FORMAL STRUCTURE OF DIRECT IMAGE OF SOME
D-MODULES
CÉLINE ROUCAIROL
Abstract. We compute invariants associated with the formal irregular
part of some geometric D-modules, it being the cohomology modules of
the direct image of D-modules of exponential type. We describe which
exponentials appear in the formal decomposition and we compute the
rank and the characteristic polynomial of the monodromy of each factor
in the decomposition. In particular, we construct the Newton polygon
of these modules.

1. Introduction
In this article, we compute invariants associated with the formal irregular
part of some geometric D-modules.
A first example of an irregular D-module is a module of exponential type.
It consists in twisting a regular holonomic D-module by the exponential of
a meromorphic function. This means that if ▽ is the connection associated
with the regular holonomic D-module, ▽ + dg is the connection associated
with the D-module twisted by eg , where g is a meromorphic function. The
behaviour of this module along the poles of g prevents it from being regular.
Definitions of modules of exponential type can be given in the algebraic,
analytic or formal setting.
These modules of exponential type are important for the study of the
C[t]h∂t i-modules (or C{t}h∂t i-modules). Indeed, the formalization of any
D-modules in one variable can be expressed as the direct sum of a regular
C[[t]]h∂t i-module and a purely irregular C[[t]]h∂t i-module (cf. [7]). Then,
after a convenient ramification, the formal irregular part can be written as
the direct sum of formal modules of exponential type.
In this article, we are interested in the formal irregular part of the Dmodules which are obtained as the direct image of modules of exponential
type.
Let B1 be a small disc centered at 0 in C, p1 : B1 × P1 → B1 and
p2 : B1 × P1 → P1 be the two canonical projections. We regard p2 as
a meromorphic function on B1 × P1 . The first result concerns the formal
decompostion of the DB1 ,0 -module H0 p1+ (Mep2 )0 , where M is any regular
holonomic DB1 ×P1 -module.
In [12], the irregularity number of H0 p1+ (Mep2 ) at 0 is computed using
the characteristic cycle Cch(M) of M in the neighbourhood of (0, ∞). In
this article, we show how to recover the Newton polygon of the DB1 ,0 -module
H0 p1+ (Mep2 )0 using Cch(M). Let us describe this construction.
Key words and phrases. Formal structure, direct image of D-modules.
1

2
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Let Cch(M) be the characteristic cycle of M in some neighbourhood
′
B = B1 × B2 ⊂ B1 × P1 of (0, ∞). As M is holonomic, if B is small enough,
∗
∗
Cch(M) takes the form: mTB∗ B +m1 T ∗ ′
B+
B +m2 T{0}×B
B +mT(0,∞)
2
B1 ×{∞}
P
∗
ℓ∈Λ mℓ TZℓ B, where Zℓ are germs at (0, ∞) of irreducible curves distincts
′
from B1 × {∞} and {0} × B2 .
Let Q be the second quadrant of R2 (i.e. the set of (u, v) in R2 such that
u ≤ 0 and v ≥ 0). For ℓ ∈ Λ, let us set ρℓ = pqℓℓ , where pℓ is the intersection
multiplicity at (0, ∞) of Zℓ with {0} × B2 and qℓ is the intersection multi′
plicity at (0, ∞) of Zℓ with B1 × {∞}. We denote by Nℓ the convex hull in
R2 of Q ∪ ((mℓ pℓ , mℓ qℓ ) + Q) (it is a polygon with one edge of slope ρℓ and
height mℓ qℓ ).
THEOREM 1.1. After a convenient translation, thePNewton polygon of
the DB1 ,0 -module H0 p1+ (Mep2 )0 is the convex hull of ℓ∈Λ Nℓ .
In particular, the slopes of this Newton
P polygon are in {ρℓ , ℓ ∈ Λ} and
the height of the edge of slope ρ is hρ = {ℓ∈Λ|ρℓ =ρ} mℓ qℓ .
We also give more details about the formal irregular part of the DB1 ,0 module H0 p1+ (Mep2 )0 . After a convenient ramification, the formal irregular
part of H0 p1+ (Mep2 )0 can be written as ⊕β(1/τ )∈Γ Mβ eβ(1/τ ) , where τ is a local coordinate in the neighbourhood of 0, β(1/τ ) is an element of 1/τ.C[1/τ ]
and Mβ are regular holonomic C[[τ ]]h∂τ i-modules such that Mβ [ τ1 ] = Mβ .
In Theorem 5.2, we describe explicitly which exponentials appear in this
decomposition using the germs Zℓ . We also compute the rank of Mβ and
the characteristic polynomial of the monodromy associated with Mβ .
A motivation for these computations is the question whether every formal
C[[t]]h∂t i-modules can be expressed as the formalization of modules of the
type H0 p1+ (Mep2 )0 , where M is regular holonomic. More generally, we can
ask whether every C{t}h∂t i-modules are isomorphic to a module of the type
H0 p1+ (Mep2 )0 .
The second result concerns the direct image of modules of exponential
type in the algebraic setting. Let U be a smooth affine variety, f, g : U → C
be two regular functions and M be a regular holonomic DUalg -module. We
compute invariants (the same as below) associated with the formal irregular
part of the DCalg -module Hk f+ (Meg ) at its irregular singularities. As we are
also interested in the behaviour at infinity of this cohomology module, we
will consider its extension to P1 . Let j be the inclusion of C in P1 and i be the
inclusion of C2 in P1 × P1 . We will describe the invariants associated with
the formal irregular part of the module Hk j+ f+ (Meg ) using the module
Hk i+ (f, g)+ (M).
In the case where f, g : C2 → C are two polynomial maps which are
algebraically independent and M is the sheaf OCalg2 of regular functions on
C2 , the irregularity number at c ∈ P1 of H0 j+ f+ (OCalg2 eg ) can be expressed
only in terms of the geometry of the map (f, g) (cf. [11]). We can also
describe the exponential factor which appear in the formal irregular part of
H0 j+ f+ (OCalg2 eg ) at c ∈ P1 (cf. Remark 6.4).
Let W be the maximal Zariski open subset of C2 such that (f, g) :
(f, g)−1 (W ) → W is a covering. Let C be the complement of W in C2 .

FORMAL STRUCTURE OF DIRECT IMAGE OF SOME D-MODULES

3

Let Zℓ , ℓ ∈ Λ, be the germs at (c, ∞) of the local irreducible branches of
C \ ({c} × C), where − means that we consider the Zariski closure in P1 ×P1 .
Then, the exponential factors can be expressed using a parametrization of
the germs of curves Zℓ . If c ∈ C, let s → (c + spℓ , αℓ (1/s) + δ(s)) be a
parametrization of Zℓ , where αℓ (1/s) ∈ 1/s.C[1/s] and δ(s) ∈ C{s}. Let
N be the least common multiple of the pℓ . After the ramification τ → τ N,
the exponential factors in the formal irregular part are exp αℓ (1/ξsN/pℓ ) ,
where ξ pℓ = 1. If c = ∞, the same result holds, up to the change of c + spℓ
by 1/spℓ in the parametrization of the Zℓ .
If c ∈ C, we can also prove that the Zℓ ’s are the germs at (c, ∞) of the
local irreducible branches of ∆ \ {c} × C, where ∆ is the discriminant locus
of f and g. At infinity, we have to consider ∆ and another curve which
comes from the fact that the map (f, g) is not necessarily proper ouside of
∆.
In Section 3, we give a procedure to compute the formal irregular part of
a C[t]h∂t i-module. After an analytization and a ramification, it consists in
twisting by an exponential and finding the regular part of the module that
we have obtained. While computing the formal regular part of a C{t}h∂t imodule, we will use the nearby cycles module.
In Section 4, we give the main result concerning the computation of the
rank and the characteristic polynomial of the monodromy of a special nearby
cycles module. These computations will be helpful in Section 5. During the
proof, we will need some local computations which are stated in the appendix
(Section 7).
In Section 5, we state the result about the formal irregular part of the
module H0 p1+ (Mep2 )0 . This theorem enables us to compute (in Section 6)
the formal irregular part of the module Hk j+ f+ (Meg )c .

