension problem
Let 𝑋 ⊂ ℝ𝑛 be closed and 𝑓 ∶ 𝑋 → ℝ.
How to determine whether there exists a 𝒞𝑚 function 𝐹 ∶ ℝ𝑛 → ℝ such that 𝐹|𝑋 = 𝑓 ?

The Brenner–Epstein–Fefferman–Hochster–Kollár problem
Let 𝐴 ∶ ℝ𝑛 → ℳ𝑝,𝑞(ℝ) and 𝑓 ∶ ℝ𝑛 → ℝ𝑝.
How to determine whether the equation 𝐴(𝑥)𝑔(𝑥) = 𝑓(𝑥) admits a 𝒞𝑚 solution 𝑔 ∶ ℝ𝑛 → ℝ𝑞 ?

Question
If the data are semialgebraic, can we expect to obtain a semialgebraic solution ?
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For instance, it is true for Whitney’s extension theorem.

Theorem – Whitney 1934

Given a 𝒞𝑚 Whitney field on a closed subset 𝑋 ⊂ ℝ𝑛,
i.e. a family (𝑓𝛼 ∶ 𝑋 → ℝ)𝛼∈ℕ𝑛

|𝛼|≤𝑚
of continuous functions such that

∀𝑧 ∈ 𝑋, ∀𝛼 ∈ ℕ𝑛, |𝛼| ≤ 𝑚 ⟹ 𝑓𝛼(𝑥) − ∑
|𝛽|≤𝑚−|𝛼|

𝑓𝛼+𝛽(𝑦)
𝛽! (𝑥 − 𝑦)𝛽 = 𝑜

𝑋∋𝑥,𝑦→𝑧
(‖𝑥 − 𝑦‖𝑚−|𝛼|) ,

there exists a 𝒞𝑚 function 𝐹 ∶ ℝ𝑛 → ℝ such that 𝐷𝛼𝐹|𝑋 = 𝑓𝛼 and 𝐹 is analytic on ℝ𝑛 ∖ 𝑋.
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Theorem – Kurdyka–Pawłucki, 1997, 2014
Kocel-Cynk–Pawłucki–Valette, 2019
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The semialgebraic Whitney extension problem
Let 𝑓 ∶ 𝑋 → ℝ be a semialgebraic function where 𝑋 ⊂ ℝ𝑛 is closed.
If 𝑓 admits a 𝒞𝑚 extension 𝐹 ∶ ℝ𝑛 → ℝ, does it admit a semialgebraic 𝒞𝑚 extension ?

The semialgebraic Brenner–Epstein–Fefferman–Hochster–Kollár problem
Let 𝐴 ∶ ℝ𝑛 → ℳ𝑝,𝑞(ℝ) and 𝑓 ∶ ℝ𝑛 → ℝ𝑝 be semialgebraic.
If 𝐴(𝑥)𝑔(𝑥) = 𝑓(𝑥) admits a 𝒞𝑚 solution 𝑔 ∶ ℝ𝑛 → ℝ𝑞, does it admit a semialgebraic 𝒞𝑚 solution ?

Some positive results:
• Aschenbrenner–Thamrongthanyalak (2019): for 𝑚 = 1 (for Glaeser bundles).
• Fefferman–Luli (2022): for 𝑛 = 2 (for Glaeser bundles).
• Bierstone–C.–Milman (2021): ∀𝑛, ∀𝑚, with loss of differentiability.
• Parusiński–Rainer (2024): for the 𝒞1,𝜔 extension problem.
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The semialg 𝒞1 extension problem (Aschenbrenner–Thamrongthanyalak, 2019)
Let 𝑓 ∶ 𝑋 → ℝ be a semialgebraic function, 𝑋 ⊂ ℝ𝑛 closed, admitting a 𝒞1 extension 𝐹 ∶ ℝ𝑛 → ℝ.

