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Abstract. Let k be a non-negative integer. Let F — E — B be afibration whose base space B isa
finite simply-connected CW-complex of dimension < p* and whose total space E isapath-
connected CW-complex of dimension < p* — 1. If a € HT (F;F,,) then o”" =0. 02001
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Les puissanceg-eémes dans la cohomologie modufade fibres

Résumé. Soitk € N*. Considérons une fibratioR’ — E — B dont la baseB est un CW-complexe
fini simplement connexe de dlmens@m etdont I’ espace totalr’ est un CW-complexe
fini connexe par arcs de dimensiahp” — 1. Sia € H'(F;F,) alors a?" =0. 0 2001
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soit p un nombre premier quelquonque. Nous notons H*(X) = F, & H*(X) la cohomologie de
I’ espace connexe par arcs X a coefficients dans e corps premier F,,. Nous étudions les ééments (apk , Q€
H+(X),k > 1), appelés puissances p*-émes, de I’ algébre de cohomologie d’ espaces X obtenues comme
produit fibré (homotopique) de CW-complexes finis simplement connexes. Nous démontrons:

THEOREME A. — Soientr, k € N*. Considérons un produit fibré d’espaces

EXBXHE

|

X——8B

ou
— 7 est une fibration de Serre
— B est un CW-complexe finiconnexe de dimension inférieure ou égalek ;
— E et X sont deux CW-complexes fifis— 1)-connexes tels quE x X soit de dimension inférieure
ou égale ap* — 1.
Alors les puissancgsg’-émes sont nulles dardgt (E x g X).

Note présentée par Henri CARTAN.

S0764-4442(01)01872-9/FLA )
0 2001 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés 537



L. Menichi

Dansle cas particulier de |’ espace BS" deslacets libres sur un CW-complexe B (voir version anglaise),
nous pouvons minimiser les hypothéses du théoréme A :

THEOREME B. — Soientr, k € N*. Si B est un CW-complexe finiconnexe de dimension inférieure ou
- N . N , 1
égale arp® alors les puissancgsg’-émes s’annulent dang*(B° ).

THEOREME C (A comparer avec [8, 10.8]). — Soientr, k € N*. SoitF <, £ 7 B une fibration de Serre
d’espace totall connexe par arcs. Sila bageest un CW-complexe finiconnexe de dimension inférieure
ou égale arp* alors pour touta € H*(F), o €Im H*(j).

En Corollaire du théoréme A ou du théoréme C, nous obtenons
COROLLARY. — Soit B un CW-complexe fini simplement connexe. Pour toat H1(Q2B), il existe
k € N* telle queo#’k =0.

Signalons que ce corollaire résulte aussi du théoréme suivant démontré par Lannes et Schwartz en
utilisant les opérations de Steenrod dans |a suite spectrale d’ Eilenberg—Moore.

THEOREME [5, proposition 0.6]. — Soit B un CW-complexe simplement connexe ayant un nombre fini de
cellules en chaque dimension. Si I'algébre de Steenrod agitisyi3) avec des orbites finies, alors elle
agit aussi surH *(2B) avec des orbites finies.

We work over the primefield IF,, with p an odd or even prime. The homology and cohomology of spaces
are considered with coefficientsin IF,,.
In[1], Anick proved using algebraic models:

THEOREM [1, 9.1]. — Let r be a non-negative integer. L& be a simply-connected space with a finite
type homology concentrated in degrées|r + 1, rp]. Then allp-th powers vanish it ™ (QB).

This result was suggested by McGibbon and Wilkerson [7, p. 699]. The aim of this Note is to give two
different generalisations of Anick theorem: Theorem A and Theorem C below.

Thefirst one, whose proof isinspired by the proof of aresult of Lannesand Schwartz [5, Proposition 0.6],
usesthe (vertical) Steenrod operations in the Eilenberg—M oore spectral sequence:

THEOREM A. —Letr andk be two non-negative integers. Consider a fiber product of spaces
E XB X — E

L

X B

where

. 7 is a Serre fibration and

. H*(E), H*(X) and H*(B) are of finite type.
If B is simply-connected with homology concentrated in degieeg + 1,rp*], and the product space
E x X is path connected with homolog¥. (E x X) concentrated in degreesc [r,rp* — 1], then all
p¥-th powers vanish i+ (E x p X).

Proof. —We suppose that p is an odd prime. The case p = 2 issimilar. Let A denote the mod p Steenrod
algebra. The degree of an element « is denoted |«|. Recall from [9,11,12], that the Eilenberg—Moore
spectral sequenceisastrongly convergent second quadrant conomological spectral sequence of .A-modules:

By ¥ 2 Tor vy (H*(B), H' (X)) = H*(E x X).
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More precisely, there exists a convergent filtration of .A-moduleson H*(E x g X):
H*(EXBX)D...FSDstl...Fl DF()DFflz{O},

suchthat X~ *F,/Fs_1 = E_** s > 0. Here ¥~* denotes the s-th desuspension of an .A-module.

