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Introduction: the topological Milnor fibration

Let £ : (C™!,0) - (C,0) be an analytic function germ.

o

r
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There exists r, > 0 such that if 0 < |y| < n, then S, m £~ (y).
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There exists r, > 0 such that if 0 < |y| < n, then S, m £~ (y).

For n € (0, ny), the restriction f : f‘l(Dj;) NnB, - D;’; is a smooth '
locally trivial fibration, called the Milnor fibration. \\
Vs

Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 2/12

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski)



Introduction
o
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Let £ : (C™!,0) - (C,0) be an analytic function germ.

There exists &, > 0 such that Ve € (0, g1, S. h £~1(0).

There exists n, > 0 such that if 0 < |y| < n, then S, m £~ ().

<
For n € (0, ), the restriction f : f~'(D¥)n B, — D} is a smooth
0 q ’7 ‘\\\'

locally trivial fibration, called the Milnor fibration.

Definition: the topological Milnor fibre

M, :=f—1(y)nB€whereO<|y|35<<s<< 1. '
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Introduction
o

Introduction: the topological Milnor fibration

Let £ : (C™!,0) - (C,0) be an analytic function germ.

There exists €, > 0 such that Ve € (0, g1, S, m f~'(0).

There exists n, > 0 such that if 0 < |y| < n, then S, m £~ ().

N m (‘
For n € (0, n,), the restriction f : f~1(D¥) N B, — D} is a smooth
i 4 : ' ‘\\\'

locally trivial fibration, called the Milnor fibration.

Definition: the topological Milnor fibre

M, :=f—1(y)nB€whereO<|y|35<<s<< 1. '

M is not an algebraic variety. J
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Introduction: the motivic Milnor fibre (or fibration?)

Definition: the Grothendieck ring of algebraic varieties

We denote by K, (Varg*) the free abelian group spanned by isomorphism classes [/ : X — C*]
of complex algebraic varieties over C* modulo the relation

YCX = [f: X>Cl=[fy : Y > C'l+[fix\y : X\Y > C'].
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Introduction: the motivic Milnor fibre (or fibration?)

Definition: the Grothendieck ring of algebraic varieties

We denote by K, (Varg*) the free abelian group spanned by isomorphism classes [/ : X — C*]
of complex algebraic varieties over C* modulo the relation

YCX = [f: X>Cl=[fy : Y > C'l+[fix\y : X\Y > C'].

The fibre product induces a ring structure:

[X X+ Y > C*]=[f: X > C*llg:Y - C*].

We set
°* 0:=[g—C"],
e 1:=[id : C* —- C*], and,
o L:=[pr: CxC*—- C*l.

[pr:P"xC* - C*]=L"+1L"'+ ... +1

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024



Introduction
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Introduction: the motivic Milnor fibre (or fibration?)

Definition: the motivic zeta function
Given f : (C"1,0) - (C,0) a regular function, we set

Z,07) = / (ac,, L= /%) e M[L™]  where M = K, (Varg*) [w-"y.
£(C"+1,0)

Definition: the motivic Milnor fibre

Sf = —Sl_i)l’_l’io Zf([l__s) E M
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Introduction

Given a regular function f : (C"*',0) — (C,0),
how are the topological and motivic Milnor fibres related to each other?
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Introduction
o

Introduction

Given a regular function f : (C"*',0) — (C,0),
how are the topological and motivic Milnor fibres related to each other?

Theorem (Denef-Loeser, 1998)

They share the same following numerical invariants:
* Compactly supported Euler characteristic: y (M) = x.(S;) € Z,
* Hodge—Deligne polynomial: E(M ;) = E(S;) € Z[u,v].
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Introduction
o

Introduction

Given a regular function f : (C"*',0) — (C,0),
how are the topological and motivic Milnor fibres related to each other?