• Set 𝑆 ≔ {(𝑥, 𝑦, 𝑣) ∈ ℝ𝑛 × ℝ × ℝ𝑛 ∶ 𝑥 ∈ 𝑋, 𝑦 = 𝑓(𝑥),
∀𝜀 > 0, ∃𝛿 > 0, ∀𝑎, 𝑏 ∈ 𝐵𝛿(𝑥), |𝑓 (𝑏) − 𝑓(𝑎) − 𝑣 ⋅ (𝑏 − 𝑎)| ≤ 𝜀‖𝑏 − 𝑎‖}.

• Then 𝑆 is semialgebraic, and, ∀𝑥 ∈ 𝑋, (𝑥, 𝐹 (𝑥), ∇𝐹 (𝑥)) ∈ 𝑆.
• By a semialgebraic version of Michael’s selection lemma:

there exists 𝜎 ∶ 𝑋 → 𝑆 a semialgebraic continuous section (i.e. 𝜋𝑥 ∘ 𝜎 = id).
• Set 𝐺 ≔ 𝜋𝑣 ∘ 𝜎 ∶ 𝑋 → ℝ𝑛.
• Then 𝐺 is semialgebraic, continuous and satisfies ∀𝑐 ∈ 𝑋, 𝑓(𝑏) = 𝑓(𝑎) + 𝐺(𝑎) ⋅ (𝑏 − 𝑎) + 𝑜

𝑋∋𝑎,𝑏→𝑐
(‖𝑏 − 𝑎‖).

• We conclude with the semialgebraic Whitney extension theorem. ■

This strategy does not generalise when 𝑚 > 1 since the unknown (𝑓𝛼)𝛼∈ℕ𝑛∖{0}
|𝛼|≤𝑚

can’t be described as a section

of a set written using a first order formula. For instance, if 𝑚 = 2, we must have

𝑓e𝑖 (𝑏) = 𝑓e𝑖 (𝑎) +
𝑛

∑
𝑗=1

𝑓e𝑖+e𝑗 (𝑎)(𝑏𝑗 − 𝑎𝑗) + 𝑜
𝑋∋𝑎,𝑏→𝑐

(‖𝑏 − 𝑎‖).
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• Set 𝑆 ≔ {(𝑥, 𝑦, 𝑣) ∈ ℝ𝑛 × ℝ × ℝ𝑛 ∶ 𝑥 ∈ 𝑋, 𝑦 = 𝑓(𝑥),
∀𝜀 > 0, ∃𝛿 > 0, ∀𝑎, 𝑏 ∈ 𝐵𝛿(𝑥), |𝑓 (𝑏) − 𝑓(𝑎) − 𝑣 ⋅ (𝑏 − 𝑎)| ≤ 𝜀‖𝑏 − 𝑎‖}.

• Then 𝑆 is semialgebraic, and, ∀𝑥 ∈ 𝑋, (𝑥, 𝐹 (𝑥), ∇𝐹 (𝑥)) ∈ 𝑆.
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• Then 𝐺 is semialgebraic, continuous and satisfies ∀𝑐 ∈ 𝑋, 𝑓(𝑏) = 𝑓(𝑎) + 𝐺(𝑎) ⋅ (𝑏 − 𝑎) + 𝑜

𝑋∋𝑎,𝑏→𝑐
(‖𝑏 − 𝑎‖).

• We conclude with the semialgebraic Whitney extension theorem. ■

This strategy does not generalise when 𝑚 > 1 since the unknown (𝑓𝛼)𝛼∈ℕ𝑛∖{0}
|𝛼|≤𝑚

can’t be described as a section

of a set written using a first order formula. For instance, if 𝑚 = 2, we must have

𝑓e𝑖 (𝑏) = 𝑓e𝑖 (𝑎) +
𝑛

∑
𝑗=1

𝑓e𝑖+e𝑗 (𝑎)(𝑏𝑗 − 𝑎𝑗) + 𝑜
𝑋∋𝑎,𝑏→𝑐

(‖𝑏 − 𝑎‖).
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The planar semialgebraic extension problem (Fefferman–Luli, 2021)

𝑋− ∶ 𝑦 = 0

𝑋+ ∶ 𝑦 = 𝜓(𝑥) ≤ 𝑥𝑋 = 𝑋− ∪ 𝑋+

(0, 0)

Let 𝑓 ∶ 𝑋 → ℝ be semialgebraic where 𝑋 is as on the right.
Let 𝐹 ∶ ℝ2 → ℝ be a 𝒞𝑚 function such that 𝐹|𝑋 = 𝑓 and 𝐽(0,0)𝐹 = 0.

