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Introduction: the topological Milnor fibration

Let 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0) be an analytic function germ.

There exists 𝜀0 > 0 such that ∀𝜀 ∈ (0, 𝜀0], 𝑆𝜀 ⋔ 𝑓 −1(0).

There exists 𝜂0 > 0 such that if 0 < |𝑦| < 𝜂0 then 𝑆𝜀 ⋔ 𝑓 −1(𝑦).

For 𝜂 ∈ (0, 𝜂0), the restriction 𝑓 ∶ 𝑓 −1(𝐷∗
𝜂) ∩ 𝐵𝜀 → 𝐷∗

𝜂 is a smooth
locally trivial fibration, called the Milnor fibration.

Definition: the topological Milnor fibre
ℳ𝑓 ≔ 𝑓 −1(𝑦) ∩ 𝐵𝜀 where 0 < |𝑦| ≤ 𝛿 ≪ 𝜀 ≪ 1.

ℳ𝑓 is not an algebraic variety.

𝑓−1(0)

𝑓
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Introduction: the motivic Milnor fibre (or fibration?)

Definition: the Grothendieck ring of algebraic varieties
We denote by 𝐾0 (Varℂ∗

ℂ ) the free abelian group spanned by isomorphism classes [𝑓 ∶ 𝑋 → ℂ∗]
of complex algebraic varieties over ℂ∗ modulo the relation

𝑌 ⊂ 𝑋 ⟹ [𝑓 ∶ 𝑋 → ℂ∗] = [𝑓|𝑌 ∶ 𝑌 → ℂ∗] + [𝑓|𝑋⧵𝑌 ∶ 𝑋 ⧵ 𝑌 → ℂ∗].

The fibre product induces a ring structure:

[𝑋 ×ℂ∗ 𝑌 → ℂ∗] = [𝑓 ∶ 𝑋 → ℂ∗][𝑔 ∶ 𝑌 → ℂ∗].
We set

• 0 ≔ [∅ → ℂ∗],
• 1 ≔ [id ∶ ℂ∗ → ℂ∗], and,
• 𝕃 ≔ [pr ∶ ℂ × ℂ∗ → ℂ∗].

Example
[pr ∶ ℙ𝑛 × ℂ∗ → ℂ∗] = 𝕃𝑛 + 𝕃𝑛−1 + ⋯ + 1
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Introduction: the motivic Milnor fibre (or fibration?)

Definition: the motivic zeta function
Given 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0) a regular function, we set

𝑍𝑓 (𝕃−𝑠) ≔ ∫ℒ(ℂ𝑛+1,0)
(ac𝑓 , 𝕃− ord𝑡 𝑓⋅𝑠) ∈ ℳJ𝕃−𝑠K where ℳ = 𝐾0 (Varℂ∗

ℂ ) [𝕃−1].

Definition: the motivic Milnor fibre
𝒮𝑓 ≔ − lim

𝑠→−∞
𝑍𝑓 (𝕃−𝑠) ∈ ℳ
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Introduction

Question
Given a regular function 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0),
how are the topological and motivic Milnor fibres related to each other?
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Introduction

Question
Given a regular function 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0),
how are the topological and motivic Milnor fibres related to each other?

Theorem (Denef–Loeser, 1998)
They share the same following numerical invariants:

• Compactly supported Euler characteristic: 𝜒𝑐(ℳ𝑓 ) = 𝜒𝑐(𝒮𝑓 ) ∈ ℤ,
• Hodge–Deligne polynomial: 𝐸(ℳ𝑓 ) = 𝐸(𝒮𝑓 ) ∈ ℤ[𝑢, 𝑣].
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Introduction

Question
Given a regular function 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0),
how are the topological and motivic Milnor fibres related to each other?

Results
We introduce a common generalisation of the topological and motivic Milnor fibres (fibrations) for
which we give two constructions:

• Using logarithmic geometry,
• Using a real oriented version of the deformation to normal cone.
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Towards a common generalization: set-up
Set-up
Let 𝑓 ∶ (𝑀, 𝐷) → (ℂ, 0) be a regular function with 𝐷 ≔ 𝑓 −1(0) = ⋃

𝑖∈𝐼
𝐷𝑖 a divisor with simple normal crossings.