2. Notations and conventions
If X is a smooth analytic (resp. algebraic) variety over C, DX (resp.
denotes the sheaf of analytic (resp. algebraic) differential operators
alg
) the sheaf of holomorphic (resp. regular)
on X. Denote by OX (resp. OX
functions on X.
alg
Given M a DX
-module, the analytization of M is denoted by Man .
We adopt the convention that the analytic de Rham complex and the
alg
-module) are concentrated in
direct image complex of a DX -module (or DX
non-positive degree.
If M is a C{t}h∂t i-module (or C[t]h∂t i-module), the formalization of M
c
is denoted by M.
If α : X → P1 is a meromorphic function with poles along Y and M is
a DX -module, we denote by M[∗Y ]eα the OX -module M ⊗OX OX [∗Y ]eα
provided with the structure of DX -module given by the tensor product. We
can also define the twist by an exponential in the algebraic or formal setting.
If C • is a bounded complex of C-vector
spaces, we denote by χ(C • ) the
P
•
•
Euler characteristics of C , χ(C ) = k∈Z (−1)k dimC (H k C • ).
alg
DX
)
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If T : C • → C • is an endomorphism of bounded complexes of C-vector
Q
k
spaces, we denote by χT (λ) = k∈Z χk (λ)(−1) the zeta function of T , where
χk (λ) is the characteristic polynomial of T : H k C • → H k C • .
3. Formal decomposition and nearby cycles modules
c be a
3.1. Formal decomposition of D-modules in one variable. Let M
holonomic C[[t]]h∂t i-module. This module can be decomposed as the direct
sum of a formal regular module and some formal modules of exponential
type. Indeed:
THEOREM 3.1 (Formal decomposition theorem). After a convenient
c by γ ∗ (M
c), where γ : τ → t = τ N ),
ramification (i.e. the change of M
there exists a unique formal decomposition:

c) = NR ⊕ ⊕α(1/τ )∈Γ Nα eα(1/τ ) ,
γ ∗ (M

where NR , Nα are regular holonomic C[[τ ]]h∂τ i-modules, Nα = Nα [ τ1 ] and
Γ is a finite subset of 1/τ.C[1/τ ].
c) and ⊕α(1/τ )∈Γ Nα eα(1/τ )
We will call NR the formal regular part of γ ∗ (M
its formal irregular part.

This theorem is proved for linear differential systems in [15] and [4]. Another proof in [7] uses cyclic vector Lemma (cf. Theorem 1.2 p. 43 for
meromorphic connections and Theorem 2.3 p. 51 for holonomic modules).
REMARK 3.2. If M is a C[t]h∂t i-module (or a C{t}h∂t i-module), we can
c. It gives the formal decompostion
apply this theorem to its formalization M
of M . It is obvious that a C[t]h∂t i-module has the same formal decomposition
as its analytization.
REMARK 3.3. While describing the formal irregular part of a C[t]h∂t imodule M , we will use the following procedure.
• We consider the analytization of the module (M → M an ).
• We ramify the module if it is necessary (M an → γ ∗ (M an )).
• We twist by an exponential. Let α(1/τ ) ∈ 1/τ.C[1/τ ]. Then eα(1/τ )
appears in the formal irregular part of γ ∗ (M an ) if and only if the
formal regular part of γ ∗ (M an )[ τ1 ]e−α(1/τ ) is not trivial. With the
notations of Theorem 3.1, this regular part is exactly Nα .
Then we need a technique to separate the regular part and the formal irregular part of a D-module. This technique uses the nearby cycles modules
(cf. Section 3.2).
In Sections 5 and 6, we will need a result about the commutation of the
direct image functor and the twist by an exponential. Let us state this
lemma:
LEMMA 3.4. Let X, Z be smooth analytic varieties and p : X × Z → X
be a proper projection. Let M• be a bounded complex of DX×Z -modules
with holonomic cohomology. Let α : X → P1 be a meromorphic function
with poles along a hypersurface Y of X. Then we have an isomorphism of
DX -modules: p+ (M• )[∗Y ]eα = p+ (M• [∗(Y × Z)]eα◦p ).
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Proof. According to the way out lemma (cf. [8] p. 240), we are led to prove
this in the case of a single module M. As p is a proper projection, we have:
p+ (M[∗(Y × Z)]eα◦p ) = Rp∗ (DRX×Z/X (M[(Y × Z)]eα◦p )),
= Rp∗ (DRX×Z/X (M) ⊗p−1(OX ) p−1 (OX [∗Z]eα )),
= p+ (M)[∗Z]eα .

3.2. Specialization and nearby cycles modules. In this section, we
recall the notion of specialization along a smooth hypersurface and of nearby
cycles module. For a complete account of this subject, we refer to [1], [6],
[9], [3] and [5].
Let X be a smooth analytic variety and Y be a smooth hypersurface of
X. Denotes by Vk DX the V-filtration of DX along Y and let grV DX be the
graded sheaf of rings ⊕k∈Z Vk DX /Vk−1 DX .
We denote by E the element of grV0 DX which is locally defined by the
class of t∂t , where (x, t) is a local system of coordinates on X such that the
equation of Y is t = 0. We remark that (grV0 DX )|Y is isomorphic to DY [E].
Let M be a Y -specializable DX -module. We denote by {Vβ M}β∈C the
canonical V-filtration of M along Y . We define a total order on C by the
lexicographical order on R + iR. Let V<β = ∪α<β Vα .
DEFINITION 3.5. We denotes by grVβ M the quotient Vβ M/V<β M.
• The specialization of M along Y is the grV DX -module spY (M) =
⊕β∈C grVβ (M).
• The nearby cycles module of M along Y is the DY -module ΨY (M) =
⊕−1≤β<0 grVβ (M). It comes equipped with an endomorphism of monodromy
T : ΨY (M) → ΨY (M), induced by the morphism exp(−2iπE).
REMARK 3.6. The specialization along a hypersurface is an exact functor
from the category to Y-specializable DX -modules and the category of monodromic grV DX -modules.
In some special cases, we can work with the specialization or with the
module of nearby cycles. Indeed:
PROPOSITION 3.7. If Y is defined by a global equation f = 0 and
M = M[ f1 ], giving the grV DX -module spY (M) is equivalent to giving the
DY -module ΨY (M) equipped with its monodromy.
We recall that holonomic DX -modules are Y -specializable, for all smooth
hypersurfaces Y of X. One can also define the specialization of a complex of
DX -modules which has holonomic cohomology. One way to define it (cf. [9]
p. 236) is to realize this complex by a complex of holonomic DX -modules and
to apply the specialization to each term of the complex. Another approach
is given in [3] (a generalisation to complexes with coherent cohomology). It
has the advantage to have a good behaviour under direct image functor (cf.
theorem 9.4.1 of [3]). Let us states a particular case of this theorem that we
will need in Sections 5 and 6.