1 Set 𝑓 −
𝑙 (𝑥) ≔ 𝜕𝑙

𝑦𝐹 (𝑥, 0) and 𝑓 +
𝑙 (𝑥) ≔ 𝜕𝑙

𝑦𝐹 (𝑥, 𝜓(𝑥)). Then

(∗)

⎧⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪⎩

(𝑖) 𝑓 −
0 (𝑥) = 𝑓(𝑥, 0)

(𝑖𝑖) 𝑓 +
0 (𝑥) = 𝑓(𝑥, 𝜓(𝑥))

(𝑖𝑖𝑖) 𝑓 +
𝑙 (𝑥) =

𝑚−𝑙

∑
𝑘=0

𝜓(𝑥)𝑘

𝑘! 𝑓 −
𝑙+𝑘(𝑥) + 𝑜

𝑥→0+
(𝜓(𝑥)𝑚−𝑙)

(𝑖𝑣) 𝑓 −
𝑙 (𝑥) = 𝑜

𝑥→0+ (𝑥𝑚−𝑙)
(𝑣) 𝑓 +

𝑙 (𝑥) = 𝑜
𝑥→0+ (𝑥𝑚−𝑙)

2 According to the definable choice: there exist ̃𝑓 ±
𝑙 semialgebraic satisfying (∗).

3 Then ̃𝐹 (𝑥, 𝑦) = 𝜃−(𝑥, 𝑦)
(

𝑚

∑
𝑙=0

̃𝑓 −
𝑙 (𝑥)
𝑙! 𝑦𝑙

)
+ 𝜃+(𝑥, 𝑦)

(

𝑚

∑
𝑙=0

̃𝑓 +
𝑙 (𝑥)
𝑙! (𝑦 − 𝜓(𝑥))𝑙

)
is a semialgebraic 𝒞𝑚

extension of 𝑓 in a neighbourhood of the origin such that 𝐽(0,0) ̃𝐹 = 0. ■
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For all 𝑛 and 𝑚, with loss of differentiability

Theorem – Bierstone–C.–Milman, 2021
Given 𝑋 ⊂ ℝ𝑛 closed and semialgebraic, there exists 𝑟 ∶ ℕ → ℕ satisfying the following property:
if 𝑓 ∶ 𝑋 → ℝ semialgebraic admits a 𝒞𝑟(𝑚) extension, then it admits a semialgebraic 𝒞𝑚 extension.

Theorem – Bierstone–C.–Milman, 2021
Given 𝐴 ∶ ℝ𝑛 → ℳ𝑝,𝑞(ℝ) semialgebraic, there exists 𝑟 ∶ ℕ → ℕ such that:
if 𝐹 ∶ ℝ𝑛 → ℝ𝑝 semialgebraic may be written 𝐹 (𝑥) = 𝐴(𝑥)𝐺(𝑥) where 𝐺 ∶ ℝ𝑛 → ℝ𝑞 is 𝒞𝑟(𝑚),
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First step: towards a common generalisation (no Glaeser bundle involved)

The extension problem
Let 𝑋 ⊂ ℝ𝑛 be semialgebraic and closed.

There exists 𝜑 ∶ 𝑀 → ℝ𝑛 Nash and proper such that
𝑋 = 𝜑(𝑀).

Given 𝑔 ∶ ℝ𝑛 → ℝ and 𝑓 ∶ 𝑋 → ℝ, we have

𝑔|𝑋 = 𝑓 if and only if ∀𝑦 ∈ 𝑀, 𝑔(𝜑(𝑦)) = ̃𝑓 (𝑦)

where ̃𝑓 ≔ 𝑓 ∘ 𝜑.