We introduce a common generalisation of the topological and motivic Milnor fibres (fibrations) for
which we give two constructions:

¢ Using logarithmic geometry,
* Using a real oriented version of the deformation to normal cone.
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Towards a common generalization
o

Towards a common generalization: set-up

Let f : (M, D) — (C,0) be a regular function with D := £~(0) = U D, a divisor with simple normal crossings.

iel
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Towards a common generalization
o

Towards a common generalization: set-up

Let f : (M, D) — (C,0) be a regular function with D := £~(0) = U D, a divisor with simple normal crossings.

iel

Definition: canonical stratification induced by D

ForJ c I,weset Dy = (| D;\ | J D.

JjeJ iel\J
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

Example: D = {z,z, = 0} c C?

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 7/12



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

(M, D)8 := {(x, @) : x € M, ¢ € Homy,n(M,, S'), Vg € O}, ¢(g) = Ii’g;l }

Example: D = {z,z, = 0} c C?

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 7/12



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

(M, D)8 := {(x, @) : x € M, ¢ € Homy,n(M,, S'), Vg € O}, ¢(g) = Ii’g;l }

Example: D = {z,z, = 0} c C?

* (M.D)¥ =5"forxe D\ {0}.

(Decide ¢(z,))

Sl

=e

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 7/12



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) = {f € Oy U) : flwnon\p) 18 invertible} > O}, (U).

(M, D)8 := {(x, @) : x € M, ¢ € Homy,n(M,, S'), Vg € O}, ¢(g) = Ii’g;l }

Example: D = {z,z, = 0} c C?

* (M.D)¥ =5"forxe D\ {0}.

(Decide ¢(z,))

Stx s!

° (M.D)fs =5'xS".

(Decide ¢(z,) and ¢(z,))

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) = {f € Oy U) :

(M, D)'°8 = {(x, @) : x € M, ¢ € Homp,,,(M,, S"), Vg € O%, p(g) =

Example: D = {z,z, = 0} c C?

fiunom\py i invertible } > O} (V).
g(x) }
lgCol

* (M.D)¥ =5"forxe D\ {0}.

(Decide ¢(z,))

° (M.D)fs =5'xS".

(Decide ¢(z,) and ¢(z,))

log
® (M,D),n\p

=M\ D.

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski)

Motivic, logarithmic, and topological Milnor fibrations January 19, 2024



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

(M, D)8 = {(x,®) : x € M, ® € Homy,,(M,,C"), Vg € OF, d(g) = g(x)}

Example: D = {z,z, = 0} c C?

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 7/12



Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

(M, D)8 = {(x,®) : x € M, ® € Homy,,(M,,C"), Vg € OF, d(g) = g(x)}

Example: D = {z,z, = 0} c C?

* (M.D)% =C"forxe D\ {0}.

(Decide ®(z,))

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 7/12



Towards a common generalization
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The logarithmic construction

Divisorial sheaf of monoids: M(U) = {f € Oy U) :

(M, D)8 = {(x,®) :

Example: D = {z,z, = 0} c C?
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x € M, ® € Hom,,,(M,,C"), Vg € O, d(g)

fiunom\py i invertible } > O} (V).

=g(x)}
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* (M.D)% =C"forxe D\ {0}.

(Decide ®(z,))

(M, D)T(lgg =C*x C".

(Decide ®(z,) and ®(z,))

o (M,D)"% =M\ D.

|M\D
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

1 s« _ g
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

1 s« _ g
M, D% = { v pp) : xem, ¢ EHOMmon(My 5. Ve € Oy &) = oo
y € Homy, o, (M, (0.+]),Vg € OF, w(g) = |g(x)|

Example: D = {z,z, = 0} c C?

clog
I{x}

=(0,400] X S' = C* U S’

= (M. D)2 u(M.D)

* (M,D)

log
[{x}*
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) = {f € Oy U) : flwnon\p) 18 invertible} > O}, (U).

¢ € Homy,,,(M,, S1), Vg € O%, ¢(g) = | g(x)l
w € Homy,,, (M,.(0,+c0]),Vg € OF, y(g) = |g(x)]

(M, D)8 .= {(x, oy I xXEM,

Example: D = {z,z, = 0} c C?