Definition: canonical stratification induced by 𝐷
For 𝐽 ⊂ 𝐼 , we set 𝐷∘

𝐽 ≔ ⋂
𝑗∈𝐽

𝐷𝑗 ⧵ ⋃
𝑖∈𝐼⧵𝐽

𝐷𝑖.

𝐷1

𝐷2 𝐷3

𝐷∘
{1}

𝐷∘
{2} 𝐷∘

{3}

𝐷∘
{1,2} 𝐷∘

{1,3}

𝐷∘
∅ = 𝑀 ⧵ 𝐷
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The logarithmic construction
Divisorial sheaf of monoids: ℳ(𝑈) ≔ {𝑓 ∈ 𝒪𝑀 (𝑈) ∶ 𝑓|𝑈∩(𝑀⧵𝐷) is invertible} ⊃ 𝒪∗

𝑀 (𝑈).

Example: 𝐷 = {𝑧1𝑧2 = 0} ⊂ ℂ2

ℂ∗

𝑥
ℂ∗ × ℂ∗

0𝑥 0𝑥

𝑆1

0

𝑆1 × 𝑆1
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(𝑀, 𝐷)log ≔ {(𝑥, 𝜑) ∶ 𝑥 ∈ 𝑀, 𝜑 ∈ Hommon(ℳ𝑥, 𝑆1), ∀𝑔 ∈ 𝒪∗
𝑥, 𝜑(𝑔) = 𝑔(𝑥)

|𝑔(𝑥)|}
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𝑥
ℂ∗ × ℂ∗

0𝑥 0

𝑥

𝑆1

0

𝑆1 × 𝑆1

• (𝑀, 𝐷)log
|{𝑥} = 𝑆1 for 𝑥 ∈ 𝐷 ⧵ {0}.

(Decide 𝜑(𝑧2))

• (𝑀, 𝐷)log
|{0} = 𝑆1 × 𝑆1.

(Decide 𝜑(𝑧1) and 𝜑(𝑧2))

• (𝑀, 𝐷)log
|𝑀⧵𝐷 = 𝑀 ⧵ 𝐷.
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/ℝ>0

pr
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log: 𝑆1 ≃ {+∞} × 𝑆1 alog: ℂ∗ ≃ (0, +∞) × 𝑆1 clog: (0, +∞] × 𝑆1
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Applications
Theorem: the motivic Milnor fibration determines the topological Milnor fibration

We obtain 𝑓 log
|𝐷 ∶ (𝑀, 𝐷)log

|𝐷 → 𝑆1 by dividing 𝑓 alog
|𝐷 ∶ (𝑀, 𝐷)alog

|𝐷 → ℂ∗ over each stratum 𝐷∘
𝐽 by (ℝ>0)|𝐽 | in the

domain and by ℝ>0 in the codomain.

(𝑀, 𝐷)alog
|𝐷∘

𝐽
(𝑀, 𝐷)log

|𝐷∘
𝐽

ℂ∗ 𝑆1

/(ℝ>0)|𝐽 |

𝑓alog
|𝐷∘

𝐽
𝑓 log

|𝐷∘
𝐽

/ℝ>0

■

It provides a geometric explanation for the signs in

𝒮𝑓 = − ∑
∅≠𝐽⊂𝐼

(−1)|𝐽 |
[𝑓 alog

|𝐷∘
𝐽 ] .

Theorem: the topological Milnor fibration determines the motivic Milnor fibre

The motivic Milnor fibre 𝒮𝑓 is determined by the stratified topological Milnor fibration 𝑓 log
|𝐷 ∶ (𝑀, 𝐷)log

|𝐷 → 𝑆1.

Use that 𝑓 log
|𝐷∘

𝐽
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𝑖 to recover the 𝑁′
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|𝐷∘

𝐽
∶ (𝑀, 𝐷)alog

𝐷∘
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] ∈ 𝐾0 (Varℂ∗
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Introduction Towards a common generalization The local case The geometric construction

Effect of a blowing-up on (𝑀, 𝐷)clog

Let 𝐷 = {𝑧1𝑧2 = 0} ⊂ ℂ2 and 𝜎 ∶ (𝑀̃, 𝐷̃) → (ℂ2, 0) be the blowing-up at 0.

𝐸𝜎
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Let 𝐷 = {𝑧1𝑧2 = 0} ⊂ ℂ2 and 𝜎 ∶ (𝑀̃, 𝐷̃) → (ℂ2, 0) be the blowing-up at 0.