6
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Let X, Z be two smooth analytic varieties. Let Π : X → Z be a proper
holomorphic map. Let Y be a smooth hypersurface of Z such that Π−1 (Y )
is also a smooth hypersurface of X.
alg
We denote by DX→Z
= grV OX ⊗Π−1 (grV OZ ) Π−1 (grV DZ ). With this
transfert module, we can define a new direct image functor Π+ between the
category of complexes of grV DX -modules and the category of complexes of
grV DZ -modules. If M • is a complex of grV DX -modules,
alg
Π+ (M • ) = RΠ∗ (DX←Z
⊗LgrV

DX

M • ).

Let M• be a complex of DX -modules with holonomic cohomology. Then
M• is Π−1 (Y )-specializable, Π+ (M• ) is Y -specializable and theorem 9.4.1
of [3] says:
THEOREM 3.8. spY (Π+ M• ) = Π+ (spΠ−1 (Y ) M• ).
REMARK 3.9. Theorem 3.8 enables us to state a result of commutation
e : Π−1 (Y ) → Y
between direct image and nearby cycles functor. Indeed, if Π
is the restriction of Π to Π−1 (Y ), there exists an isomorphism of DY -modules
e + (ΨΠ−1 (Y ) M• ) = ΨY (Hk Π+ M• ) which respect the monodromies (cf.
Hk Π
Theorem (4.8-1) of [9] for modules and Proposition 9-2-5 of [3] for complexes).
3.3. Regular part of a C{t}h∂t i-module and nearby cycles module.
For D-modules in one variable, considering the specialization enables us to
compute the formal regular part of a module. Indeed, let M be a C{t}h∂t imodule. According to the formal decomposition theorem, we know that
′
′′
c = M ′ ⊕ M ′′ ,
there exists two C[[t]]h∂t i-modules M and M such that M
′
′′
where M is regular and M is purely irregular.
′

PROPOSITION 3.10. The formal regular part M of M is isomorphic
to sp0 (M ) ⊗C[t] C[[t]].
(cf. Example 5-2-1 of [3])
REMARK 3.11. While studying the formal irregular part of a C{t}h∂t imodule M , we have to determine each Nα . According to Remark 3.3 and
Proposition 3.10, it is sufficient to compute sp0 (γ ∗ (M an )[ τ1 ]e−α(1/τ ) ).
In this article, we want to compute the rank of Nα and the characteristic
polynomial of its monodromy. As γ ∗ (M an )[ τ1 ]e−α(1/τ ) is localised by τ , the
rank of Nα is the dimension of the C-vector space Ψ0 (γ ∗ (M an )[ τ1 ]e−α(1/τ ) )0
and the characteristic polynomial of its monodromy is equal to the one on
Ψ0 (γ ∗ (M an )[ τ1 ]e−α(1/τ ) )0 .
We will use to a large extent the complex of nearby cycles and its relation
with the nearby cycles module. Indeed, in the regular case, the de Rham
functor commute with the nearby cycles functor (cf. Theorem 4.10-1 of [9]):
THEOREM 3.12. Let M be a regular holonomic DX -module. Let Y be
a smooth hypersurface in X defined by a global equation f = 0. Then
DRY (ΨY (M)) is isomorphic to RΨf (DRX (M)) and the monodromy on
ΨY (M) correspond by this isomorphism to the monodromy on the complex
RΨf (DRX (M)).
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4. On nearby cycles module of certain DC2 -modules of
exponential type
In the next section, we willl need a computation of the characteristic
polynomial of the monodromy of some nearby cycles modules. Some of
these computations are stated in the appendix. In this section, we give the
local computation needed in the next section.
Let (x, y) be coordinates on C2 . Let M be a regular holonomic DC2 module and let α(1/x) ∈ 1/x.C[1/x]. We want to study the nearby cycles
1 1/y−α(1/x)
]e
).
module Ψx=0 (M[ xy
Notation 4.1.
• Let Cch(M) be the characteristic cycle of M in the
neighbourhood of (0, 0). As M is holonomic,P
Cch(M) takes the form
∗ C2 +n T ∗ C2 +nT ∗
2+
∗ 2
C
rTC∗2 C2 +nx Tx=0
y y=0
ℓ∈Λ nℓ TYℓ C , where Yℓ
(0,0)
are germs at (0, 0) of irreducible curves of C2 distincts from {x = 0}
and {y = 0}. In this section, we will assume that the intersection
multiplicity at (0, 0) of Yℓ and of {x = 0} is equal to 1.
• Let Λα ⊂ Λ be the set of ℓ such that there exists a parametrization
of Yℓ , s → (s, δ(s)), where δ(s) ∈ C{s} and such that 1/δ(s) =
α(1/s) + γ(s), with γ(s) ∈ C{s}.
• For ℓ ∈ Λα , we consider the complex of DC2 -modules RΓYℓ (M).
The cohomology modules of this complex have support in Yℓ and are
non trivial only in degree 0 and 1. Moreover, we have the exact
sequence: 0 → R0 ΓYℓ (M) → M → M[∗Yℓ ] → R1 ΓYℓ (M) → 0.
Then, we have two local systems on Yℓ \ {(0, ∞)}: for i = 0, 1,
let Lℓi = DR(Ri ΓYℓ (M))|Yℓ \{(0,∞)} . As Yℓ is smooth, we can define
χiℓ (λ), i = 0, 1, the characteristic polynomial of the monodromy of Liℓ
around the point (0, ∞). Denote by χℓ (λ) the quotient χ1ℓ (λ)/χ0ℓ (λ).
As Yl is smooth and transverse to {x = 0}, it consists in the zeta
function of the monodromy on RΨx (DR RΓYℓ M[+1])(0,0) .
THEOREM 4.2. The Euler characteristic of the P
complex of C-vector spa1 1/y−α(1/x)
]e
)(0,0) is equal to − ℓ∈Λα nℓ . Moreover the
ces DR Ψx=0 (M[ xy
1 1/y−α(1/x)
zeta function of the monodromy on DR Ψx=0 (M[ xy
]e
)(0,0) is equal
Q
−1
to ℓ∈Λα χℓ (λ) .
Proof. Let f (x, y) = 1/y − α(1/x). In the situation of Theorem 4.2, we can
not compute directly the data we are looking for as in the appendix. The
problem is that f is a rational map at (0, 0). Therefore we have to find a
good resolution of the indeterminacy of f .
Resolution of the indeterminacy:
LEMMA 4.3. There exists a resolution π : X → C2 (actually it is the finite
composition of some blow up of points) such that:
(1) f ◦ π is well-defined everywhere on X.
(2) Let E = π −1 (0, 0) be the exceptional locus of π. For all irreducible
component Z of E, f|Z is constant equal to ∞ except for one irreducible component Zd on which f is surjective.
(3) Zd intersects E \ Zd in only one point which we will denote by P .
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(Loc P) In the neighbourhood of P , we can choose local coordinates (u, v)
on X such that:
– u = 0 is the equation of Zd ,
– v = 0 is the equation of the other component of E,
– π1 (u, v) = uv λ , λ ∈ N∗ ,
– f ◦ π(u, v) = h1 (u, v)/v, h1 invertible.
(Loc Q) In the neighbourhood of Q ∈ Zd \ {P }, we can choose local
coordinates (u, v) on X such that:
– u = 0 is the equation of Zd ,
– π1 (u, v) = u,
– f ◦ π(u, v) = a + v, a ∈ C.
(4) The singular support of π ∗ (M) has normal crossing in the neighbourhood of any point of E \ Zd .
Proof. Let us begin by proving the first three points. Let us set α(1/x) =
β(x)/xk , where β(x) ∈ C[x] and β(0) 6= 0. Then we have f (x, y) =
(xk − yβ(x))/(xk y).
As (0, 0) is the indeterminacy point of f , we blow it up. In the chart
x = st, y = t, f is well-defined and is equal to ∞ on the exceptional locus.
In the second chart x = s, y = st, f becomes (sk−1 − tβ(s))/(sk t).
After (k − 1) similar blow up, we obtain a resolution π : X → C2 such that
f ◦ π is well-defined everywhere on X except at a point I and it takes the
value ∞ on the exceptional locus except at I. In the neighbourhood of I,
we can choose local coordinates (s, t) such that π1 (s, t) = s and f ◦ π(s, t) =
(−tβ(s) + sγ(s))/(sk h(t)), where h(t) is invertible and γ(s) is a polynomial
such that degs γ(s) ≤ k − 1.
Then we blow I up. In the chart s = uv, t = v, f is well-defined at (0, 0)
and is equal to ∞. In the chart s = u, t = uv, f is well-defined and takes the
value ∞ on the exceptional locus except at a point Ie which we have to blow
up. In the neighbourhood of this point, we can choose local coordinates (u, v)
such that π1 (u, v) = u and f ◦ π(u, v) = (−vβ(u) + ue
γ (u))/(uk−1 e
h(u, v)),
e
where h(u, v) is invertible and γ
e(u) is a polynomial such that degu γ
e(u) ≤
k − 2.
After (k − 1) more similar blow up, we obtain the first three points of the
lemma. For the last one, we have to do additional blow up.