© (M,D);% = (0,+e0] x S' ~ C* U S!
= (M. D)% (M. D).
° (M. D) ¥ = ((0,+c0] x S')*

(C*XC*)LI(SIXS YU(C* x SHU(S'xC*)

= (M, D)'l"([;gu(M D)I‘)g U (M, DY,
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Towards a common generalization
L]

The logarithmic construction
Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

¢ € Hom,,o, (M, S! ), Vg € OF, p(g) = x)
w € Homy,,, (M,.(0,+c0]),Vg € OF, y(g) = |g(x)]

(M, D)8 .= {(x, oy I xXEM,

Example: D = {z,z, = 0} c C?

clog

oy = (0, +00] x St =~ C* U S!

(M D)alog U (M D)log

* (M,D)

° (M. D) ¥ = ((0,+c0] x S')*

(C*xC*)u(S‘ x SHu(C* x SHu(S' x C*)
= (M, D)'l"([;gu(M D)I‘)g U (M, DY,

(M, D)"{%’; = {y(x;xy) = 400, (W(x)), W(x7)) # (400, +00)}.
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

@ € Hom,,,,(M,, S1), Vg € OF, o(g) = x)
y € Homy,,p, (M,, (0, +o0]) Vg € OF, y(g) = |g(x)|

(M, D)8 .= {(x, oy I xXEM,

Example: D = {z,z, = 0} c C?

© (M,D);% = (0,+e0] x S' ~ C* U S!
(M D)alog U (M D)log
(M. D)% = ((0,+00] X § H?

(C*XC*)LI(SIXS yu(C* x S' )I_l(SGC*)

= (M, D)'l"([;gu(M D)I‘)g UM, D)™

I(0
(M, D)ﬁ%’; = {y(x;xy) = 400, (W(x)), W(x7)) # (400, +00)}.

clog
° (M, D)%, =M\D.
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Towards a common generalization
L]

The logarithmic construction

Divisorial sheaf of monoids: M(U) := {f € Oy (U) : fiunm\p) IS invertible} > O} (V).

log: S! ~ {+o00} x S! alog: C* ~ (0, +c0) x S clog: (0, +o0] x S!
J

Example: D = {z,z, = 0} c C?

(M, D)8 ¢ (M, D)°*¢ given by C* ~ (0, +c0) X S

(M, D) = {(x,p,9) : g(x) =0 = y(g) = +o0}

(M, D)°¢ —— (M, D)™ «—— (M, D)*®

P

(M, D)"¢
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Towards a common generalization
L]

Recovering the Milnor fibrations

Applying functoriality to f : (M, D) - (C,0), we get

M, D" — (M, D) —— 5 (M, D)™
lfalog lfclog lflog
(C, 0" « (C,0)"*® = (C,0)®
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M, D" — (M, D) —— 5 (M, D)™
lfalog lfclog lflog
(C, 0" « (C,0)"*® = (C,0)®

Example: C? 3 (zy,2,) » 2,2, €C

In local coordinates at a point of D7,

@ =ux[]z"

ieJ
and
flcl‘)?g (2,01 8)iey ) = (lu(z)l I1:" arsu [] afv"> ,
! = el
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Towards a common generalization
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Recovering the Milnor fibrations

Applying functoriality to f : (M, D) - (C,0), we get

M, D" — (M, D) —— 5 (M, D)™
lfalog lfclog lflog
(C, 0" « (C,0)"*® = (C,0)®

In local coordinates at a point of D7,

N;
f@=uax[]z"
ieJ clog
and (+0.0)
1o N; N;
fchag (z, (r;, Gi),-el) = <|u(z)| Hri ',argu(z)H o, ’> .
! = el
S % (0,+0] ~C* U S!
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Towards a common generalization
L]

Recovering the Milnor fibrations

Applying functoriality to f : (M, D) - (C,0), we get

alog clog pr log
(M, D)}y ———— (M, D);,* ————— (M. D),
lfalog lfclog lflog

al 1 pr 1
(C,0) (C,0),* (C.0)¢

Cte— s CuS' 20,40 xS — 2 8!
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Towards a common generalization
L]