The equation problem
Consider the equation

𝐴(𝑥)𝐺(𝑥) = 𝐹 (𝑥), 𝑥 ∈ ℝ𝑛.

with semialgebraic data.
After composing with 𝜑 ∶ 𝑀 → ℝ𝑛 some Nash and
proper map, we reduce to

̃𝐴(𝑦)𝐺(𝜑(𝑦)) = ̃𝐹 (𝑦), 𝑦 ∈ 𝑀

where ̃𝐴 ≔ 𝐴 ∘ 𝜑 is now Nash and ̃𝐹 ≔ 𝐹 ∘ 𝜑.
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Therefore, it is enough to solve
𝐴(𝑥)𝑔(𝜑(𝑥)) = 𝑓(𝑥)

where
• 𝐴 ∶ 𝑀 → ℳ𝑝,𝑞(ℝ) is Nash,
• 𝜑 ∶ 𝑀 → ℝ𝑛 is Nash and proper, and,
• the unknown is 𝑔 ∶ ℝ𝑛 → ℝ𝑞.

Goal: if there is a 𝒞𝑟(𝑚) solution then there is a semialgebraic 𝒞𝑚 solution.

Actually, we are looking for a formal solution of

∀𝑏 ∈ 𝜑(𝑀), ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑚
𝑎 𝑓(x) ≡ 𝑇 𝑚

𝑎 𝐴(x) 𝐺(𝑏, 𝑇 𝑚
𝑎 𝜑(x)) mod (x)𝑚+1ℝJxK𝑝

where the unknown is a semialgebraic 𝒞𝑚 Whitney field

𝐺(𝑏, y) = ∑
|𝛼|≤𝑚

𝑗=1,…,𝑞

𝑔𝛼,𝑗(𝑏)
𝛼! y𝛼,𝑗 ∈ (𝒞0(𝑋)[y])

𝑞
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where
y𝛼 = 𝑦𝛼1

1 ⋯ 𝑦𝛼𝑛
𝑛

y(𝛼,𝑗) = (0, … , 0, y𝛼 , 0, … , 0)



∀𝑏 ∈ 𝜑(𝑀), ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑚
𝑎 𝑓(x) ≡ 𝑇 𝑚

𝑎 𝐴(x) 𝐺(𝑏, 𝑇 𝑚
𝑎 𝜑(x)) mod (x)𝑚+1ℝJxK𝑝 (E)

Proposition: induction on the dimension
Let 𝐵 ⊂ 𝜑(𝑀) be a semialgebraic closed subset.
There exists 𝐵′ ⊂ 𝐵 semialgebraic and closed with dim(𝐵′) < dim(𝐵) such that if (E) admits a
semialgebraic solution on 𝐵′ then it admits a solution on 𝐵 modulo a loss of differentiability.

Strategy by successive flattening:
1 Construct a suitable 𝐵′;
2 Assume that 𝑇 𝑙

𝑎𝑓(x) ≡ 0 on 𝐵′;
3 Find a semialg solution 𝐺(𝑏, y) ∈ (𝒞0(𝑋)[y])

𝑞 s.t. 𝐺|𝐵′ ≡ 0 and 𝐺|𝐵∖𝐵′ is a 𝒞𝑙 Whitney field.

A - Whitney regularity
Given 𝐵, there exists 𝜌 ∈ ℕ such that if 𝐺 is a Whitney field of order 𝑙 ≥ 𝑘𝜌 on 𝐵 ∖ 𝐵′ then it is a
Whitney field of order 𝑘 on 𝐵.
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∀𝑏 ∈ 𝐵, ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑟
𝑎 𝑓(x) ≡ 𝑇 𝑟

𝑎 𝐴(x) 𝐺(𝑏, 𝑇 𝑟
𝑎 𝜑(x)) mod (x)𝑟+1ℝJxK𝑝 (E)

B - Chevalley’s function
For 𝑙 ∈ ℕ, there exists 𝑟 ≥ 𝑙 such that the coefficients 𝑔𝛼,𝑗 , |𝛼| ≤ 𝑙, are entirely determined by (E).