Now, we replace the exponential of a rational map by the exponential of
a meromorphic map using the lemma:
1 f
]e = π+ (π ∗ (M)[∗π −1 (xy = 0)]ef ◦π ).
LEMMA 4.4. M[ xy
1 f
]e is holonomic. Then
Proof. • π is an isomorphism out of E and M[ xy
there exists an isomorphism (cf. proposition 7.4.5 of [8]):
1
1
M[ ]ef = π+ Lπ ∗ (M[ ]ef ).
xy
xy
1 f
1 f
]e )[∗E] = π ∗ (M[ xy
]e )[∗E].
• We have also: Lπ ∗ (M[ xy
1 f
1 f
∗
• Then M[ xy ]e = π+ (π (M[ xy ]e )[∗E]),
= π+ (π ∗ (M)[∗π −1 (xy = 0)]ef ◦π ).
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Reduction to the local computations of the appendix: Now we consider the complex DR Ψx=0 (π+ (π ∗ (M)[∗π −1 (xy = 0)]ef ◦π )). First we want
to apply the theorem of commutation between nearby cycles and direct image functor. However, as π −1 (x = 0) = π1−1 (0) is not smooth, we can not
do it directly. In this case, we usually consider the embedding by the graph
of π1 :
X
_

π

/ C2
_
j

i



X×C

π
b


/ C2 × C,

where i = (idX , π1 ), π
b = (π, idC ) and j(x, y) = (x, y, x).
Let us set P = π ∗ (M)[∗π −1 (xy = 0)].
LEMMA 4.5. There exists an isomorphism of complexes of C-vector spaces which respects the monodromies:
DR Ψx=0 (π+ (Pef ◦π ))(0,0) = RΓ(E × {0}, DR ΨX×{0} (i+ (Pef ◦π )))[+1].
Proof. We consider the two following diagrams:
X × {0} ⊂
{0} × C ⊂
C2

X×C

_

_
b
j



j

,



π
e



π
b

.



C2 × {0} ⊂ C2 × C
C2 × {0} ⊂ C2 × C
Then we have the following isomorphisms of complexes of C-vector spaces
with respect to the monodromies:
DR Ψx=0 (π+ (Pef ◦π ))(0,0) =
= Rb
j∗ (DR Ψx=0 (π+ (Pef ◦π )))(0,0,0) ,

= DR b
j+ Ψx=0 (π+ (Pef ◦π ))(0,0,0) [+1],

= DR ΨC2 ×{0} (j+ π+ (Pef ◦π ))(0,0,0) [+1], (cf. Remark 3.9)
= DR ΨC2 ×{0} (b
π+ i+ (Pef ◦π ))(0,0,0) [+1],
= DR π
e+ ΨX×{0} (i+ (Pef ◦π ))(0,0,0) [+1], (cf. Remark 3.9)
= Re
π∗ (DR ΨX×{0} (i+ (Pef ◦π )))(0,0,0) [+1],

= RΓ(E × {0}, DR ΨX×{0} (i+ (Pef ◦π )))[+1].

Use of the local computations of the appendix: In order to compute
the Euler characteristics of RΓ(E × {0}, DR ΨX×{0} (i+ (Pef ◦π ))) and the
zeta function of its monodromy, we will use the Mayer-Vietoris theorem and
the local computations of the appendix. Let us first remark:
LEMMA 4.6. DR ΨX×{0} (i+ (Pef ◦π )) has support in Zd × {0}.
Proof. Let p ∈ E \ Zd . We remark that P is regular and that the singular
support of P in the neighbourhood of p is a normal crossing. We have two
cases to consider:
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(1) If p is the intersection point of two irreducible components of E, there
exists some local coordinates (u, v, w) on X×C in the neighbourhood
of (p, 0) such that:
• π1 (u, v) = um v n , m, n ≥ 1.
• f ◦ π(u, v) = 1/uk v l , k, l ≥ 1.
k l
Then DR ΨX×{0} (i+ (Pef ◦π ))(p,0) = DR Ψw=0 (i+ (P)(p,0) e1/u v ),
where i : C2 → C3 is defined by i(u, v) = (u, v, um v n ). According to Lemma 7.3 1, this is equal to 0.
(2) If p is not an intersection point of two irreducible components of E,
there exists some local coordinates (u, v) on X in the neighbourhood
of p such that:
• π1 (u, v) = um , m ≥ 1.
• f ◦ π(u, v) = 1/uk v l , k ≥ 1 and l ≥ 0.
k l
Then DR ΨX×{0} (i+ Pef ◦π )(p,0) = DR Ψum =0 (Pp e1/u v )[−1]. It is
equal to 0 according to Lemma 7.1.