Recovering the Milnor fibrations

Applying functoriality to f : (M, D) - (C,0), we get

(M D)a.log - (M D)clog #} (M D)log
lfalog lfclog lflog
(C O)alog B (C O)clog pr (C 0)log

Cte— s CuS' 20,40 xS — 2 8!

f1°g (M, D)l°g — S coincides with ACampo’s model for the topological Milnor fibration.
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Towards a common generalization
L]

Recovering the Milnor fibrations

Applying functoriality to f : (M, D) - (C,0), we get

(M D)a.log - (M D)clog #} (M D)log
lfalog lfclog lflog
(C O)alog B (C O)clog pr (C 0)log

Cte— s CuS' 20,40 xS — 2 8!

f1°g (M, D)l°g — S coincides with ACampo’s model for the topological Milnor fibration.

Sp== X DV [

M, D)alog C*]
@#Jcl
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Towards a common generalization
L]

Applications

Theorem: the motivic Milnor fibration determines the topological Milnor fibration

We obtain f ¢ : (M, D)5 — S" by dividing f

domain and by R, in the codomain.

alog |

(M, D)T})"g — C* over each stratum D3, by (R.)"! in the

171
alog /(R>0) log
N
D, (M, D)|D“J

alog log
s l urs l

Cf ————— 5 !

/Ry

(M, D)
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Towards a common generalization
L]

Applications

Theorem: the motivic Milnor fibration determines the topological Milnor fibration

We obtain fllg (M, D)l°g — §' by dividing f/, COL

domain and by R_, in the codomain.

T (M, D)m — C* over each stratum D, by (R,)"! in the

(Ryp)H!

(M D)alog (M D)log
g o l It provides a geometric explanation for the signs in
ff};’ l I
cC— S;== % O 7]
/Rso @#cl
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Towards a common generalization
L]

Applications

Theorem: the motivic Milnor fibration determines the topological Milnor fibration

alog |

We obtain f, 102 . (a1, D)lc’g — 8" by dividing £, : (M, D)allog — C* over each stratum D3, by (R.)"! in the

domain and by R,y in the codomain.

(Ryp)H!

(M D)alog (M D)log
g o l It provides a geometric explanation for the signs in
| T
alog
c s! Sp== Y DV [fw} ] :
/Rso @#cl

Theorem: the topological Milnor fibration determines the motivic Milnor fibre

The motivic Milnor fibre S, is determined by the stratified topological Milnor fibration f|l° (M, D)log

Use that f log - (x,0,) = argu(x)) [1,c, 0,.N " to recover the N/ s and u(x) up to a positive constant.
.l

Then flal‘)g (M, D)a‘l"g - C*] €K, (Varg*> is entirely determined. ]
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o_clog
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o_clog
E
M, D)™ ~C*xC*forpe EnD = {2pts
At the alog-level: (©,02% = c* x C* (M ){;k,g pen (2pts)
(M,D), “~C*forpe E\D=P" \ {2pts}
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o.clog

(M, D)2 ~ C* x C* for pe En D = {2 pts}

alog

At the alog-level: @0 =crxc o o
(M,D), =~C*forpe E\D=P"\ {2pts}

In the Grothendieck ring:
(=12[C* X C*]+ (=D'[P'\ {2 pts}][C*] = 2(L — 1> = (L = 1)* = (L — 1)* = (=1)’[C* X C*]

Therefore S, stays unchanged.
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o.clog

(M, D)2 ~ C* x C* for pe En D = {2 pts}

alog

At the alog-level: @0 =crxc o o
(M,D), =~C*forpe E\D=P"\ {2pts}

In the Grothendieck ring:
(=12[C* X C*]+ (=D'[P'\ {2 pts}][C*] = 2(L — 1> = (L = 1)* = (L — 1)* = (=1)’[C* X C*]

Therefore S, stays unchanged. Note that the signs (=M are important here.
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o_clog

(M, D)% ~ 5" x S forpe En D = (2 pts}
log

At the log-level: 0% =5 x5! o .
g (0% (M, D),® ~ S'forpe E\ D=P"\ {2pts}
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The local case
o