More precisely, we stratify 𝐵 = ⨆𝜏max
𝜏=1 Λ𝜏 such that for each 𝜏, there exists 𝑟 ≥ 𝑙 satisfying

∀𝑏 ∈ Λ𝜏 , 𝜋𝑙(ℛ𝑟(𝑏)) = 𝜋𝑙(ℛ𝑟−1(𝑏))

where
• ℛ𝑟(𝑏) is the module of relations at 𝑏

ℛ𝑟(𝑏) ≔ {𝑊 ∈ ℝJyK𝑞 ∶ ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑟
𝑎 𝐴(x)𝑊 ( ̃𝑇 𝑟

𝑎 𝜑(x)) ≡ 0 mod (x)𝑟+1ℝJxK𝑝}
• 𝜋𝑙 is the truncation up to degree 𝑙.

Set 𝐵′ ≔ ⨆
dim Λ𝜏 <dim 𝐵

Λ𝜏 .
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Issue: the above property is only pointwise.

We totally order ℕ𝑛 × {1, … , 𝑞} ∋ (𝛼, 𝑗) by lex(|𝛼|, 𝑗, 𝛼1, … , 𝛼𝑛).
Then the diagram of initial exponents of ℛ𝑟(𝑏),

𝒩 (ℛ𝑟(𝑏)) ≔ {exp 𝑊 ∶ 𝑊 ∈ ℛ𝑟(𝑏) ∖ {0}} ⊂ ℕ𝑛 × {1, … , 𝑞},

is constant on Λ𝜏 (up to refining).

Let’s fix a stratum Λ𝜏 of maximal dimension and 𝑏 ∈ Λ𝜏 .
Let Φ1, … , Φ𝑠 ∈ ℛ𝑟(𝑏) be representatives of the vertices.

By the existence of a 𝒞𝑡 solution, there exists 𝑊𝑏 ∈ ℝ[y]𝑞 such that

𝑇 𝑡
𝑎𝑓(x) ≡ 𝑇 𝑡

𝑎𝐴(x) 𝑊𝑏(𝑇 𝑡
𝑎𝜑(x)) mod (x)𝑡+1ℝJxK𝑝, ∀𝑎 ∈ 𝜑−1(𝑏).

By Hironaka’s formal division, we may write

𝑊𝑏(y) =
𝑠

∑
𝑖=1

𝑄𝑖(y)Φ𝑖(y) + 𝑉𝜏 (𝑏, y)

where 𝑄𝑖 ∈ ℝJyK, 𝑉𝜏 ∈ ℝJyK𝑞 and supp 𝑉𝜏 (𝑏, y) ⊂ Δ ≔ 𝒩 (ℛ𝑟(𝑏))𝑐 .
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Let’s fix a stratum Λ𝜏 of maximal dimension and 𝑏 ∈ Λ𝜏 .
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𝑠

∑
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𝑄𝑖(y)Φ𝑖(y) + 𝑉𝜏 (𝑏, y)

where 𝑄𝑖 ∈ ℝJyK, 𝑉𝜏 ∈ ℝJyK𝑞 and supp 𝑉𝜏 (𝑏, y) ⊂ Δ ≔ 𝒩 (ℛ𝑟(𝑏))𝑐 .

1not assumed to be semialgebraic and 𝑡 to be determined.
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∀𝑏 ∈ 𝐵, ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑡
𝑎𝑓(x) ≡ 𝑇 𝑡

𝑎𝐴(x) 𝐺(𝑏, 𝑇 𝑡
𝑎𝜑(x)) mod (x)𝑡+1ℝJxK𝑝 (E)

Claim
𝐺𝜏 (𝑏, y) ≔ 𝜋𝑙 (𝑉𝜏 (𝑏, y)) is a 𝒞𝑙 semialgebraic Whitney field on Λ𝜏 satisfying (E).

Proof.
• 𝐺𝜏 is semialgebraic since it may be expressed in terms of the data.
• 𝐺𝜏 (𝑏, y) satisfies (E) since it differs from 𝑊𝑏(y) by an element of ℛ𝑟(𝑏).
• It remains to prove that 𝐺𝜏 is a 𝒞𝑙 Whitney field. To simplify the situation, we omit 𝜑.