Finally, we have to compute the Euler characteristics of the complex
RΓ(Zd × {0}, DR ΨX×{0} (i+ (Pef ◦π ))) and the zeta function of its monodromy.
Notation 4.7.
• Let Yeℓ be the strict transform of Yℓ .
• For all ℓ ∈ Λ, let χℓ (λ) be the zeta function of the monodromy on
RΨx DR(RΓYℓ M[+1])(0,0) .
If Pℓ is the intersection point of Zd and Yeℓ and u = 0 is the
equation of Zd in the neighbourhood of Pℓ , χℓ (λ) is also the zeta
function of the monodromy on RΨu DR(RΓf
P[+1])Pℓ .
Yℓ
∗
2
2
• Let j : (C ) \ ( ∪ Yℓ ) → C and χr (λ) be the zeta function of the
ℓ∈Λ

monodromy on RΨx DR(Rj∗ j −1 M)(0,0) .
If p ∈ Zd and u = 0 is the equation of Zd in the neighbourhood of Pℓ , χr (λ) is also the zeta function of the monodromy on
RΨu DR(Rj̃∗ j̃ −1 P)Pl , where j̃ : X \ ( ∪ Yeℓ ∪ π −1 (xy = 0)) → X.
ℓ∈Λ

Then we have to consider the following two cases:
(1) In the neighbourhood of P , according to Lemma 4.3,
DR ΨX×{0} (i+ (Pef ◦π ))(p,0) = DR Ψw=0 (i+ (P)(p,0) e1/v ),
with i(u, v) = (u, v, uv λ ). Moreover, the singular support of P in
the neighbourhood of P is a normal crossing. Then according to
Lemma 7.3 2, its Euler characteristics is r and the zeta function of
its monodromy is χr (λ).
(2) In the neighbourhood of Q ∈ Zd \ {P }, according to Lemma 4.3,
DR ΨX×{0} (i+ Pef ◦π )(Q,0) = DR Ψu=0 (P)Q [−1].
Then according
to Lemma 7.5, the Euler characteristics of this comP
nℓ − r and the zeta function of its monodromy
plex is f
Yℓ ∩Zd ={Q} 
Q
χ (λ) /χr (λ).
is
f
Y ∩Z ={Q} ℓ
ℓ

d
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According to the Mayer-Vietoris lemma, we obtainP
that the Euler charf
◦π
n and the
acteristics of RΓ(Zd × {0}, DR ΨX×{0} (i+ Pe )) is f
Yℓ ∩Zd 6=∅ ℓ
P
zeta function of its monodromy is Yf∩Z 6=∅ χℓ (λ).
ℓ
d
We have finished if we prove the lemma:
LEMMA 4.8. Let ℓ ∈ Λ. Yeℓ ∩ Zd 6= ∅ if and only if ℓ ∈ Λα .

Proof. First, according to the choice of the resolution, Yeℓ ∩ Zd 6= ∅ if and
only if Yeℓ ∩ (Zd \ {P }) 6= ∅ (Lemma 4.3 4). Let (u, v) be some coordinates
on Zd in the neighbourhood of Q. According to lemma 4.3 3, we can choose
these coordinates such that f ◦ π(u, v) = a + v and π1 (u, v) = u, with a ∈ C.
Let Yeℓ which intersects Zd . As the intersection multiplicity of Yℓ and
{x = 0} is 1 and π1 (u, v) = u, the intersection multiplicity of Yeℓ and Zd is
also 1. Then:
Yeℓ ∩ Zd 6= ∅,
⇐⇒ ∃δ(s) ∈ C{s} such that a + v = δ(u) is an equation of Yeℓ ,

⇐⇒ ∃δ(s) ∈ C{s} such that f ◦ π(u, v) = δ ◦ π1 (u) is an equation of Yeℓ ,
⇐⇒ ∃δ(s) ∈ C{s} such that f (x, y) = δ(x) is an equation of Yℓ ,

⇐⇒ ∃δ(s) ∈ C{s} such that y = 1/α(1/x) + δ(x) is an equation of Yℓ ,
⇐⇒ ∃δ(s) ∈ C{s} such that s → (s, 1/α(1/s) + δ(s)) is a parametrization of Yℓ ,
⇐⇒ ℓ ∈ Λα .


5. On the formal decomposition of some geometric D-modules
In this section, we state a result about the formal irregular part of some
geometric D-modules in one variable.
Let B1 be a small disc centered at 0 in C. Let p1 : B1 × P1 → B1 and
p2 : B1 × P1 → P1 be the two canonical projections. We identify P1 to
C ∪ {∞} and regards p2 as a meromorphic function.
We consider the complex of DB1 -modules p1+ (Mep2 ), where M is a regular holonomic DB1 ×P1 -module such that M = M[∗(B1 × {∞})].
Before describing its formal irregular part, let us begin by some notations:
Notation 5.1.
• Consider Cch(M) the characteristic cycle of M in
′
some neighbourhood B = B1 × B2 ⊂ B1 × P1 of (0, ∞). As M
is holonomic, if B is small enough, it takes the form:
=
P Cch(M)
∗ B,
∗
∗
mTB∗ B + m1 T ∗ ′
B
+
m
T
B
+
mT
B + m2 T{0}×B
ℓ∈Λ ℓ Zℓ
(0,∞)
2
B1 ×{∞}

where Zℓ are germs at (0, ∞) of irreducible curves distincts from
′
B1 × {∞} and {0} × B2 .
• For all ℓ ∈ Λ, let pℓ be the intersection multiplicity at (0, ∞) of Zℓ
with {0} × P1 . Denote by N the least common multiple of pℓ , ℓ ∈ Λ,
f1 → B1 defined by γ(τ ) = τ N .
and let γ : B

12
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• For ℓ ∈ Λ, let s → (spℓ , αℓ (1/s) + δ(s)) be a parametrization of Zℓ ,
where αℓ (1/s) ∈ 1/s.C[1/s] and δ(s) ∈ C{s}. Let kℓ = N/pℓ .
• Let Γ be the set of αℓ (1/ξτ kℓ ) ∈ 1/τ.C[1/τ ], where ξ pℓ = 1.
• For β(1/τ ) ∈ Γ, we denote by Λβ the set of ℓ ∈ Λ such that there
exists ξ ∈ C, ξ pℓ = 1, which satisfies β(1/τ ) = αℓ (1/ξτ kℓ ).
• For ℓ ∈ Λ, we consider the complex of DB1 ×P1 -modules RΓZℓ (M).
The cohomology modules of this complex have support in Zℓ and are
non trivial only in degree 0 and 1. Moreover, we have the exact
sequence : 0 → R0 ΓZℓ (M) → M → M[∗Zℓ ] → R1 ΓZℓ (M) → 0.
We denote by χiℓ (λ), i = 0, 1, the zeta function of the monodromy
on RΨp1 (DR Ri ΓZℓ (M))(0,∞) . Let us set χℓ (λ) = χ1ℓ (λ)/χ0ℓ (λ). In
other words, it consists in the zeta function of the monodromy on
RΨp1 (DR RΓZℓ (M)[+1])(0,∞) .
THEOREM 5.2. The formal irregular part of γ ∗ (H0 p1+ (Mep2 ))0 takes
the form ⊕β(1/τ )∈Γ Mβ eβ(1/τ ) , where Mβ are regular holonomic C[[τ ]]h∂τ imodules, such that Mβ = Mβ [ τ1 ].
P
m and the characteristic
Moreover, the rank of Mβ is equal to
Q ℓ∈Λβ ℓ
polynomial of the monodromy of Mβ is ℓ∈Λβ χℓ (λ).
Proof. • Ramification: The choice of the ramification enables us to reduce
the proof of Theorem 5.2 to the case where all the pℓ ’s are equal to 1. It is
the non ramified case.
f1 × P1 → B1 × P1 . By applying γ to H0 p1+ (Mep2 ), we
Let γ
e = (γ, id) : B
will repace M by γ
e∗ (M). Indeed, as γ is a finite morphism, γ ∗ is an exact
∗
functor and γ p1+ = p1+ γ
e∗ . Then γ ∗ (H0 p1+ (Mep2 )) = H0 p1+ (e
γ ∗ (M)ep2 ).
We deduce the theorem in the ramified case from the one in the non ramified
case using the following lemma:
(1) For ℓ ∈ Λ, γ
e−1 (Zℓ ) =