Effect of a blowing-up on (M, D)°¢

Let D = {z,z, =0} c C*> and & : (M, D) — (C?,0) be the blowing-up at 0.

o_clog

o 7y)108 1 1 A
M,D),”~S' xS forpe EnD={2pts
At the log-level: (CZ,O);"g:Sle' (~ ~)ng . pe . {2pts)

(M,D),>~S forpe E\D=P"\ {2pts}

Above 0, o'°2 gives:
S'x ST« (S'xSHu' xSHuEC* x5 =(S' x5 %[0, +o0]

Hence the fiber is contractible and ¢'°¢ : (47, f)):‘;jg — (CZ,O)}gg is a homotopy equivalence.
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The local case
(]

The local case

Let f : (C",0) - (C,0) be regular.
Let p : M — C"! be a finite sequence of blowings-up with smooth algebraic centres such that
D := f~'(0) = J,, D; is a divisor with simple normal crossings where / = f < p.
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The local case
(]

The local case

Let f : (C",0) - (C,0) be regular.
Let p : M — C"! be a finite sequence of blowings-up with smooth algebraic centres such that
D := f~'(0) = J,, D; is a divisor with simple normal crossings where / = f < p.

The motive

— _1\IJI | palog . alog * c*
S, = @Z&( 1 [le} L (M, Dy —>C]GKO (Varc>

doesn’t depend on the choice of p.
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The local case
(]

The local case

Let f : (C",0) - (C,0) be regular.
Let p : M — C"! be a finite sequence of blowings-up with smooth algebraic centres such that
D := f~'(0) = J,, D; is a divisor with simple normal crossings where / = f < p.

The motive

S;=— Y (=D [ff;‘;g L (M, D)y® C*] €K, (Varg*)

@#JCI

doesn’t depend on the choice of p.

It is no longer necessary to make L invertible. )
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The local case
(]

The local case

Let f : (C",0) - (C,0) be regular.
Let p : M — C"! be a finite sequence of blowings-up with smooth algebraic centres such that
D := f~'(0) = J,, D; is a divisor with simple normal crossings where / = f < p.

The motive
Sp== Y (V! [ﬂa;"g L (M, D C*] €K, (Varg*)

J
@#JCI

doesn’t depend on the choice of p.

It is no longer necessary to make L invertible. )

The fibration f1°¢ : (M,D)}‘;g — S' is homotopic to the Milnor fibration of £ at 0.
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The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

r:L->M
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The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

S(Lp)
~_ S(L)
1
s - ) E . (SL® Ty
¥
Sty -M
M
D
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The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

S(Lp)
Ads N )
Aps T 1
S o " S(L @ 159)
I
Sty -M
M

D

Jean-Baptiste Campesato (joint work with Goulwen Fichou and Adam Parusiriski) Motivic, logarithmic, and topological Milnor fibrations January 19, 2024 12/12



The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

S(Lp)
Ays \\_; S(L)
AIS-..._H_ 1
S Tl e b S(L @ 1)
. RS e L 20 ~ S(Lp & 1s) UM‘D) RBI, (M)
]
Sty -M
M

D
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The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

S(Lp)
Ays ()
Als....._‘_. ’
S S(L @ 15)
. L 20 ~ S(Lp & 1s) UM‘D) RBI1,(M)
Sty -M
M

D
Then (M, D)% = S(Lf, & 1) Uscz ) RBIp(M) = Ljj, LI RBIL,(M).
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The geometric construction
(]

A geometric construction for (M, D)°l°8

© Case of a single smooth hypersurface D ¢ M.
Fix 7 : L - M aline bundle together with a section s : M — L such that D = s7'(0).
L

S(Lp)
Ays ()
Als....._‘_. ’
S S(L @ 15)
L 0 ~ S(Lp & 1s) Ug(L‘D) RBI1,(M)
Sty -M
M

D
Then (M, D)% = S(Lf, & 1) Uscz ) RBIp(M) = Ljj, LI RBIL,(M).

@ General case when D = J,., D;:
M, D)y =] (M, D)"*
(M, D) M- D)

iel
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