𝐸𝜎clog

At the alog-level: (ℂ2, 0)alog
0 = ℂ∗ × ℂ∗ (𝑀̃, 𝐷̃)alog

𝑝 ≃ ℂ∗ × ℂ∗ for 𝑝 ∈ 𝐸 ∩ 𝐷̃ = {2 pts}
(𝑀̃, 𝐷̃)alog

𝑝 ≃ ℂ∗ for 𝑝 ∈ 𝐸 ⧵ 𝐷̃ = ℙ1 ⧵ {2 pts}
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𝑝 ≃ ℂ∗ for 𝑝 ∈ 𝐸 ⧵ 𝐷̃ = ℙ1 ⧵ {2 pts}
In the Grothendieck ring:

(−1)22[ℂ∗ × ℂ∗] + (−1)1[ℙ1 ⧵ {2 pts}][ℂ∗] = 2(𝕃 − 1)2 − (𝕃 − 1)2 = (𝕃 − 1)2 = (−1)2[ℂ∗ × ℂ∗]

Therefore 𝒮𝑓 stays unchanged.
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0 = 𝑆1 × 𝑆1 (𝑀̃, 𝐷̃)log

𝑝 ≃ 𝑆1 × 𝑆1 for 𝑝 ∈ 𝐸 ∩ 𝐷̃ = {2 pts}
(𝑀̃, 𝐷̃)log
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Above 0, 𝜎log gives:

𝑆1 × 𝑆1 ← (𝑆1 × 𝑆1) ⊔ (𝑆1 × 𝑆1) ⊔ (ℂ∗ × 𝑆1) = (𝑆1 × 𝑆1) × [0, +∞]

Hence the fiber is contractible and 𝜎log ∶ (𝑀̃, 𝐷̃)log
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|0 is a homotopy equivalence.
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Introduction Towards a common generalization The local case The geometric construction

The local case
Let 𝑓 ∶ (ℂ𝑛+1, 0) → (ℂ, 0) be regular.
Let 𝜌 ∶ 𝑀 → ℂ𝑛+1 be a finite sequence of blowings-up with smooth algebraic centres such that
𝐷 ≔ ̃𝑓 −1(0) = ⋃𝑖∈𝐼 𝐷𝑖 is a divisor with simple normal crossings where ̃𝑓 = 𝑓 ∘ 𝜌.

Theorem
The motive

𝒮𝑓 ≔ − ∑
∅≠𝐽⊂𝐼

(−1)|𝐽 |
[ ̃𝑓 alog

|𝐷∘
𝐽

∶ (𝑀, 𝐷)alog
𝐷∘

𝐽
→ ℂ∗

] ∈ 𝐾0 (Varℂ∗
ℂ )

doesn’t depend on the choice of 𝜌.

It is no longer necessary to make 𝕃 invertible.

Theorem
The fibration ̃𝑓 log ∶ (𝑀, 𝐷)log

|𝐷 → 𝑆1 is homotopic to the Milnor fibration of 𝑓 at 0.
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Introduction Towards a common generalization The local case The geometric construction

A geometric construction for (𝑀, 𝐷)clog

1 Case of a single smooth hypersurface 𝐷 ⊂ 𝑀 .
Fix 𝜋 ∶ 𝐿 → 𝑀 a line bundle together with a section 𝑠 ∶ 𝑀 → 𝐿 such that 𝐷 = 𝑠−1(0).

𝐿|𝐷

𝕊(𝐿)
𝕊(𝐿|𝐷)

𝜋 ∶ 𝐿 → 𝑀
𝑀

𝐷

𝐿

𝕊(𝐿 ⊕ 𝟙≥0)

𝑠

𝜆1𝑠
𝜆2𝑠

; 𝕊(𝐿|𝐷 ⊕ 𝟙≥0) ⋃𝕊(𝐿|𝐷) ℝBl𝐷(𝑀)

Then (𝑀, 𝐷)clog = 𝕊(𝐿∗
|𝐷 ⊕ 𝟙≥0) ⋃𝕊(𝐿|𝐷) ℝBl𝐷(𝑀) = 𝐿∗

|𝐷 ⨆ ℝBl𝐷(𝑀).

2 General case when 𝐷 = ⋃𝑖∈𝐼 𝐷𝑖:

(𝑀, 𝐷)clog = ∏
𝑖∈𝐼 𝑀

(𝑀, 𝐷𝑖)clog
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