LEMMA 5.3.

pℓ
S
fi , where Z
fi are germs at
Z
ℓ
ℓ

i=1

(0, ∞) of irreducible curves.
e =
The characteristic cycle of γ
e∗ (M) in some neighbourhood B
′
f
1
∗
∗
f1 × P of (0, ∞) takes the form rT B
e f1 T
e+
B1 × B2 ⊂ B
B
e +m
f′
B
B1 ×{∞}
Ppℓ
∗
∗
∗
e + mT
e+P
m
f2 T{0}×B
B
e (0,∞)
B
ℓ∈Λ
i=1 mℓ T fi B.
2
Zℓ

Moreover, s → (spℓ , αℓ (1/s) + δ(s)) is a parametrization of Zℓ if
and only if s → (s, αℓ 1/ξi skℓ + δ(ξi skℓ )) is a parametrization of
fi , where ξ pℓ = 1.
Z
ℓ

i

fi with
In particular, the intersection multiplicity at (c, ∞) of Z
ℓ
1
{0} × P is equal to 1 (assumption of non ramified case).
(2) The monodromy on RΨp1 (DR RΓZℓ M[+1])(0,∞) and the one on
e∗ (M)[+1])(0,∞) have same zeta function.
RΨp1 (DR RΓ fi γ
Zℓ

Proof. This comes easily from the fact that γ is a finite morphism.



• Non ramified case: We suppose that all the pℓ ’s are equal to 1. Let τ
be a coordinate on B1 .
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- Theorem 5.2 is proved if ⊕β(1/τ )∈Γ Mβ eβ(1/τ ) belongs to the formal irregular
part of H0 p1+P
(Mep2 )0 . Indeed, the irregularity number of H0 p1+ (Mep2 ) at
0 is equal to ℓ∈Λ mℓ qℓ , where qℓ is the intersection multiplicity of Zℓ and
B1 × {∞} (cf. theorem 1.1 of [12]). Then we remark that the irregularity
number of Mβ eβ(1/τ ) at 0 is equal to rk(Mβ )qℓ .
- Let β(1/τ ) ∈ 1/τ.C[1/τ ]. As announced in Section 3.1, we begin by twisting the C{τ }h∂τ i-module by the exponential of −β(1/τ ). Then we have to
consider Ψ0 ((H0 p1+ (Mep2 ))[ τ1 ]e−β(1/τ ) )0 . First we want to prove that there
exists an isomorphism of C-vector spaces which respects the monodromies
between it and:
DR Ψ{0}×P1 (M[∗({0} × P1 )]ep2 −β(1/p1 ) )(0,∞) [+1].
- Denote by P the module M[∗({0} × P1 )]ep2 −β(1/p1 ) . According to Lemma
3.4, (H0 p1+ (Mep2 ))[ τ1 ]e−β(1/τ ) is isomorphic to H0 p1+ (P). Moreover, we
have isomorphisms of C-vector spaces which respect the monodromies:
Ψ0 (H0 p1+ (P))0 = H0 pe1 + (Ψ{0}×P1 (P))0 , pe1 : {0} × P1 → {0},
(cf. Remark 3.9),
= R0 pe1 ∗ (DR Ψ{0}×P1 (P)[+1])0 ,
= R0 Γ({0} × P1 , DR Ψ{0}×P1 (P)[+1]),
= H0 DR Ψ{0}×P1 (P)(0,∞) [+1],
= DR Ψ{0}×P1 (P)(0,∞) [+1].
The two last isomorphisms come from the fact that Ψ{0}×P1 (P) has support
(0, ∞) (cf. Corollary 7.2).
Then we do a local change of coordinates. Let (x, y) be local coordinates
on B1 × P1 in the neighbourhood of (0, ∞) such that (0, ∞) has coordinates
(0, 0) and x = 0 (resp. y = 0) is the equation of {0} × P1 (resp. B1 ×
{∞}). After this change of coordinates, we have to compute the Euler
1 1/y−α(1/x)
]e
)[+1] and the
characteristics of the complex DR Ψx=0 (M(0,∞) [ xy
zeta function of its monodromy. Then the corollary is proved using Theorem
4.2.

We deduce easyly the Newton polygon of H0 p1+ (Mep2 )0 using Theorem
5.2.
Proof of Theorem 1.1. Let β(1/τ ) ∈ Γ. For all ℓ ∈ Λβ , the product kℓ qℓ is
β(1/τ )
equal to the degree ρβ of β in 1/τ . Then
Pthe Newton polygon of Mβ e
has slope ρβ and height ρβ ∗ rk(Mβ ) = ℓ∈Λβ kℓ qℓ mℓ .
Now let Γρ = {β(1/τ ) ∈ Γ | ρβ = ρ} and Λρ = {ℓ ∈ Λ | kℓ qℓ = ρ}.
β(1/τ ) has slope ρ and its height
The
β
P )∈Γρ Mβ e
Ppolygon of ⊕β(1/τ
P Newton
is β(1/τ )∈Γρ ℓ∈Λβ kℓ qℓ mℓ = ℓ∈Λρ N qℓ mℓ .
fℓ be the convex hull of Q ∪ ((pℓ mℓ , N qℓ mℓ ) + Q). Then the Newton
Let N
P
fℓ .
polygon of ⊕β(1/τ )∈Γ Mβ eβ(1/τ ) is the convex hull of
N
ρ

ℓ∈Λρ

Then after a convenient translation, the Newton polygon of the C{τ }h∂τ iP
fℓ .
module γ ∗ (H0 p1+ (Mep2 ))0 is the convex hull of ℓ∈Λ N
We deduce the Newton polygon of C{t}h∂t i-module H0 p1+ (Mep2 )0 from
the one of γ ∗ (H0 p1+ (Mep2 ))0 by a dilatation of the vertical axis in a ratio
1/N (see lemma 5.4.3 of [13]).
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6. On the formal structure of the direct image of some
algebraic D-modules
The goal of this section is to state some results about the formal irregular part of the direct image by a regular function of some D alg -modules of
exponential type.
Let U be a smooth affine variety, f, g : U → C be two regular functions
on U and M be a regular holonomic DUalg -module.
Let i : C2 ֒→ P1 × P1 and j : C ֒→ P1 be the inclusions such that we have
the following diagrams:
C2



i

/ P1 × P1
π1

P1

 