𝑇 𝑟
𝑎 𝑓(y) ≡ 𝑇 𝑟

𝑎 𝐴(y) 𝑉𝜏 (𝑏, y) mod (y)𝑟+1ℝJyK𝑝

0 ≡ 𝑇 𝑟
𝑎 𝐴(y) (𝐷𝑏,𝑣𝑉 𝑟−1

𝜏 (𝑏, y) − 𝐷y,𝑣𝑉𝜏 (𝑏, y)) mod (y)𝑟+1ℝJyK𝑝

𝐷𝑏,𝑣𝑉 𝑟−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝑉𝜏 (𝑏, y) ∈ ℛ𝑟−1(𝑏)

𝐷𝑏,𝑣𝐺𝑙−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝐺𝜏 (𝑏, y) ∈ 𝜋𝑙−1(ℛ𝑟−1(𝑏)) = 𝜋𝑙−1(ℛ𝑟(𝑏))

𝐷𝑏,𝑣𝐺𝑙−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝐺𝜏 (𝑏, y) = 0

■
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∀𝑏 ∈ 𝐵, ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑡
𝑎𝑓(x) ≡ 𝑇 𝑡

𝑎𝐴(x) 𝐺(𝑏, 𝑇 𝑡
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𝑎 𝑓(y) ≡ 𝑇 𝑟
𝑎 𝐴(y) 𝑉𝜏 (𝑏, y) mod (y)𝑟+1ℝJyK𝑝

0 ≡ 𝑇 𝑟
𝑎 𝐴(y) (𝐷𝑏,𝑣𝑉 𝑟−1

𝜏 (𝑏, y) − 𝐷y,𝑣𝑉𝜏 (𝑏, y)) mod (y)𝑟+1ℝJyK𝑝

𝐷𝑏,𝑣𝑉 𝑟−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝑉𝜏 (𝑏, y) ∈ ℛ𝑟−1(𝑏)

𝐷𝑏,𝑣𝐺𝑙−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝐺𝜏 (𝑏, y) ∈ 𝜋𝑙−1(ℛ𝑟−1(𝑏)) = 𝜋𝑙−1(ℛ𝑟(𝑏))

𝐷𝑏,𝑣𝐺𝑙−1
𝜏 (𝑏, y) − 𝐷y,𝑣𝐺𝜏 (𝑏, y) = 0
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∀𝑏 ∈ 𝐵, ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑡
𝑎𝑓(x) ≡ 𝑇 𝑡

𝑎𝐴(x) 𝐺(𝑏, 𝑇 𝑡
𝑎𝜑(x)) mod (x)𝑡+1ℝJxK𝑝 (E)

C - gluing between strata using Łojasiewicz inequality
There exists 𝜎 ∈ ℕ such that if 𝑡 ≥ 𝑟 + 𝜎 then lim

𝑏→Λ𝜏 ∖Λ𝜏
𝐺𝜏 (𝑏, y) = 0.

Note that Λ𝜏 ∖ Λ𝜏 ⊂ 𝐵′.
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∀𝑏 ∈ 𝐵, ∀𝑎 ∈ 𝜑−1(𝑏), 𝑇 𝑙
𝑎𝑓(x) ≡ 𝑇 𝑙

𝑎𝐴(x) 𝐺(𝑏, 𝑇 𝑙
𝑎𝜑(x)) mod (x)𝑙+1ℝJxK𝑝 (E)

Summary: loss of differentiability
For 𝑘 ∈ ℕ, we set 𝑙 ≥ 𝑘𝜌, then 𝑟 ≥ 𝑙 and finally 𝑡 ≥ 𝑟 + 𝜎 where
A. 𝜌 is an upper bound of Whitney’s loss of differentiability (induction step).
B. 𝑟 is an upper bound of the Chevalley functions on the various strata.
C. 𝜎 is an upper bound of Łojasiewicz’s loss of differentiability on each stratum.

Conclusion.
Assuming the existence of a 𝒞𝑡 solution, we constructed a semialgebraic solution of (E)

𝐺(𝑏, y) ∈ (𝒞0(𝐵)[y])
𝑞

such that 𝐺 is a 𝒞𝑙 Whitney field on 𝐵 ∖ 𝐵′ and 𝐺|𝐵′ = 0.
Therefore 𝐺 is a semialgebraic 𝒞𝑘 Whitney field on 𝐵.
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