Let o € F; such that the class [a] € Fs/F,_; is non-zero. We want to prove that o’ = 0. As an

A-module, Tor;{i’(*B)(H *(E), H*(X)) is the s-th homology group of a complex of .A-modules, namely

the Bar construction, whose s-thtermis H*(E) ® H"(B)®* @ H*(X).
The element X~ °[a] € E** is represented by a cycle of the form e[b] ... |bs]x, where e € H*(E),
(bi)1<ics € HY(B) andz € H*(X). Sors < |a| < (rpF — 1)(s +1).

Casel. — When |e| + |z| > r. Then |a| > r(s + 1). Therefore, by a degree argument, the element o
of Fs iszero.

Case2. — When e = z = 1. Since the Cartan formula applies, ©~%[a?] = PI*I/25,~5q] is represented
by the element of the Bar construction,

> [P |Peb] € HY(B)®".
i1t tis=|al/2

So E—S[apk] is zero for degree reasons. Therefore o#" belongsto F,_; which is concentrated in degrees
< (rpF = 1)s, thuse?” =0. O
Let B be a space. The free loop spacen B, denoted BS', is the set of continuous (unpointed) maps
fromthecircle S* to B. It can be defined as a fibre product:
BS1 (G B[O,l]

B — Bx B
In this particular case, we can improve Theorem A.

THEOREM B. —Letr and k be two non-negative integers. K is a simply-connected space with finite
type homology concentrated in degrées|r + 1, rp¥], then allp*-th powers vanish idf + (B*").

Proof. —The Eilenberg—Moore spectral sequence for the previous fiber product satisfies:
E,*" =HH,(H*(B)) = H*(BY").

Here HH,. denotesthe Hochschild homology. Asan A-module!, HH,(H*(B)) isthe s-th homology group
of acomplex of .4-modules, namely the Hochschild complex, whose s-thtermis H*(B) @ H*(B)®*.
The same arguments as in the proof of Theorem A alow us to conclude except in case 2 for s = 1.
If € Fi C H*(le), we can only affirm that o’ € Fy. The evaluation map ev : BS' = B admits a
sectiono. So H*(ev) : H*(B) — H* (BSl) admits H* (o) asretract. The edge homomorphism:

H*(B)= ES* — ES* ... — E%* = Fy c H*(B5")

correspondto H*(ev). Sincea?” € ) = H*(B), of’ = [H*(a)(a)]pk. For degreereason, al p*-th powers
arezeroin H*(B). Soo?" =0. O

In[3], Félix, Halperin and Thomas give a slightly more complicated proof of Anick theorem. Their proof
uses the vertical and horizontal Steenrod operationsin the Serre spectral sequence:
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THEOREM [3, 2.9(i)]. — Letr andk be two non-negative integers.i¥ is a simply-connected space with
a finite type homology concentrated in degreéesr + 1,rp*] then allp*-th powers vanish it + (2 B).

Thisresult generalizesin:

THEOREM C (Compare with [8, 10.8]). —Let r and k£ be two non-negative integers. LE‘tfi> ESB
be a Serre fibration with? path connected. I3 is a simply-connected space with finite type homology
concentrated in degreéss [r + 1,rp"] then, for anya € H*(F), a?" € Im H*(j).

Proof. —The proof follows the lines of [3, 2.9]. Since H<"(B) = 0, a € Eg™* survives till E /.
Therefore by atheorem of Araki [2] and Vazquez [13] (seea so [10], Proposition 2.5, Case 2), ar’ € Eg’*

survivestill ES;,H .Since H>"?" (B) =0,

B, = BL =Tm H*(j).

d

In order to see that the hypothesisin the Félix—Hal perin—Thomastheorem (and in Theorem B) cannot be
improved, consider B = E(CJP’pk, the suspension of the p¥-dimension complex projective space.

Observe also that in Theorem C, o?" is not zero in general. Indeed, take 7 to be the fibration associated
to the suspension of the Hopf map from $2*"~1 to cpr' ! [8, Remark 9.9].

Finally, we remark that the following question of McGibbon and Wilkerson remains unsolved.

Question[7, p. 699] (See also [6], Section 9, Question 3). — Let B be a finite simply-connected CW-
complex and p a prime large enough. Do all the Steenrod operations act trivialy on H*(Q2B)?

Acknowledgements. | wish to thank Professor Katsuhiko Kuribayashi, for his precious help with the Eilenberg—
Moore spectral sequence.

1 To prove it, redo [9] using the cocyclic Cobar construction of Jones ([4], exemple 1.2) instead of the geometric
Cobar construction.
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