C

C2

j


/ P1



i

/ P1 × P1
π2

P2

,

 

C

j


/ P1 ,

where P1 , P2 (resp. π1 , π2 ) are the two canonical projections.
k
k
g
We consider the DPalg
1 -module M = H (j+ f+ (Me )). We want to comk
pute the formal irregular part of M in the neighbourhood of a point c ∈ P1
using the regular holonomic DP1 ×P1 -module Hk i+ (f, g)+ (Man ).
First, we consider the analytization of Mk . Indeed, the formal irregular
part of Mk in the neighbourhood of c is the same as the one of (Mk )an . Then
we give another presentation of the complex of DP1 -modules (j+ f+ (Meg ))an .
LEMMA 6.1. (j+ f+ (Meg ))an = π1+ (N • eπ2 ),
where N • = i+ (f, g)+ (Man ).
Proof. As f = P1 ◦ (f, g), f+ (Meg ) = P1+ (f, g)+ (Meg ).
Moreover, (f, g)+ (Meg ) = (f, g)+ (M)eP2 . Then
(j+ f+ (Meg ))an =
=
=
=

(j+ P1+ ((f, g)+ (M)eP2 ))an ,
(π1+ i+ ((f, g)+ (M)eP2 ))an ,
π1+ ((i+ ((f, g)+ (M))eπ2 )an ),
π1+ (N • eπ2 ).


Now the study of the formal irregular part of the module Mk is a particular case of the study of the formal irregular part of the cohomology modules
Hk π1+ (N • eπ2 ), where N • is a complex of DP1 ×P1 -modules with regular holonomic cohomology such that N • [∗(P1 × {∞})] = N • . We will still denote
this cohomology module by Mk .
Let us begin by describing the different objects that we need to state the
theorem.
Notation 6.2.
• Let Cch(c, k) be the characteristic cycle of Hk (N • )
in some neighbourhood B = B1 ×B2 ⊂ P1 ×P1 of (c, ∞):
=
P Cch(c, k)
∗
∗
∗ B,
rTB∗ B + m1 TB∗ 1 ×{∞} B + m2 T{c}×B
B
+
mT
B
+
m
T
ℓ∈Λ ℓ Zℓ
(c,∞)
2
where Zℓ are germs at (c, ∞) of irreducible curves distincts from
B1 × {∞} and {c} × B2 .
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• Let pℓ be the intersection multiplicity at (c, ∞) of Zℓ with {c} × B2 .
Let xc,ℓ (s) = c + spℓ , if c 6= ∞ and xc,ℓ (s) = 1/spℓ , if c = ∞.
• Let t be local coordinate on B1 at c.
f1 →
• Denote by N the least common multiple of pℓ , ℓ ∈ Λ and let γ : B
N
B1 defined by γ(τ ) = t = τ .
• For ℓ ∈ Λ, let s → (xc,ℓ (s), αℓ (1/s) + δ(s)) be a parametrization of
Zℓ , where αℓ (1/s) ∈ 1/s.C[1/s] and δ(s) ∈ C{s}. Let kℓ = N/pℓ .
• Let Γ be the set of αℓ (1/ξτ kℓ ) ∈ 1/τ.C[1/τ ], where ξ pℓ = 1.
• For β(1/τ ) ∈ Γ, we denote by Λβ the set of ℓ ∈ Λ such that there
exists ξ ∈ C, ξ pℓ = 1, which satisfies β(1/τ ) = αℓ (1/ξτ kℓ ).
• For ℓ ∈ Λ, we consider the complex RΓZℓ (Hk N • ). The cohomology modules of this complex have support in Zℓ and are non trivial
only in degree 0 and 1. Moreover, we have the exact sequence :
0 → R0 ΓZℓ (Hk N • ) → Hk N • → Hk N • [∗Zℓ ] → R1 ΓZℓ (Hk N • ) →
0. Let χiℓ (λ), i = 0, 1, be the zeta function of the monodromy on
RΨπ1 (DR Ri ΓZl (Hk N • ))(c,∞) . Let us set χℓ (λ) = χ1ℓ (λ)/χ0ℓ (λ).
In other words, χℓ (λ) is the zeta function of the monodromy on
RΨπ1 (DR RΓZℓ (Hk N • )[+1])(c,∞) .
THEOREM 6.3. The formal irregular part of γ ∗ (Mk )c takes the form
⊕β(1/τ )∈Γ Mβ eβ(1/τ ) , where Mβ are regular holonomic C[[τ ]]h∂τ i-modules,
such that Mβ = Mβ [ τ1 ].
P
m and the characteristic
Moreover, the rank of Mβ is equal to
Q ℓ∈Λβ ℓ
polynomial of the monodromy of Mβ is ℓ∈Λβ χℓ (λ).
REMARK 6.4. In the case where f, g : C2 → C are two polynomials
which are algebraically independent and N • = i+ (f, g)+ (OCalg2 ), we can prove
that the Zℓ ’s of the characteristic cycle are those which are described in the
introduction.
Proof. Let p1 : B1 × P1 → B1 and p2 : B1 × P1 → P1 be the two canonical
p2
•
projections. It is obvious that (Mk )c = Hk p1+ (N|B
1 e )c . After a change
1 ×P
of coordinates, we can assume that c = 0. Then, Theorem 6.3 comes from
Theorem 5.2 and the following lemma. For simplicity of notation, we write
•
N • instead of N|B
1.
1 ×P
LEMMA 6.5. Hk p1+ (N • ep2 ) and H0 p1+ (Hk N • ep2 ) have the same formal
irregular part at 0.
Proof. It is sufficient to prove that, after a ramification γ, the formal irregular part of γ ∗ Hk p1+ (N • ep2 ) is equal to the one of γ ∗ H0 p1+ (Hk N • ep2 ).
For α(1/τ ) ∈ 1/τ.C[1/τ ], we have to prove that:
sp(γ ∗ Hk p1+ (N • ep2 )[ τ1 ]e−α(1/τ ) )0 = sp(γ ∗ H0 p1+ (Hk N • ep2 )[ τ1 ]e−α(1/τ ) )0 .
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CÉLINE ROUCAIROL

f1 ×
Denotes by P • the complex γ
e∗ (N [∗({0} × P1 )]), where γ
e = (γ, id) : B
1
→ B1 × P .
1
sp0 (γ ∗ Hk p1+ (N • ep2 )[ ]e−α(1/τ ) )0 =
τ
= sp0 (Hk p1+ (P • ep2 −α(1/p1 ) )0 , (Lemma 3.4 and γ finite morphism),

P1

= Hk p1 + sp{0}×P1 (P • ep2 −α(1/p1 ) )0 , (Theorem 3.8),
= Rk p1∗ DR sp{0}×P1 (P • ep2 −α(1/p1 ) )0 ,
alg
(DR grV DB1 ×P1 is a resolution of DB
1
1 ),
1 ×P →P

= H0 p1∗ DR sp{0}×P1 (Hk P • ep2 −α(1/p1 ) )0 ,
(sp{0}×P1 (P • ep2 −α(1/p1 ) ) has support (0, ∞) (Corollary 7.2))
= H0 p1 + sp{0}×P1 (Hk P • ep2 −α(1/p1 ) )0
= sp0 (H0 p1+ (Hk P • ep2 −α(1/p1 ) ))0 , (Theorem 3.8),
1
= sp0 (γ ∗ H0 p1+ (Hk N • ep2 )[ ]e−α(1/τ ) )0 , (Lemma 3.4 and γ finite).
τ


7. Appendix: Local computations
In all this section, M is a regular holonomic DC2 -module, k, l ≥ 1 and
m, n ≥ 1.
• Nearby cycles module along x = 0 of DC2 -modules of exponential type:
In this paragraph, we suppose that the singular support of M is included
in {xy = 0}.
1 1/x
LEMMA 7.1. Ψxm =0 (M[ xy
]e

k yl

k

) = 0 and Ψxm =0 (M[ x1 ]e1/x ) = 0.

Proof. • In lemma 4.5.9 and lemma 4.5.10 of [14], C. Sabbah proved that
1 1/xk
1 1/xk y l
) = 0 and Ψxm =0 (M[ xy
) = 0.
]e
]e
Ψxm =0 (M[ xy
k

• Now, we have to prove that Ψxm =0 (M[ x1 ]e1/x ) = 0, when M has supk
port in {y = 0}. We will prove that spxm =0 (M[ x1 ]e1/x ) = 0. Let i
be the inclusion of C × {0} in C2 . Then M[ x1 ] = i+ Li∗ (M[ x1 ])[+1] and
Li∗ (M[ x1 ])[+1] is just a module. Then according to Theorem 3.8, we have
k
k
spxm =0 (M[ x1 ]e1/x ) = i+ (spxm =0 (Li∗ (M[ x1 ])[+1]e1/x )). Moreover, as the
k
module Li∗ (M[ x1 ])[+1]e1/x is purely irregular along x = 0, we can prove
k
that spxm =0 (Li∗ (M[ x1 ])[+1]e1/x ) = 0.

COROLLARY 7.2. Let α(1/x) ∈ 1/x.C[1/x] and M• be a complex of
regular holonomic DC2 -modules. Then Ψx=0 (M• [ x1 ]e−α(1/x) ) = 0.
Proof. As M• is a complex of regular holonomic DC2 -modules, we can apply
the nearby cycles functor to each terms of the complex. Then it is sufficient
to prove the theorem for a single module. This comes from Lemma 7.1 and
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k

the fact that M• [ x1 ]e−α(1/x) is isomorphic to M• [ x1 ]e1/x , where k is the
degree of α(1/x) in 1/x (we are in the analytic setting).

• Nearby cycles module along xy = 0 of DC2 -modules of exponential type:
In this paragraph, we suppose that the singular support of M is included
in {xy = 0}.
LEMMA 7.3. Let i : C2 ֒→ C3 , i(x, y) = (x, y, xm y n ). Let χr (λ) be the
zeta function of the monodromy on RΨx DR(Rj∗ j −1 M)(0,0) , where j is the
inclusion of C∗ × C∗ in C2 .
1 1/xk y l
(1) Ψz=0 (i+ (M[ xy
)) = 0.
]e
1 1/x
(2)
• χ(DR Ψz=0 (i+ (M[ xy
]e )))(0,0) = mr.
• Moreover, the zeta function of the monodromy on the complex
1 1/x
]e )))(0,0) is equal to χr (λ)m .
DR Ψz=0 (i+ (M[ xy
Proof.
(1) cf. lemma 4.5.10 (2) of [14].
(2) cf. lemma 4.5.10 (3) of [14] and its proof.

• Nearby cycles module along x = 0 of regular DC2 -modules:
In this paragraph, we assume that the singular support of M is not necessary a normal crossing. Let Cch(M) be the characteristic cycle
P of M∗in 2the
∗ C2 +
neighbourhood of (0, 0): Cch(M) = rTC∗2 C2 + nx Tx=0
e nℓ TYℓ C +
ℓ∈Λ
∗
2
2
nT(0,0) C , where Yℓ are germs of irreducible curves of C distincts from
{x = 0}. We will assume that the intersection multiplicity at (0, 0) of
Yℓ with {x = 0} is equal to 1.
Notation 7.4.
• Let χℓ (λ) be the zeta function of the monodromy on
RΨx DR(RΓYℓ M[+1])(0,0) .
• Let χr (λ) be the zeta function of the monodromy on the complex
RΨx DR(Rj∗ j −1 M)(0,0) , where j is the inclusion of the complementary of {x = 0} ∪ ∪ Yℓ in C2 .
e
l∈Λ

• Let χ(λ) be the zeta function of the monodromy on the complex
RΨx DR(M[ x1 ])(0,0) .
P
LEMMA 7.5.
• χ(RΨx DR(M[ x1 ]))(0,0) = r − ℓ∈Λe mℓ .
Q
• χ(λ) = χr (λ)/ ℓ∈Λe χℓ (λ).

Proof. The first point is proved using the index theorem of Kashiwara (cf.
[2]). Let us prove the second point.
Let Xǫ,η = B(0, ǫ) ∩ {x = η}. We have:
1
RΨx DR(M[ ])(0,0) = lim RΓ(Xǫ,η , DR M).
−→
x
ǫ,η>0
Let η small enough such that all the Zℓ intersect Xǫ,η and denote by Pℓ ,
e
e these intersection points. Denote by X c = Xǫ,η \ {Pℓ , ℓ ∈ Λ}.
ℓ ∈ Λ,
ǫ,η
As DR (M )|Xǫ,η is a constructible sheaf with respect to the stratification
e we have χ(λ) = χg (λ) Q e χℓ (λ), where χℓ (λ) is the zeta
{X c , Pℓ ; ℓ ∈ Λ},
ǫ,η

ℓ∈Λ

function of the monodromy on DR(M)Pℓ and χg (λ) is the zeta function of
c , DR(M)).
the monodromy on Γ(Xǫ,η
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• First, we have:
c , DR(M)) = RΓ(j −1 (X ), j −1 DR(M)),
RΓ(Xǫ,η
ǫ,η
= RΓ(Xǫ,η , Rj∗ j −1 DR(M)),
= RΨx DR(Rj∗ j −1 M)(0,0) .

Then χg (λ) = χr (λ).
+1

• Consider the triangle RΓYℓ M → M → Ri∗ i−1 M →, where i is the
inclusion of C2 \ Yℓ in C2 . Then we have:
+1

DR(RΓYℓ M)Pℓ → DR(M)Pℓ → DR(Ri∗ i−1 M)Pℓ → .
Moreover, the zeta function of DR(Ri∗ i−1 M)Pℓ is equal to 1. Indeed,
DR(Ri∗ i−1 M)Pℓ = limǫ>0 RΓ(B(Pℓ , ǫ) \ Yℓ , DR M) and the Euler
−→
characteristics of B(Pℓ , ǫ) \ Yℓ is 0.
As DR(RΓYℓ M)Pℓ = RΨx DR(RΓYℓ M[+1])(0,0) [−1], we conclude
that χℓ (λ) = χℓ (λ)−1 .
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Math. vol. 96, Birkhäuser, Boston, 1991.
[8] Z. MEBKHOUT, Le formalisme des six opérations de Grothendieck pour les DX modules cohérents, Travaux en Cours, 35, Paris, Hermann, 1988.
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